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Preface

This book aims to provide a systematic account for some recent progress
on the large deviations arising from the area of sample path intersections,
including the calculation of the tail probabilities of intersection local times,
ranges of Brownian motions and random walks.

Quantities measuring the amount of self-intersection of a random walk, or
of mutual intersection of several independent random walks have been studied
intensively for more than twenty years, see e.g. [54], [56], [117], [118], [109],
[20], [124], [82], [127][128], [15], [86], [10], [9], [107]. This research is often
motivated by the role these quantities play in renormalization group methods
for quantum field theory, see e.g. [74], [48], [49], [62]; in our understanding of
polymer models, see e.g. [126], [17],[91], [155], [158], [159],[160],[61], [99], [19],
[89], [88]; or in the analysis of stochastic processes in random environments,
see e.g. [100], [104],[39], [40] [78], [90], [1], [38] [75], [79].

Sample path intersection is also an important subject within the prob-
ability comuunity. It has been known ([45], [130], [46]) that sample path
intersections has a deep link to the problems of cover times and thick points
through tree-encoding techiniques. Finally, it is impossible to write a book
on sample path intersection without mentioning the influential work led by
Lawler, Scheramm and Werner ([111], [112], [113], [110]) on the famous in-
tersection exponent problem and on other Brownian sample path properties
in connection to the Stochastic Loewner Evolution, which counts as one of
the most exciting developments made in the fields of probability in the recent
years.

In contrast to the behavior patterns investigated by Lawler, Scheramm
and Werner, where the sample paths avoid each other and are loop-free, most
part of this book concerns about the probabilities that the random walks and
Brownian motions intersect each other or themselves with extreme intensi-
ties. When these probabilities decay with exponential rates, the problem
falls into the category of large deviations. In recent years, there has been
some substantial input of the new tools and new ideas to this subject. The
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list includes the method of high moment asymptotics, sub-additivity created
by moment inequality, and the probability in Banach space combined with
Feynman-Kac formula. Correspondent to the progress in methodology, the
established theorems have been accumulated into a rather complete picture
of the area. These developments make it desirable to write a monograph on
this subject which has not been adequately exposed in a systematic way.

This book is transformed form the lecture notes for a year-long graduate
course at University of Tennessee in the school year 2006-2007. Making it
accessible to the non-experts with the basic knowledge of stochastic processes
and functional analysis has been one of my guidelines in writing it. To make
it reasonably self-contained, I add Chapter 1 for the general theory of the
large deviations. Most of theorems listed in this chapter are not always easy
to tracked down in literature. In addition, a small amount of Exercises are
included in the “Notes and comments” section in each chapter, an effort to
promote active reading. Some of them were adapted from literature and
others were created as the “second option” or “formal first option” to the
problems in the course of the research activity. There is no logic connection
to the later development. Consequently, skipping any exercise has no direct
impact on reading the book.

The topics and results included in the book do reflect my taste and my
involvement on the subject. The “Notes and comments” section in the end
of each chapter is part of the effort to counter-balance the resulted partiality.
Some relevant works not included in the other sections may appear here. In
spite that, I would like to apologize in advance for possible inaccuracy in
historic perspective appearing in the book.

In the process of investigating the subject and writing the book, I bene-
fited from the help of several people. It is my great pleasure to acknowledge
the contributions, which appear throughout the whole book, made by my col-
laborators R. Bass, W. Li, P. Mörters and J. Rosen, in the course of several
year’s collaboration. I would like to express my special thanks to D. Khosh-
nevisan, from whom I learned for the first time the story about intersection
local times. I thank A. Dembo, J. Denzler, A. Dorogovtsev, B. Duplantier,
X. Feng, S, Kwapien, J. Rosinski, A. Freire, J-F. Le Gall, D. Wu, M. Yor for
discussion, information and encouragement.

I would like to thank National Science Foundation for the support I re-
ceived over the years and to thank the Department of Mathematics and
Department of Statistics of Standford University for hospitality during my
sabbatical leave in Fall, 2007. A substantial part of the manuscript has been
written during my visit at Stanford. Finally, I wish to express my gratitude
to my family, Lin, Amy and Roger, for their unconditional support.
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Chapter 1

Basics on large deviations

–

In this chapter we introduce some general theorems on large deviations
which will be frequently used in this book. In most of the cases, the state
space we deal with is the real line. Indeed, a substantial portion of the dis-
cussion is limited to the random variables taking non-negative values. Some-
times, the underline stochastic processes are sub-additive (see Section 1.3).
Unlike most textbooks on this subject, we put more attention on the tail
probability

P{Yn ≥ λ}
than the probability of the form

P{Yn ∈ A}.

The unique structure of the models we deal with in this book requires some
non-conventional treatments. The topics we choice in this chapter reflect this
demand. As a consequence, most theorems introduced in Section 1.2 and in
Section 1.3 are non-standard and are not usually seen in the textbooks of
large deviations.

1.1 Gärtner-Ellis’ theorem

In the field of large deviations, people concern about asymptotic computation
of small probabilities on an exponential scale. The general form of large
deviation can be roughly described as

P{Yn ∈ A} ≈ exp{−bnI(A)} (n→ ∞)

9



10 1. Basics on large deviations

for a random sequence {Yn}, a positive sequence {bn} with bn → ∞, and a
coefficient I(A) ≥ 0. In the application, we often concern about the proba-
bility that the random variable(s) takes large values. Since the remarkable
works by Donsker-Varadhan (and others) in seventies and eighties, the field
has been developed into a relatively complete system. There have been sev-
eral standard approaches in dealing with large deviation problems. Perhaps
the most useful tool is Gätner-Ellis Theorem.

We have no intention to state the large deviation theory in its full gen-
erality. Let {Yn} be a sequence of real random variables and let {bn} be a
positive sequence such that bn −→ ∞.

Assumption 1.1.1 For each θ ∈ R, the logarithmic moment generating
function Λ(θ), defined as the limit

Λ(θ) = lim
n→∞

1

bn
log E exp

{
θbnYn

}
θ ∈ R (1.1.1)

exists as an extended real number. Further, the origin belongs to the interior
Do

Λ of the domain DΛ = {θ ∈ R; Λ(θ) <∞} of the function Λ(θ).

By Hölder inequality, Λ(θ) is a convex function. Consequently, Do
Λ = (a, b)

for some −∞ ≤ a < 0 < b ≤ ∞ and Λ(θ) is continuous in its domain DΛ.
Define the Fenchel-Legendre transform Λ∗(λ) of Λ(θ) as

Λ∗(λ) = sup
θ>0

{
θλ− Λ(θ)

}
λ ∈ R. (1.1.2)

To discuss the role played by the function Λ∗(·), we introduce the following
definition

Definition 1.1.2 . A function I: R −→ [0,∞] is called a rate function , if
it is lower semi-continuous: For any l > 0, the level set

Il = {λ ∈ R; I(λ) ≤ l}.

is a close set. Further, a rate function is said to be good, if every level set is

compact in R.

We point out an equivalent statement of lower semi-continuity: For any
λn, λ ∈ R with λn → λ,

lim inf
n→∞

I(λn) ≥ I(λ). (1.1.3)
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We now claim that under Assumption 1.1.1, the function Λ∗(·) is a good
rate function . Indeed, by definition

Λ∗(λn) ≥ θλn − Λ(θ) θ ∈ R n = 1, 2, · · ·

which leads to
lim inf
n→∞

Λ∗(λn) ≥ θλ− Λ(θ) θ ∈ R.

Taking the supremum over θ ∈ R on the right hand side proves (1.1.3).

Let l > 0 be fixed. By Assumption 1.1.1 and by the continuity of Λ(θ) in
its domain there is δ > 0 such that

c ≡ sup
|θ|≤δ

Λ(θ) <∞.

Consequently, for any λ with Λ∗(λ) ≤ l,

l ≥ sup
|θ|≤δ

{
θλ− Λ(θ)

}
≥ δ|λ| − c.

Therefore, the level set

Λ∗
a = {λ ∈ R, Λ∗(λ) ≤ l}

is compact.

In addition, the fact that Λ∗(λ) is the conjugate of the convex function
Λ(θ) makes Λ∗(λ) a convex function.

Definition 1.1.3 A convex function Λ: R −→ (−∞.∞] is essentially smooth
if:

(1) Do
Λ = (a, b) is non-empty.

(2) Λ(θ) is differentiable in Do
Λ.

(3) Λ(·) is steep:

lim
θ→a+

Λ′(θ) = lim
θ→b−

Λ′(θ) = ∞

We introduce our first main theorem without proof, for which the reader
is referred to, for example, Theorem 2.3.6, [44].

Theorem 1.1.4 Let Assumption 1.1.1 hold. For any close set F ∈ R,

lim sup
n→∞

1

bn
log P{Yn ∈ F} ≤ − sup

λ∈F
Λ∗(λ). (1.1.4)
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If we further assume that the logarithmic moment function Λ(θ) is essen-

tially differentiable then for any open set G ∈ R,

lim inf
n→∞

1

bn
log P{Yn ∈ G} ≥ − sup

λ∈G
Λ∗(λ). (1.1.5)

Theorem 1.1.4 is known as Gärtner-Ellis’s theorem on large deviations.
The limit form described in (1.1.4) and (1.1.5) is called large deviation prin-
ciple (LDP) in literature. In application, our attention mainly focus on the
event that the random variables deviate away from its equilibrium state, or
take large values. In the following we consider a historically important ex-
ample. Let {Xk}k≥1 be a real independent and identically distributed (i.i.d.)
sequence such that there is a c > 0 such that

E exp
{
c|X1|

}
<∞. (1.1.6)

If we take Yn to be the sample average

Xn =
1

n

{
X1 + · · · +Xn

}
n = 1, 2 · · · . (1.1.7)

bn = n then all assumptions given in Theorem 1.1.4 are satisfied with

Λ(θ) = log E exp
{
θX1

}
.

Consequently, (1.1.4) and (1.1.5) holds. Observe that by Jensen inequality

log E exp
{
θX1

}
≥ EX1.

Hence, Λ∗(EX1) = 0. On the other hand, assume that λ ∈ R satisfies
Λ∗(λ) = 0. By definition

λθ ≤ log E exp
{
θX1

}
θ ∈ R.

By the fact that
lim
θ→0

θ−1 log E exp
{
θX1

}
= EX1,

letting θ → 0+ and letting θ → 0− give, respectively, λ ≤ EX1 and λ ≥ EX1.

Summarizing our argument, Λ∗(λ) = 0 if and only if λ = EX1. By the
goodness of the rate function Λ∗(·), therefore, for given ǫ > 0,

inf
|λ−EX1|≥ǫ

Λ∗(λ) > 0.

This observation shows that the probability that the sample average deviates
away from the sample mean EX1 has a genuine exponential decay. We sum-
marize our observation into the following theorem known as Cramér’s large
deviation principle.
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Theorem 1.1.5 Under the assumptions (1.1.6),

lim sup
n→∞

1

n
log P{Xn ∈ F} ≤ − inf

x∈F
Λ∗(x)

lim inf
n→∞

1

n
log P{Xn ∈ G} ≥ − inf

x∈G
Λ∗(x)

for any close set F ⊂ R and any open set G ⊂ R.

In particular, for any ǫ > 0,

lim sup
n→∞

1

n
log P

{
|Xn − EX1| ≥ ǫ

}
< 0.

For the inverse of Gärtner-Ellis theorem, we state the following Varadhan’s
integral lemma. For the proof, the reader is referred to Theorem 4.3.1, [44].

Theorem 1.1.6 Let Λ∗(·) be a good rate function and let Q(λ) be a contin-
uous function on R

(1). Assume that (1.1.5) hold for every open set G. Then

lim inf
n→∞

1

bn
log E exp

{
bnQ(Yn)

}
≥ sup

λ∈R

{
Q(λ) − Λ∗(λ)

}
.

(2). Assume that (1.1.4) hold for every close set F and that

lim sup
n→∞

1

bn
log E exp

{
(1 + ǫ)bnQ(Yn)

}
<∞

for some ǫ > 0. Then for every θ ∈ R,

lim sup
n→∞

1

bn
log E exp

{
θbnQ(Yn)

}
≤ sup

λ∈R

{
Q(λ) − Λ∗(λ)

}
.

The general theory of large deviations has been extended to the random
variables taking values in abstract topological spaces. If Yn is a sequence of
random variables taking values in a separable Banach space B, for example,
to extend Gärtner-Ellis theorem we assume the existence of the limit

Λ(f) ≡ lim
n→∞

1

bn
log E exp

{
bnf(Yn)

}
f ∈ B∗

instead of (1.1.1), where B∗ is the topological dual of B. In addition to some
smoothness assumptions on Λ(f), it is required that {Yn} be exponentially
tight : For any l > 0 there is a compact set K ⊂ B such that

lim sup
n→∞

1

bn
log P{Yn 6∈ K} ≤ −l.
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In dealing with the large deviations in infinite dimensional spaces, the
main challenge often lies in the issue of exponential tightness. In the rest of
the section we introduce a result of de Acosta [41].

Recall that a set K ⊂ B is said to be positively balanced, if λx ∈ K
whenever x ∈ K and 0 ≤ λ ≤ 1. The Minkowski functional of a convex and
positively balanced set K is defined by

qK(x) = inf{λ > 0; x ∈ λK}

with customary convention that inf ϕ = ∞. The Minkowski functional qK(·)
is sub-additive and positively homogeneous:

qK(x+ y) ≤ qK(x) + qK(y) and qK(λx) = λqK(x) (1.1.8)

where x, y ∈ B and λ ≥ 0.

A family {µα; α ∈ Θ} of probability measures on B is said to be uni-
formly tight, if for any ǫ > 0, there is a compact set K ⊂ B such that

µα(K) ≥ 1 − ǫ α ∈ Θ.

The following result is given in Theorem 3.1, [41]. We state it without
proof.

Theorem 1.1.7 Let {µα, α ∈ Θ} be a family of probability measures on
the separable Banach space B and assume that {µα; α ∈ Θ} is uniformly
tight and that

sup
α∈Θ

∫

B

exp
{
λ||x||

}
µα(dx) <∞ ∀λ > 0.

There is a convex, positively balanced and compact set K ⊂ B such that

sup
α∈Θ

∫

B

exp
{
qK(x)

}
µα(dx) <∞.

1.2 LDP for non-negative random variables

In this section we assume that {Yn} take non-negative values. Recall that
the full large deviation principle is stated as: For every close set F ⊂ R+,

lim sup
n→∞

1

bn
log P

{
Yn ∈ F

}
≤ − inf

λ∈F
I(λ) (1.2.1)
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and, for every open set G ⊂ R+

lim inf
n→∞

1

bn
log P

{
Yn ∈ G

}
≥ − inf

λ∈G
I(λ). (1.2.2)

In application, (1.2.1) and (1.2.2) are often replaced by our concern of the
tail probability of the form

P{Yn ≥ λ} λ > 0.

Under some mild conditions on the rate function I(λ), the following the-
orem shows that large deviation principle is determined by the asymptotic
behavior of tail probabilities.

Theorem 1.2.1 Assume that the rate function I(λ) is restrictively increas-
ing and continuous in the interior Do

I of its domain DI = {λ ∈ R+; I(λ) <
∞}. The following two statements are equivalent:

(1). The large deviation principle stated by (1.2.1) and (1.2.2) holds for,
respectively, every close set F ⊂ R+ and every open set G ⊂ R+.

(2). For every λ > 0,

lim
n→∞

1

bn
log P

{
Yn ≥ λ

}
= −I(λ). (1.2.3)

Proof. Clearly, (1) implies (2) under the monotonicity and continuity of the
function I(·).

Assume that (2) holds. For a close set F ⊂ R+, let λ0 = inf F . We have
that

P{Yn ∈ F} ≤ P{Yn ≥ λ0}.
By (1.2.3) we have

lim sup
n→∞

1

bn
log P

{
Yn ∈ F

}
≤ −I(λ0) = − inf

λ∈F
I(λ)

where the last step follows from monotonicity of I(·).
To establish (1.2.2), let λ0 ∈ G. There is a δ > 0 such that [λ0, λ0+δ) ⊂ G.

By the fact that

P{Yn ≥ λ0} ≤ P{Yn ≥ λ0 + δ} + P{Yn ∈ [λ0, λ0 + δ)}

and (1) we have

−I(λ0) ≤ max

{
− I(λ0 + δ), lim inf

n→∞
1

bn
log P{Yn ∈ [λ0, λ0 + δ)}

}
.
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By assumption we have that I(λ0 + δ) > I(λ0). Consequently,

lim inf
n→∞

1

bn
log P

{
Yn ∈ G

}
≥ −I(λ0).

Taking supremum over λ0 ∈ G on the right hand side gives (1.2.2).

The following theorem shows that under certain condition, the tail prob-
ability of the fixed sum of independent non-negative random variables is
dominated by the tail probabilities of individual terms.

Theorem 1.2.2 Let Z1(n), · · · , Zl(n) be independent non-negative random
variables with l ≥ 2 being fixed.

(a). If there are constant C1 > 0 and 0 < a ≤ 1 such that

lim sup
n→∞

1

bn
P
{
Zj(n) ≥ λ

}
≤ −C1λ

a ∀λ > 0

for j = 1, · · · , l, then

lim sup
n→∞

1

bn
P
{
Z1(n) + · · · + Zl(n) ≥ λ

}
≤ −C1λ

a ∀λ > 0.

(b) If there are constant C2 > 0 and b ≥ 2 such that

lim sup
n→∞

1

bn
E exp

{
θbnZj(n)

}
≤ C2θ

b ∀θ > 0

for j = 1, · · · , l, then

lim sup
n→∞

1

bn
E exp

{
θbn

√
Z2

1 (n) + · · · + Z2
l (n)

}
≤ C2θ

b ∀θ > 0.

Proof. Clearly, part (a) needs only to be proved in the case l = 2. Given
0 < δ < λ, let 0 = x0 < x1 < · · · < xN = λ be a partition of [0, λ] such that
xk − xk−1 < δ. Then

P
{
Z1(n) + Z2(n) ≥ λ

}
≤

N∑

k=1

P{Z1(n) ≥ xk−1}P{Z2(n) ≥ λ− xk}.

Consequently,

lim sup
n→∞

1

bn
P
{
Z1(n) + Z2(n) ≥ λ

}
≤ −C1 min

1≤k≤N

{
xak−1 + (λ− xk)

a
}
.
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By the fact 0 < a ≤ 1, xak−1 + (λ− xk)
a ≥ (λ − xk + xk−1)

a ≥ (λ − δ)a. So
we have

lim sup
n→∞

1

bn
P
{
Z1(n) + Z2(n) ≥ λ

}
≤ −C1(λ − δ)a.

Letting δ → 0+ on the right hand side proves the part (a).

We now comes to part (b). For any ǫ > 0, there are finite many tj =
(tj,1, · · · , tj,l) ∈ (R+)l j = 1, · · · , N such that

√
t2j,1 + · · · + t2j,l = 1 j = 1, · · · , N,

√
x2

1 + · · · + x2
l ≤ (1 + ǫ) max

1≤j≤N

l∑

k=1

tj,kxk ∀x1, · · · , xl ∈ (R+)l.

Hence,

E exp
{
θbn

√
Z2

1 (n) + · · · + Z2
l (n)

}

≤
N∑

j=1

E exp
{
(1 + ǫ)θbn

l∑

k=1

tj,kZk(n)
}

=

N∑

j=1

N∏

k=1

E exp
{
(1 + ǫ)θbntj,kZk(n)

}
.

Hence, by the fact that b ≥ 2,

lim sup
n→∞

1

bn
E exp

{
θbn

√
Z2

1 (n) + · · · + Z2
l (n)

}

≤ C2(1 + ǫ)bθb max
1≤j≤N

N∑

k=1

tbj,k ≤ C2(1 + ǫ)bθb.

Letting ǫ→ 0+ on the right hand side proves the part (b).

The following theorem appears as a version of Gr̈tner-Ellis large deviation.

Theorem 1.2.3 Assume that for all θ ≥ 0, the limit

Λ(θ) = lim
n→∞

1

bn
log E exp

{
θbnYn

}
(1.2.4)

exists as an extended real number, and that the function Λ(|θ|) is essentially
smooth.

(1). The function

I(λ) = sup
θ>0

{
θλ− Λ(θ)

}
λ ≥ 0 (1.2.5)
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is strictly increasing and continuous in the interior Do
I of its domain. Con-

sequently, the LDP given defined by (1.2.1)-(1.2.2) and the LDP defined by
(1.2.3) are equivalent.

(2). The equivalent forms (1.2.1)-(1.2.2) and (1.2.3) holds.

Proof. Let ξ be an independent random variable with distribution

P{ξ = −1} = P{ξ = 1} =
1

2
.

We have

E exp
{
θbnξYn

}
= E exp

{
− θbnYn

}
+ E exp

{
θbnYn

}
θ ∈ R.

Consequently,

lim
n→∞

1

bn
log E exp

{
θbnξYn

}
= Λ(|θ|) θ ∈ R.

By assumption the function Λ(|θ|) is essentially smooth. Applying Theorem
1.1.4 to the sequence {ξYn} we have the large deviation principle given in
(1.2.1) and (1.2.2) with the rate function given by

I(λ) = sup
θ∈R

{
θλ− Λ(|θ|)

}
= sup

θ>0

{
θλ− Λ(θ)

}
. (1.2.6)

By Theorem 1.2.1 it remains to show that I(λ) is restrictively increasing
and continuous on R+. By (1.2.5), I(λ) is non-decreasing. Consequently,
there is 0 < a ≤ ∞ such that Do

I = [0, a). Let λ ∈ Do
I be fixed. By essential

smoothness of Λ(|θ|) and (1.2.6), the function

h(θ) = λθ − Λ(θ) θ ≥ 0

is bounded and reaches its supremum I(λ) at some θ ≥ 0. Further, θ > 0 for

otherwise (observe that Λ(0) = 0) λθ̃ ≥ Λ(θ̃) for all θ̃ > 0, which contradicts

the assumption that Λ′(θ̃) −→ ∞ as θ0 approaches the right boundary of
Do

Λ.

In summary, for any λ ∈ Do
I there is a θ > 0, such that Λ′(θ) = λ and

that I(λ) = λθ − Λ(θ).

Let 0 ≤ λ1 < λ2 < a and find θ1 > 0 such that I(λ1) = λθ1 − Λ(θ1). We
have

I(λ2) ≥ θ1λ2 − Λ(θ1) > θ1λ1 − Λ(θ1) = I(λ1).

Hence, I(·) is strictly increasing in Do
I .
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Being increasing and lower semi-continuous, I(·) is left continuous. To
establish continuity for (λ) in Do

I , therefore. all we need to show is that for
any λn, λo ∈ Do

I with λn > λo and λn → λ+
o , I(λn) −→ I(λo). Indeed, find

θn > 0 such that

I(λn) = θnλn − Λ(θn) and Λ′(θn) = λn n = 1, 2, · · · .
In particular, the sequence {Λ′(θn)} is bounded. By essential smoothness of
Λ(·), {θn} is bounded.

Hence

0 ≤ I(λn) − I(λo) = θnλn − Λ(θn) − I(λo) ≤ θn(λn − λo) −→ 0

as n→ ∞.

The major step of establishing a large deviation principle is to computing
exponential moment generating function

Λ(θ) = lim
n→∞

1

bn
log E exp

{
θbnYn

}
.

When the exponential moment generating function is too difficult to deal
with, we may look for some other moment functions instead. For example,
we may consider the large deviations under the existence of the limit

Λp(θ) ≡ lim
n→∞

1

bn
log E exp

{
θbnY

1/p
n

}
θ > 0 (1.2.7)

where p > 0 is fixed.

Corollary 1.2.4 Assume that for all θ > 0, the limit Λp(θ) given in (1.2.7)
exists as an extended real number, and that Λp(θ) < ∞ for some θ > 0. Let
Λp(|θ|) be essentially smooth in Do

Λp
. Then

lim
n→∞

1

bn
log P{Yn ≥ λ} = −Ip(λ) λ > 0 (1.2.8)

where
Ip(λ) = sup

θ>0

{
θλ1/p − Λp(θ)

}
λ > 0. (1.2.9)

Proof. Replacing Yn by Y
1/p
n in Theorem 1.2.3 completes the proof.

In view of Taylor expansion,

E exp
{
θbnY

1/p
n

}
=

∞∑

m=0

θm

m!
bmn EY m/pn (1.2.10)
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one may attempt to estimate EY
m/p
n when establishing (1.2.7) by “standard”

approach becomes technically difficult. When p 6= 1, however, it is not very
pleasant to deal with the (possibly) fractional power m/p. To resolve this
problem, we introduce the following lemma.

Lemma 1.2.5 Let Ψ: [0,∞) −→ [0,∞] be a non-decreasing lower semi-
continuous function. Assume that the domain of Ψ has a form

DΨ ≡ {θ; Ψ(θ) <∞} = [0, a)

where 0 < a ≤ ∞; and that Ψ(θ) is continuous on DΨ.

Conclusion (1):

lim inf
n→∞

1

bn
log

∞∑

m=0

θm

m!
bmn

(
EY mn

)1/p

≥ Ψ(θ) θ > 0 (1.2.11)

if and only if

lim inf
n→∞

1

bn
log E exp

{
θbnY

1/p
n

}
≥ pΨ

(θ
p

)
θ > 0. (1.2.12)

Conclusion (2):

lim sup
n→∞

1

bn
log

∞∑

m=0

θm

m!
bmn

(
EY mn

)1/p

≤ Ψ(θ) θ > 0 (1.2.13)

if and only if

lim sup
n→∞

1

bn
log E exp

{
θbnY

1/p
n

}
≤ pΨ

(θ
p

)
θ > 0. (1.2.14)

Proof. We first prove “(1.2.11) implies (1.2.12)”. We may assume that in
(1.2.12), the right hand side is positive. By the expansion (1.2.10) we have

E exp
{
θbnY

1/p
n

}
≥ θ[pm]+1

([pm] + 1)!
b[pm]+1
n EY

[pm]+1
p

n m = 0, 1, · · · .

By Jensen inequality

b[pm]+1
n EY

[pm]+1
p

n ≥
{
bpmn EY mn

} [pm]+1
pm

.

Therefore, as bpmn EY mn ≥ 1 we have

b[pm]+1
n EY

[pm]+1
p

n ≥ bpmn EY mn .
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For any 0 < δ < ǫ, by Stirling formula there is c > 0 such that

θ[pm]+1

([pm] + 1)!
≥ cp

θpm

(m!)p

( 1 + δ

p(1 + ǫ)

)pm
.

Thus,

(1 + δ)−m
(

E exp
{
θbnY

1/p
n

})1/p

≥ c
1

m!

( θ

p(1 + ǫ)

)m
bmn

(
EY mn

)1/p

whenever

m ∈ Q ≡
{
m; bmn

(
EY mn

)1/p

≥ 1
}
.

Summing up over m,

1 + δ

δ

(
E exp

{
θbnY

1/p
n

})1/p

≥ c
∑

m∈Q

1

m!

( θ

(1 + ǫ)p

)m
bmn

(
EY mn

)1/p

Consequently,

1 + δ

δ

(
E exp

{
θbnY

1/p
n

})1/p

+ c exp
{ θ

(1 + ǫ)p

}
(1.2.15)

≥ c

∞∑

m=1

1

m!

( θ

(1 + ǫ)p

)m
bmn

(
EY mn

)1/p

.

Thus,

max

{
0,

1

p
lim inf
n→∞

1

bn
log E exp

{
θbnY

1/p
n

}}
≥ Ψ

( θ

(1 + ǫ)p

)
.

Letting ǫ→ 0+ on the right hand side, by the lower semi-continuity of Ψ(·),

max

{
0,

1

p
lim inf
n→∞

1

bn
log E exp

{
θbnY

1/p
n

}}
≥ Ψ

(θ
p

)
.

Since the right hand side is positive, we have proved (1.2.12).

The same estimate can be used to establish “(1.2.14) implies (1.2.13)”.
To proceed we may assume that the left hand side of (1.2.13) is positive.

Replacing θ by (1 + ǫ)pθ in (1.2.15) gives

1 + δ

δ

(
E exp

{
(1 + ǫ)pθbnY

1/p
n

})1/p

+ ceθ (1.2.16)

≥ c

∞∑

m=1

θm

m!
bmn

(
EY mn

)1/p

.
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By (1.2.14) (with θ being replaced by (1 + ǫ)pθ)

max
{

0, Ψ
(
(1 + ǫ)θ

)}
≥ lim sup

n→∞

1

bn
log

∞∑

m=0

θm

m!
bmn

(
EY mn

)1/p

.

Since the right hand side is positive, we must have

lim sup
n→∞

1

bn
log

∞∑

m=0

θm

m!
bmn

(
EY mn

)1/p

≤ Ψ
(
(1 + ǫ)θ

)
.

To continue, we may assume that θ ∈ DΨ (for otherwise (1.2.13) is trivial).
By continuity of Ψ(·), letting ǫ→ 0+ on the right hand side gives (1.2.13).

We now prove that (1.2.12) implies (1.2.11). We may assume that the
right hand side of (1.2.11) is positive. For any k ≥ 0,

θ[p
−1k]+1

([p−1k] + 1)!
b[p

−1k]+1
n

[
EY [p−1k]+1

n

]1/p
≤

∞∑

m=0

θm

m!
bmn

(
EY mn

)1/p

.

By Jensen inequality, Stirling formula and an argument similar to the one
used for (1.2.15), we can prove that for any 0 < δ < ǫ there is C > 0
independent of n such that

E exp
{ pθ

1 + ǫ
bnY

1/p
n

}
(1.2.17)

≤ exp
{ pθ

1 + ǫ

}
+ C

1 + δ

δ

( ∞∑

m=0

θm

m!
bmn

(
EY mn

)1/p
)p
.

By (1.2.12) (with θ being replaced by
pθ

1 + ǫ
)

pΨ
( θ

1 + ǫ

)
≤ max

{
0, p lim inf

n→∞
1

bn
log

∞∑

m=0

θm

m!
bmn

(
EY mn

)1/p
}
.

Since the left hand side is positive,

lim inf
n→∞

1

bn
log

∞∑

m=0

θm

m!
bmn

(
EY mn

)1/p

≥ Ψ
( θ

1 + ǫ

)
.

By lower semi continuity of Ψ(·), letting ǫ→ 0+ on the right hand side gives
(1.2.11).
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Finally, “(1.2.13) implies (1.2.14)” also follows from the estimate given in
(1.2.17).

An immediate application of Lemma 1.2.5 is the following Gärtener-Ellis-
type theorem.

Theorem 1.2.6 Assume that for each θ > 0, the limit

Ψ(θ) ≡ lim
n→∞

1

bn
log

∞∑

m=0

θm

m!
bmn

(
EY mn

)1/p

(1.2.18)

exists as an extended real number. Assume that the function Ψ(|θ|) is essen-
tially smooth. For each λ > 0,

lim
n→∞

1

bn
log P{Yn ≥ λ} = −IΨ(λ) (1.2.19)

where the rate function IΨ(·) is defined by

IΨ(λ) = p sup
θ>0

{
θλ1/p − Ψ(θ)

}
. λ > 0. (1.2.20)

Proof. By Lemma 1.2.5, the condition posed in Corollary 1.2.4 is satisfied
with

Λp(θ) = pΨ
(θ
p

)
θ > 0.

We now consider the case of a single random variable.

Theorem 1.2.7 Let Y ≥ 0 be a random variable such that

lim
m→∞

1

m
log

1

(m!)γ
EY m = −κ (1.2.21)

for some γ > 0 and κ ∈ R. Then

lim
t→∞

t−1/γ log P{Y ≥ t} = −γeκ/γ. (1.2.22)

Proof. We check the condition posed in Theorem 1.2.5 with Yt = Y/t,
bt = t1/γ and p = 2γ. Indeed, for any θ > 0,

log

∞∑

m=0

θm

m!
tm/(2γ)

(
EY m

) 1
2γ ∼ log

∞∑

m=0

θm

m!
tm/(2γ)

(
(m!)γe−κm

) 1
2γ

= log

∞∑

m=0

1√
m!

(
θt

1
2γ e−

κ
2γ

)m
.
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By the decomposition

∞∑

m=0

1√
m!

(
θt

1
2γ e−

κ
2γ

)m

=

∞∑

m=0

1√
(2m)!

(
θt

1
2γ e−

κ
2γ

)2m

+

∞∑

m=0

1√
(2m+ 1)!

(
θt

1
2γ e−

κ
2γ

)2m+1

.

By Stirling formula,

(2m)! =
(
1 + o(1)

)m
(2mm!)2 and (2m+ 1)! =

(
1 + o(1)

)m
(2mm!)2

as m→ ∞.

Thus,

∞∑

m=0

1√
m!

(
θt

1
2γ e−

κ
2γ

)m
∼ log

∞∑

m=0

1

2mm!

(
θt

1
2γ e−

κ
2γ

)2m

=
1

2
θ2t1/γe−κ/γ

Summarizing our discussion,

lim
to∞

t−1/γ log log
∞∑

m=0

θm

m!
tm/(2γ)

(
EY m

) 1
2γ

=
1

2
θ2e−κ/γ .

Therefore, (1.2.22) follows from Theorem 1.2.5 and the fact that

IΨ(λ) = 2γ sup
θ>0

{
θλ

1
2γ − 1

2
θ2e−κ/γ

}
= λ

1
2γ γeκ/γ (θ > 0).

(so IΨ(1) = γeκ/γ appearing on the right hand side of (1.2.22)).

The following theorem appears as an inverse to Theorem 1.2.6.

Theorem 1.2.8 Let I(λ) be a non-decreasing rate function I(λ) on R+ with
I(0) = 0.

(1). Assume that

lim inf
n→∞

1

bn
log P{Yn ≥ λ} ≥ −I(λ) (λ > 0). (1.2.23)

Then for every θ > 0

lim inf
n→∞

1

bn
log

∞∑

m=0

θm

m!
bmn

(
EY mn

)1/p

≥ sup
λ>0

{
θλ1/p − p−1I(λ)

}
. (1.2.24)
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(2). Assume that

lim sup
n→∞

1

bn
log P{Yn ≥ λ} ≤ −I(λ) (λ > 0). (1.2.25)

Then for every θ > 0 satisfying

lim
l→∞

lim sup
n→∞

1

bn
log

∞∑

m=0

θm

m!
bmn

(
E
(
Y mn 1{Yn≥l}

))1/p

= 0. (1.2.26)

we have

lim sup
n→∞

1

bn
log

∞∑

m=0

θm

m!
bmn

(
EY mn

)1/p

≤ sup
λ>0

{
θλ1/p − p−1I(λ)

}
. (1.2.27)

Proof. For any λ > 0,

EY mn ≥ λmP{Yn ≥ λ}.

Consequently,

∞∑

m=0

θm

m!
bmn

(
EY mn

)1/p

≥ exp
{
bnθλ

1/p
}(

P{Yn ≥ λ}
)1/p

.

By (1.2.23)

lim inf
n→∞

1

bn
log

∞∑

m=0

θm

m!
bmn

(
EY mn

)1/p

≥ θλ1/p − p−1I(λ).

Taking supremum over λ > 0 on the right hand side give (1.2.24).

To prove (1.2.27), write

∞∑

m=0

θm

m!
bmn

(
EY mn

)1/p

(1.2.28)

=

∞∑

m=0

θm

m!
bmn

(
E
(
Y mn 1{Yn<l}

))1/p

+

∞∑

m=0

θm

m!
bmn

(
E
(
Y mn 1{Yn≥l}

))1/p

.

Given ǫ > 0, partition the interval [0, l] into 0 = λ0 < · · · < λN = l such
that for each 1 ≤ i ≤ l the length of the sub-interval Ai = [λi−1, λi] is less
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than ǫ. So we have

∞∑

m=0

θm

m!
bmn

(
E
(
Y mn 1{Yn<l}

))1/p

≤
N∑

i=1

∞∑

m=0

θm

m!
bmn λ

m/p
i

(
P{Yn ∈ Ai}

)1/p

≤
N∑

i=1

exp
{
θbn(λi−1 + ǫ)

}(
P{Yn ≥ λi−1}

)1/p

.

Consequently, by (1.2.25)

lim sup
n→∞

1

bn
log

∞∑

m=0

θm

m!
bmn

(
E
(
Y mn 1{Yn<l}

))1/p

≤ θǫ+ max
1≤i≤N

{
θλ

1/p
i−1 − p−1I(λi−1)

}

≤ θǫ+ sup
λ>0

{
θλ1/p − p−1I(λ)

}
.

Letting ǫ→ 0+ on the right hand side,

lim sup
n→∞

1

bn
log

∞∑

m=0

θm

m!
bmn

(
E
(
Y mn 1{Yn<l}

))1/p

≤ sup
λ>0

{
θλ1/p − p−1I(λ)

}
.

By the decomposition (1.2.28),

lim sup
n→∞

1

bn
log

∞∑

m=0

θm

m!
bmn

(
EY mn

)1/p

≤ max

{
sup
λ>0

{
θλ1/p − p−1I(λ)

}
,

lim sup
n→∞

1

bn
log

∞∑

m=0

θm

m!
bmn

(
E
(
Y mn 1{Yn≥l}

))1/p
}
.

By (1.2.25), letting l → ∞ on the right hand side leads to (1.2.26).

The condition (1.2.26) is called exponential uniform integrability. It can
be examined through the following lemma.

Lemma 1.2.9 Given θ > 0, the assumption (1.2.26) holds if there is ǫ > 0
such that either one of the following happens:

lim sup
n→∞

1

bn
log E exp

{
p(1 + ǫ)θbnY

1/p
n

}
<∞. (1.2.29)
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lim sup
n→∞

1

bn
log

∞∑

m=0

(1 + ǫ)mθm

m!
bmn

(
EY mn

)1/p

<∞. (1.2.30)

Proof. The conclusion follows from the second part of Lemma 1.2.5 and a
standard application of Chebyshev inequality.

1.3 LDP by sub-additivity

A random sequence {Yn} is said to be sub-additive , if for any n,m ≥ 1,

Yn+m ≤ Yn + Y ′
m

where Ym
d
= Ym and Y ′

m is independent of {Y1, · · · , Yn}.
In particular, a deterministic sub-additive sequence {a(n)} is defined by

the inequality a(n+m) ≤ a(n) + a(m).

Lemma 1.3.1 For any deterministic sub-additive sequence {a(n)}, the equal-
ity

lim
n→∞

n−1a(n) = inf
m≥1

m−1a(m)

holds in the extended real line [−∞,∞).

Proof. All we need is to show that

lim sup
n→∞

n−1a(n) ≤ inf
m≥1

m−1a(m). (1.3.1)

Let m ≥ 1 be fixed but arbitrary. For any big n, write n = km+ r, where
k ≥ 1 and 0 ≤ r < m are integers. By sub-additivity,

a(n) ≤ ka(m) + a(r).

Consequently,
lim sup
n→∞

n−1a(n) ≤ m−1a(m)

Taking inframum over m on the right hand side leads to (1.3.1).

Given a sub-additive random sequence {Yn}n≥1 and θ > 0, we have that

E exp
{
θYn+m

}
≤ E exp

{
θYn

}
E exp

{
θYm

}
.
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Consequently,
a(n) ≡ log E exp

{
θYn

}
n = 1, 2, · · ·

is a deterministic sub-additive sequence. Consequently, we have the following
corollary.

Corollary 1.3.2 Let {Yn}n≥1 be sub-additive. For any θ > 0, the equality

lim
n→∞

1

n
log E exp

{
θYn

}
= inf

m≥1

1

m
log E exp

{
θYm

}

holds in the extended real line [−∞,∞].

In the following theorem, we establish exponential integrability for Yn.

Theorem 1.3.3 Let {Yn} be a sub-additive random sequence such that Y1 ≤
C a.s. for some constant C > 0. Let cn ≥ 1 be a deterministic sequence such
that the normalized sequence

max
k≤n

Yk/cn n = 1, 2, · · ·

is stochastically bounded. Then there is a θ > 0 such that

sup
n

E exp
{
θYn/cn

}
<∞. (1.3.2)

Further, if

lim inf
n→∞

cmn/cn > 1 (1.3.3)

for some m > 1, then (1.3.2) holds for all θ > 0.

Proof. We first show that for any s, t > 0, and 0 < λ < 1,

∞∑

k=1

λkP
{
Yk ≥ s+ t+ C

}
≤ EλTs

∞∑

k=1

λkP
{
Yk ≥ t

}
(1.3.4)

where for each s > 0,

Ts = inf
{
j ≥ 1; Yj ≥ s

}
.

Notice that for any j ≥ 1, by sub-additivity

Yj − Yj−1 ≤ Y ′
1
d
= Y1 ≤ C a.s.
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For any k ≥ 1,

P

{
Yk ≥ s+ t+ C

}
= P

{
Ts ≤ k − 1; Yk ≥ s+ t+ C

}

≤
k−1∑

j=1

P

{
Ts = j, Yn − Yj−1 ≥ t+ C

}
≤
k−1∑

j=1

P

{
Ts = j, Yk − Yj ≥ t

}

where the second step follows from the fact that YTs−1 ≤ s. By sub-additivity,

Yk − Yj ≤ Y ′
k−j

d
= Yk−j and Y ′

k−j is independent of {τ = j}. Therefore,

P

{
Yk ≥ s+ t+ C

}
≤

k−1∑

j=1

P
{
Ts = j

}
P
{
Yk−j ≥ t

}
.

Multiplying λk on the both sides and summing up over k lead to (1.3.4).

Given N > 0 and integers m,n ≥ 1, by (1.3.4),

∞∑

k=1

λkP
{
Yk ≥ m(Ncn + C)

}
≤
(

EλTNcn

)m
.

Taking λ = exp{−n−1} we have that

∞∑

k=1

exp{−n−1k}P

{
Yk ≥ m(Ncn + C)

}
≤
(

E exp
{
− TNcn/n

})m
.

By assumption, for any M > 0,

lim
N→∞

sup
n≥1

P
{
TNcn ≤Mn

}
= 0.

In particular, one can make N > 0 sufficiently large, so that

E exp
{
− TNcn/n

}
≤ e−2.

Hence, uniformly on n ≥ 1,

P

{
Yn ≥ m(Ncn + C)

}
≤ ee−2m m = 1, 2, · · · .

Consequently, (1.3.2) holds for some θ > 0.

Assuming (1.3.3), we now show that (1.3.2) holds for every θ > 0. Let
θ0 > 0 satisfy (1.3.2). By (1.3.3) there is m > 1 such that

c[n/m]/cn ≤ θ0/θ
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for all n ≥ 1. By sub-additivity we have that

E exp
{
θc−1
n Yn

}
≤
(

E exp
{
θc−1
n Y[n/m]

})m
≤
(

E exp
{
θ0c

−1
[n/m]Y[n/m]

})m
.

The right hand side is bounded uniformly over n ≥ 1.

The notion of sub-additivity can be extended to the stochastic processes
with continuous time. A stochastic process Zt (t ≥ 0) is said to be sub-

additive, if for any s, t ≥ 0, Zs+t ≤ Zs+ Z̃t for a random variable Z̃t indepen-

dent of {Zu; 0 ≤ u ≤ s} with Z̃t
d
= Zt. With completely parallel argument

we have

Lemma 1.3.4 For any deterministic sub-additive function {a(t)} (t ∈ R+),
the equality

lim
t→∞

n−1a(t) = inf
s>0

s−1a(s)

holds in the extended real line [−∞,∞).

We may restate Theorem 1.3.3 in the setting of continuous time. Rather,
we give the following slightly different version.

Theorem 1.3.5 For any non-decreasing sub-additive process Zt with con-
tinuous path and with Z0 = 0,

E exp{θZ1} <∞ (1.3.5)

for any θ > 0. Consequently,

lim
t→∞

1

t
log E exp

{
θZt
}

= Ψ(θ) (1.3.6)

exists with 0 ≤ Ψ(θ) <∞ for every θ > 0.

Proof. Clearly, we need only to establish (1.3.5). By sample path continuity
and by monotonicity, the continuous version of (1.3.4)

P
{
Zt ≥ a+ b

}
≤ P

{
Zt ≥ a

}
P
{
Zt ≥ b

}
(1.3.7)

holds for any a, b > 0.

Consequently,

P
{
Zt ≥ ma

}
≤
(
P
{
Zt ≥ a

})m
m = 1, 2, · · · .
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For any a > 0, by the fact Z0 = 0 and by sample path continuity, one can
have P

{
Zt ≥ a

}
≤ e−2 by making t > 0 sufficiently small. Consequently, for

any θ > 0,
E exp{θZt} <∞

for small t. We may take t < 1. By sub-additivity

E exp{θZ1} ≤
(
E exp{θZt}

)[t−1]+1

<∞.

1.4 Notes and comments

Section 1.1.

The earliest recorded work in large deviation theory is due to Cramér
([37]) and was published in 1938. The literature on Large deviations is mas-
sive and it is impossible to list even small portion of it. We point the fun-
damental roles played by Donsker and Varadhan; Freidlin and Wentzell in
the birth of modern theory of large deviations. The idea that the limit of
the logarithmic moment generating function decides the large deviation goes
back to Cramér ([37]). It has been formulated by Gärtner ([80]) and Ellis
([71]) into a general theorem later known as Gr̈tner-Ellis theorem (Theorem
1.1.4). There are many excellent book accounts available in the theory of
Large deviations. We mention here the books by Varadhan [152], Freidlin
and Wentzell [76], Ellis [72], Stroock [148], Deuschel and Stroock [50], Buck-
lew [18], Dembo and Zeitouni [44], den Hollander [47], Feng and Kurtz [73].
Finally, we refer an interested reader to the recent survey by Varadhan [154]
for an overview on the latest development in the area of large deviations.

Most of the material in this section comes from the book by Dembo and
Zeitouni ([44]).

For the large deviations in infinite dimensional space, a challenging part
is to establish the exponential tightness. Theorem 1.1.7 provides a practical
way of examining the exponential tightness. This useful result is due to de
Acosta ([41]).

Exercise 1.

In an infinite Bernoulli trial with the success rate 0 < θ < 1, let Bn be
the number of successes in the first n games. Recall that

lim
n→∞

1

n
Bn = θ a.s.
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Apply Gärtner-Ellis theorem to compute the limit

lim
n→∞

1

n
log P

{∣∣∣Bn
n

− θ
∣∣∣ ≥ ǫ

}

where 0 < ǫ < min{1 − θ, θ}.

Section 1.2.

Much material in this section existing in some recent research papers
instead of standard textbooks. Theorem 1.2.2 was essentially obtained in the
paper by Bass, Chen and Rosen ([7]), Theorem 1.2.6 appeared in Chen ([24],
[25]). Theorem 1.2.7 is due to König and Mörters ([107]).

Section 1.3.

Argument by sub-additivity has becomes a sophisticated tool in the gen-
eral frame work of large deviations. Very often in literature, it is the deter-
ministic sub-additivity formulated in Lemma 1.3.1 that is used to prove the
existence of logarithmic moment generating function.

Exercise 2. Prove (1.3.7).



Chapter 2

Brownian intersection

local times

–

2.1 Introduction

Recall that a d-dimensional Brownian motion W (t) is defined as a stochastic
process in Rd with the following properties:

(1). For any t > 0, W (t) is a normal random variable with mean 0 and
covariance matrix tId, where Id is the d× d identity matrix.

(2). For any s < t, the increment W (t) −W (s) is independent of the
family {

W (u); u ≤ s
}

and has a distribution same as W (t− s).

We follow the convention that W (0) = 0 most of the time, with the
exception when W (t) is viewed as a Markov process. Brownian motion is
also known as Wiener process. Due to its importance, Brownian motion has
been studied extensively. It is virtually impossible, in the scope of this book,
to list even the major results in literature about Brownian motion. We refer
the reader to the books of Ito and McKean [93], Revuz and Yor [133], Rogers
and Williams [136], [137] .

The notion of intersection local times have been introduced to measure the

33
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intensity of the Brownian path intersections. For a d-dimensional Brownian
motion W (t), an integer p ≥ 2 and a p-multiple time set

A ⊂
{
(t1, · · · , tp) ∈ (R+)p; t1 < · · · < tp

}

the random quantity β(A) formally written as

β(A) =

∫

A

p∏

j=2

δ0
(
W (sj) −W (sj−1)

)
ds1 · · · dsp (2.1.1)

measures the amount of p-multiple self-intersections over the time set A. The
random measure β(A) is called (p-multiple) self-intersection local time of the
Brownian motion W (t).

Let W1(t), · · · ,Wp(t) be independent d-dimensional Brownian motions.
For any A ⊂ (R+)p, the random quantity formally written as

α(A) =

∫

A

p∏

j=2

δ0
(
Wj−1(sj−1) −Wj(sj)

)
ds1 · · · dsp (2.1.2)

measures the amount of mutual intersection over the time setA. In literature,
α
(
[0, t1]× · · · × [0, tp]

)
is called (p-multiple) mutual intersection local time of

the Brownian motions W1(t), · · · ,Wp(t).

In addition to its mathematical importance, the study of intersection local
times is also motivated by the needs from physics. Physicists concern about
geometric shape of the polymer which is often described by a suitable random
path (such as a Brownian curve). The geometry of a polymer is decided by the
intensity that the random path intersects itself. Write [0, t]2< = {(r, s); 0 ≤
r ≤ s ≤ t}. Then the quantity

β
(
[0, t]2<

)
=

∫ ∫

{0≤r<s≤t}
δ0
(
W (r) −W (s)

)
drds

measures (double) self-intersection up to time t. The case when β
(
[0, t]2<

)
is

large corresponds to a “contracting” polymer; while the case when β
(
[0, t]2<

)

is small corresponds to a “spread-out” polymer. The geometric shape of a
polymer is often influenced by the environment (media). If the environment
encourages attraction among the molecules, then the polymer is contracting.
In this case, the polymer is called self-attracting polymer. In the opposite
case, the polymer is spread-out and is called self-repelling polymer.

In physics, the probability measure P̂λ on C
{
[0, t],R2

}
defined as

P̂λ(B) = Ĉ−1
λ E

(
exp

{
λβ
(
[0, t]2<

)}
1{W (·)∈B}

)
, (2.1.3)
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where B ∈ C
{
[0, t],R2

}
is Borel measurable, is regarded as the distribu-

tion of the curve representing a self-attracting planar polymer, where λ > 0
represents certain media parameter (such as temperature) and Ĉλ is the nor-

malizing constant making P̂λ a probability measure. Indeed, the curves with
higher self-intersection are given more distributional weight and the degree
of this favoritism is decided by the value of λ.

Similarly, a self-repelling planar polymer is modeled by the distribution

P̃λ(B) = C̃−1
λ E

(
exp

{
− λβ

(
[0, t]2<

)}
1{W (·)∈B}

)
. (2.1.4)

An interested reader is reffered to an excellent survey paper by van der Hofs-
tad and König ([89]) for a systematic account on link between polymers and
sample path intersections.

Intersection local times of Brownian motions needs to be properly de-
fined. For example, we shall find out that (Proposition 2.3.6) the quantity
β
(
[0, t]2<

)
used in (2.1.3) and (2.1.4) explodes and we shall fix this problem in

Section 2.4. In addition, some basic but important properties of intersection
local times, such as integrability and Le Gall’s moment formula, needs to be
installed. We devote this chapter to carry out these goals.

2.2 Mutual intersection local time

Prior to the construction of intersection local time α(A) (formally given in
(2.1.2)), we need to see when the independent d-dimensional Brownian mo-
tions W1(t), · · · ,Wp(t) intersect. This problem was completely solved in
1950s by Dvoretzsky, Erdös and Kakutani ([64] and [65]). We introduce
their result without proof.

Theorem 2.2.1 The set of intersection

p⋂

j=1

{x ∈ Rd; x = Wj(t) for some t ≥ 0}

contains points different from 0 if and only if p(d− 2) < d.

In the following discussion we restrict to the case d(p − 2) < d, which
contains three sub-cases:

1. d = 1, p = 2, 3, · · · .
2. d = 2, p = 2, 3, · · · .
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3. d = 3, p = 2.

A function playing an important role in deciding whether Brownian paths
intersect is the Green’s function G(x) defined as

G(x) =

∫ ∞

0

e−tpt(x)dt x ∈ Rd (2.2.1)

where

pt(x) =
1

(2πt)d/2
e−|x|2/2t x ∈ Rd (2.2.2)

is the density function of the random variable W (t). A crucial fact (Theorem
A.1, Appendix) is that ∫

Rd

Gp(x)dx <∞ (2.2.3)

under p(d− 2) < d.

Given ǫ > 0, define a random measure αǫ(·) on (R+)p as follows

αǫ(A) =

∫

Rd

[∫

A

ds1 · · ·dsp
p∏

j=1

pǫ
(
Wj(sj) − x

)]
dx A ⊂ (R+)p.

Roughly speaking, we shall show that as ǫ → 0+, αǫ(·) converges on
all bounded p-dimensional boxes and we then show that the limiting family
can be extended into a random measure which is later called the mutual
intersection local time generated by the Brownian motions W1(t), · · · ,Wp(t).

For two functions f and g on Rd, the convolution f ∗g of f and g is defined
as

(f ∗ g)(x) =

∫

Rd

f(y)g(x− y)dy =

∫

Rd

f(x− y)g(y)dy x ∈ Rd

whenever the involved integrals are well defined. For any probability density
h(x) on Rd and any ǫ > 0, it is easy to see that the function

hǫ(x) = ǫ−dh(ǫ−1x)

is a probability density on Rd.

Lemma 2.2.2 For any function f ∈ Lp(Rd) with p ≥ 1, and for any proba-
bility density h(x) on Rd,

lim
ǫ→0+

∫

Rd

|f(x) − f ∗ hǫ(x)|pdx = 0.
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Proof. First we claim that for δ > 0 there is N > 0 such that

lim sup
ǫ→0+

∫

{|x|≥N
|f ∗ hǫ(x)|pdx < δ (2.2.4)

.

Indeed, by Jensen inequality,
∫

{|x|≥N
|f ∗ hǫ(x)|pdx

≤
∫

{|x|≥N

∫

Rd

hǫ(y)|f(x− y)|pdydx

=

∫

Rd

hǫ(y)

[ ∫

{|x|≥N
|f(x− y)|pdx

]
dy

=

∫

{|y|≥1}
hǫ(y)

[ ∫

{|x|≥N
|f(x− y)|pdx

]
dy

+

∫

{|y|<1}
hǫ(y)

[ ∫

{|x|≥N
|f(x− y)|pdx

]
dy.

For the first term on the right hand side, it is bounded by the quantity
{∫

Rd

|f(x)|pdx
}{∫

{|y|≥1}
hǫ(y)dy

}

=

{∫

Rd

|f(x)|pdx
}{∫

{|x|≥ǫ−1}
h(x)dx

}

that tends to zero as ǫ→ 0+.

As for the second term, it is dominated by
∫

{|x|≥N−1}
|f(x)|pdx

which can be sufficiently small if N is sufficiently large.

In view of (2.2.4), therefore, it remains to show that for any fixed N > 0

lim
ǫ→0+

∫

Rd

|f(x) − f ∗ hǫ(x)|pdx = 0. (2.2.5)

The validity of this claim would be immediate if f is uniformly continuous.
When this is not the case, for any given δ > 0 one can pick up an uniformly
continuous function f̄ on Rd such that

∫

Rd

|f(x) − f̄(x)|pdx < δ.



38 2.Brownian intersection local times

By Jensen inequality, one can show that
∫

Rd

|(f ∗ hǫ)(x) − (f̄ ∗ hǫ)(x)|pdx ≤
∫

Rd

|f(x) − f̄(x)|pdx < δ.

Thus, the desired (2.2.5) follows from the fact that it is satisfied by f̄ .

For any A ⊂ R+ and any integer m ≥ 2, set

Am< =
{
(s1, · · · , sm) ∈ Am; s1 < · · · < sm

}
.

Theorem 2.2.3 For any bounded Borel sets A1, · · · , Ap ⊂ R+, the limit

lim
ǫ→0+

αǫ(A1 × · · · ×Ap) = α(A1 × · · · ×Ap) (2.2.6)

exists in the Lm(Ω,A,P) for all m > 0. Further, for any integer m ≥ 1,

E

[
α
(
A1 × · · · ×Ap

)m]
(2.2.7)

=

∫

(Rd)m

dx1 · · · dxm
p∏

j=1

∑

σ∈Σm

∫

(Aj)m
<

ds1 · · · dsm

×
m∏

k=1

psk−sk−1
(xσ(k) − xσ(k−1))

where Σm be the permutation group over {1, · · · ,m} and we adopt the con-
vention that s0 = 0 and xσ(0) = 0.

Proof. The proof consists of three steps. First we show that the right hand
side of (2.2.7) is finite. Set, for given Borel set t ∈ R+,

Vt =

∫

(Rd)m

dx1 · · · dxm
[ ∑

σ∈Σm

∫

[0,t]m<

ds1 · · ·dsm
m∏

k=1

psk−sk−1
(xσ(k)−xσ(k−1))

]p
.

By Hölder inequality and by the fact that Aj is bounded, we need only to
prove that Vt <∞ for any t > 0.

Indeed, for any σ ∈ Σm,

∫

[0,t]m<

ds1 · · · dsm
m∏

k=1

psk−sk−1
(xσ(k) − xσ(k−1))

≤
m∏

k=1

∫ t

0

ps(xσ(k) − xσ(k−1))ds

=

m∏

k=1

gt(xσ(k) − xσ(k−1)) (say).



2.2. MUTUAL INTERSECTION LOCAL TIME 39

By Jensen inequality, therefore,

Vt ≤ (m!)p−1
∑

σ∈Σm

∫

(Rd)m

dx1 · · ·dxm
[ m∏

k=1

gt(xσ(k) − xσ(k−1))

]p
(2.2.8)

= (m!)p
(∫

Rd

gpt (x)dx

)m
= (m!)p

(∫

Rd

[∫ t

0

ps(x)ds

]p
dx

)m
.

To proceed, we need to show that the integral on the right hand side is
finite. Indeed, by By Gaussian integration,

∫

Rd

[ ∫ t

0

ps(x)ds

]p
dx =

∫

[0,t]p
du1 · · · dup

∫

Rd

p∏

j=1

psj (x)dx

= (2π)−
d(p−1)

2

∫

[0,t]p
du1 · · · dup

( p∑

j=1

∏

1≤l≤p
l6=j

sl

)−d/2
.

By arithmetic-geometric mean inequality,

1

p

p∑

j=1

∏

1≤l≤p
l6=j

sl ≥ p

√√√√√
p∏

j=1

∏

1≤l≤p
l6=j

sl =

p∏

j=1

s
p−1

p

j .

Therefore, by the fact that
d(p− 1)

2p
< 1

∫

Rd

[ ∫ t

0

ps(x)ds

]p
dx ≤ (2π)−

d(p−1)
2

{∫ t

0

s−
d(p−1)

2p ds

}p
<∞. (2.2.9)

As the second step, we establish the identity

E

[
αǫ
(
A1 × · · · ×Ap

)m]
(2.2.10)

=

∫

(Rd)m

dx1 · · ·dxm
p∏

j=1

∫

(Rd)m

dz1 · · ·dzm
( m∏

k=1

pǫ(zk − xk
))

×
∑

σ∈Σm

∫

(Aj)m
<

ds1 · · ·dsm
m∏

k=1

psk−sk−1
(zσ(k) − zσ(k−1)).
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By Fubini theorem,

E

[
αǫ
(
A1 × · · · ×Ap

)m]

=

∫

(Rd)m

dx1 · · · dxm
p∏

j=1

∫

Am
j

ds1 · · · dsmE

m∏

k=1

pǫ
(
W (s) − xk

)

=

∫

(Rd)m

dx1 · · · dxm
p∏

j=1

∑

σ∈Σm

∫

(Aj)m
<

ds1 · · · dsmE

m∏

k=1

pǫ
(
W (s) − xσ(k)

)
.

For any (s1, · · · , sm) ∈ (Aj)
m
< , the probability density of the random

vector
(
W (s1), · · · ,Wp(sm)

)
is

m∏

k=1

psk−sk−1
(zk − zk−1) z1, · · · , zm ∈ Rd

where we adopt the convention that s0 = 0 and z0 = 0. Thus, (2.2.10) follows
from the following computation.

E

m∏

k=1

pǫ
(
W (s) − xσ(k)

)

=

∫

(Rd)m

dz1 · · ·dzm
( m∏

k=1

pǫ(zk − xσ(k)

))( m∏

k=1

psk−sk−1
(zk − zk−1)

)

=

∫

(Rd)m

dz1 · · ·dzm
( m∏

k=1

pǫ(zσ(k) − xσ(k)

))( m∏

k=1

psk−sk−1
(zσ(k) − zσ(k−1))

)

=

∫

(Rd)m

dz1 · · ·dzm
( m∏

k=1

pǫ(zk − xk
))( m∏

k=1

psk−sk−1
(zσ(k) − zσ(k−1))

)

where zσ(0) = 0, where the second step follows from index permutation and
the third from the fact that

m∏

k=1

pǫ(zσ(k) − xσ(k)

)
=

m∏

k=1

pǫ(zk − xk
)
.

Before starting the third step, we reduce our task to a suitable point. For
1 ≤ j ≤ p, set

fj(x1, · · · , xm) =
∑

σ∈Σm

∫

(Aj)m
<

ds1 · · · dsm
m∏

k=1

psk−sk−1
(xσ(k) − xσ(k−1))
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and

fǫ,j =

∫

(Rd)m

dz1 · · · dzm
( m∏

k=1

pǫ(zk − xk
))
fj(z1, · · · , zm).

By (2.2.8) fj ∈ Lp(Rdm). By Lemma 2.2.2, fǫ,j converges to fj in
Lp(Rdm) as ǫ→ 0+. Observe that the multilinear form

L(g1, · · · , gp) =

∫

(Rd)m

dx1 · · · dxm
p∏

j=1

gj(x1, · · ·xm) gj ∈ Lp(Rdm)

is continuous on the product space
⊗p

j=1 Lp(Rdm). Thus, the right hand side
of (2.2.10) converges to the right hand side of (2.2.7). Therefore, it remains
to show that (2.2.6) holds in the sense of Lm(Ω,A,P) for all integers m ≥ 1.
By (2.2.10) and the convergence of the right hand side, we have

sup
ǫ>0

E

[
αǫ(A1 × · · · ×Ap)

m
]
<∞ m = 1, 2, · · · .

Therefore, all we need to prove is the convergence (2.2.6) in L2(Ω,A,P). To
this end, all we need is to prove that the limit

lim
ǫ,ǫ′→0+

E

{
αǫ(A1 × · · · ×Ap) · αǫ′(A1 × · · · ×Ap)

}

exists. That is the task of the third step.

A slight modification of the computation for (2.2.10) (with m = 2) gives
that

E

{
αǫ(A1 × · · · ×Ap) · αǫ′(A1 × · · · ×Ap)

}

=

∫ ∫

Rd×Rd

dxdy

p∏

j=1

∫ ∫

Rd×Rd

dz1dz2pǫ(z1 − x)pǫ′(z2 − y)fj(z1, z2)

where

fj(x, y) =

∫

(Aj)2<

dsdt
{
ps(x)pt−s(y − x) + ps(y)pt−s(x− y)

}
.

A slight modification of Lemma 2.2.2 gives that for each 1 ≤ j ≤ p,
∫∫

Rd×Rd

dxdy

∣∣∣∣fj(x, y)

−
∫∫

Rd×Rd

dz1dz2pǫ(z1 − x)pǫ′(z2 − y)fj(z1, z2)

∣∣∣∣
p

−→ 0 (ǫ, ǫ′ → 0+).
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This leads to the requested conclusion.

The equality (2.2.7) is called Le Gall’s moment identity . By Hölder
inequality, an immediate consequence of Le Gall’s moment identity is the
following inequality,

E

[
α(A1 × · · · ×Ap)

m
]
≤

p∏

j=1

{
E

[
α(Apj )

m
]}1/p

m = 1, 2, · · · . (2.2.11)

The next thing we intend to do is to extend the limiting family
{
α(A1 × · · · ×Ap); bounded A1, · · · , Ap ⊂ R+

}

into a random measure on (R+)p. Strictly speaking, for each (A1, · · · , Ap) the
notation α(A1 × · · · ×Ap) represents an equivalent class of random variables
which are equal to each other with probability 1. We need to prove that
this family has an extendable version. Our approach is to show the random
measure can be generated by a continuous distribution function. Our major
tool is Le Gall’s moment identity.

Here we introduce the notation

t = (t1, · · · , tp) t1, · · · , tp ∈ R+

and for two multiple times parameters s, t ∈ (R+)p, write

||t − s|| =
√

(t1 − s1)2 + · · · + (tp − sp)2

and [s, t] = [s1, t1] × · · · × [sp, tp] if s ≤ t (which means sj ≤ tj for j =
1, · · · , p).

Lemma 2.2.4 Let T > 0 be fixed. There is a constant C = C(T ) > 0 such
that for any s, t ∈ [0, T ]p and for any m = 1, 2, · · · ,

E

∣∣∣α([0, t]) − α([0, s])
∣∣∣
m

≤ (m!)pCm||t− s||
2p−d(p−1)

2p m.

Proof. We fist consider the case s ≤ t. Write [0, t]\ [0, s] into the union of p
disjoint boxes. For each 1 ≤ j ≤ p, the jth box is of the form A1 × · · · ×Ap,
where Al = [0, sl] or [0, tl] for l 6= j, and Aj = [sj , tj ]. By (2.2.7) in Theorem
2.2.3, for l = 1, · · · , p

E

[
α
(
Apl
)m]

=

∫

(Rd)m

dx1 · · · dxm
[ ∑

σ∈Σm

∫

(Al)m
<

du1 · · ·dum

×
m∏

k=1

puk−uk−1
(xσ(k) − xσ(k−1))

]p
.
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For l 6= j, we use the estimate given in (2.2.8) and (2.2.9), which gives
that

E

[
α
(
Apl
)m] ≤ (m!)pCm m = 1, 2, · · · (2.2.12)

where C > 0 represents a constant independent of s, t and m (To simplify
our notation, we allow C to be different from place to place).

For l = j, observe that

∫

(Aj)m
<

du1 · · · dum
m∏

k=1

puk−uk−1
(xσ(k) − xσ(k−1))

≤
(∫ tj

sj

pu(xσ(1))du

) m∏

k=2

∫

[0,tj−sj ]

pu(xσ(k) − xσ(k−1))du.

By an estimate modified from the one used for (2.2.8),

E

[
α
(
Apj
)m]

≤ (m!)p
{∫

Rd

[ ∫ tj

sj

pu(x)du

]p
dx

}{∫

Rd

dx

[ ∫ tj−sj

0

pu(x)du

]p
dx

}m−1

.

By the estimate (2.2.9)

∫

Rd

[ ∫ tj−sj

0

pu(x)du

]p
dx

≤ (2π)−
d(p−1)

2 p−d/2
( 2p

2p− d(p− 1)

)p
(tj − sj)

2p−d(p−1)
2 .

By modifying the estimate used for (2.2.9),

∫

Rd

[ ∫ tj

sj

pu(x)du

]p
dx

≤ (2π)−
d(p−1)

2 p−d/2
∫ tj

sj

s−
d(p−1)

2p ds

= (2π)−
d(p−1)

2 p−d/2
( 2p

2p− d(p− 1)

)p(
t

2p−d(p−1)
2p

j − s
2p−d(p−1)

2p

j

)p

≤ (2π)−
d(p−1)

2 p−d/2
( 2p

2p− d(p− 1)

)p
(tj − sj)

2p−d(p−1)
2 .

Summarizing what we have accomplished,

E

[
α
(
Apj
)m] ≤ (m!)pCm(tj − sj)

2p−d(p−1)
2 m. (2.2.13)
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Thus, by (2.2.11), (2.2.12) and (2.2.13) we have

E

[
α(A1 × · · · ×Ap)

m
]
≤ (m!)pCm(tj − sj)

2p−d(p−1)
2p m.

This leads to

E

[
α([0, t]

)
− α([0, s]

)]m
≤ (m!)pCm||t − s||

2p−d(p−1)
2p m.

Observe that when s ≤ t,

α([0, t]
)
− α([0, s]

)
≥ 0.

Hence, we have proved the desired conclusion in the special case when s ≤ t.

For the general s = (s1, · · · , sp) and t = (t1, · · · , tp), write

s′ = (s1 ∧ t1, · · · , sp ∧ tp), t′ = (s1 ∨ t1, · · · , sp ∨ tp).

By monotonicity of the functional α([0, t]) in t,

∣∣∣α([0, t]
)
− α([0, s]

)∣∣∣ ≤ α([0, t′]
)
− α([0, s′]

By what we have proved

E

∣∣∣α([0, t]
)
− α([0, s]

)∣∣∣
m

≤ (m!)pCm||t′ − s′||
2p−d(p−1)

2p m

= (m!)pCm||t− s||
2p−d(p−1)

2p m.

Two processes {Xt}t∈Θ and {Yt}t∈Θ are said to be modification to each
other, if P{Xt = Yt} = 1 for every t ∈ Θ. By Kolmogorov’s continuity
theorem (Theorem D.7, Appendix) and by Lemma 2.2.4, the process

{
α([0, t]); t ∈ [0, T ]p

}

has a continuous modification

αT =
{
αT ([0, t]) t ∈ [0, T ]p

}
.

For any T < T ′, we have that P

{
αT ([0, t]) = αT

′
([0, t])

}
= 1 for all t ∈

[0, T ]p. By continuity,

P

{
αT ([0, t]) = αT

′
([0, t]) for all t ∈ [0, T ]p

}
= 1.
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Let 0 < T1 < T2 < · · · < Tk < · · · be an increasing sequence such that
Tk → ∞ as k → ∞. Then outside a null event, the limit

α̃([0, t]) ≡ lim
k→∞

αTk([0, t])

exists for every t ∈ (R+)p and, as a function of t, α̃([0, t]) is continuous on

(R+)p. In addition, the process
{
α̃([0, t]

)
; t ∈ (R+)p

}
is a modification of

{
α([0, t]

)
; t ∈ (R+)p

}
.

By the measure extension theorem, the continuous distribution function
α̃([0, t]

)
can be extended uniquely into a (random) measure α̃(·) on (R+)p.

We call α̃(·) the mutual intersection local time generated by the independent
Brownian motions W1(t), · · · ,Wp(t).

It is straightforward to see that for any bounded sets A1, · · · , Ap ⊂ R+,

P

{
α(A1 × · · · ×Ap) = α̃(A1 × · · · ×Ap)

}
= 1.

To simplify our notation, from now on we use α(A), rather than α̃(A), to
denote this continuous version.

We now turn our attention to establishing properties for the intersection
local time α(A).

Proposition 2.2.5 The measure α(·) is supported on the set

{(t1, · · · , tp) ∈ (R+)p; W1(t1) = · · · = Wp(tp)}

Proof. By continuity of Brownian trajectories, the set

Θ = {(t1, · · · , tp) ∈ (R+)p; W1(t1) = · · · = Wp(tp)}

is a close set. Let A = [s1, t1] × · · · × [sp, tp] ⊂ (R+)p be a deterministic box
with rational coordinates s1, · · · , sp; t1, · · · , tp and write

BA =
{
ω; A ∩ Θ = ∅

}

On the event BA, limǫ→0+ αǫ(A) = 0, which implies that α(A) = 0. Observe
that the fact that Θ is a close set leads to

Θc =
⋃{

A; A ∩ Θ = ∅
}

where the right hand side is a countable union. Hence, we have that α(Θc) =
0.
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Proposition 2.2.6 For any a, t > 0,

α
(
[0, at]p

) d
= a

2p−d(p−1)
2 α

(
[0, t]p

)

Proof. By definition and integration variable substitution,

αǫ
(
[0, at]p

)
= ap

∫

Rd

dx

p∏

j=1

∫ t

0

pǫ
(
Wj(as) − x

)
ds

d
= ap

∫

Rd

dx

p∏

j=1

∫ t

0

pǫ
(√
aWj(s) − x

)
ds

= a
2p−dp

2

∫

Rd

dx

p∏

j=1

∫ t

0

pǫ/a
(
Wj(s) − (x/

√
a)
)
ds

= a
2p−d(p−1)

2

∫

Rd

dx

p∏

j=1

∫ t

0

pǫ/a
(
Wj(s) − x)

)
ds

= αǫ/a
(
[0, t]p

)

where the equality in law follows from the Brownian scaling. By Theorem
2.2.3, letting ǫ→ 0+ on the both sides proves the conclusion.

Our construction of the intersection local time α(A) constitutes the no-
tation

α(A) =

∫

Rd

[∫

A

p∏

j=1

δx
(
Wj(sj)

)
ds1 · · · dsm

]
dx. (2.2.14)

Recall that in the special case d = 1, the occupation measures µt(·) (t ≥ 0)

µt(B) =

∫ t

0

1B
(
W (s)

)
ds B ⊂ R

of an 1-dimensional Brownian motion W (t) are absolutely continuous with
respect to Lebesgue measure on R; and that the family of the associated
Radon-Nikodym derivatives formally given as

L(t, x) =

∫ t

0

δx
(
W (s)

)
ds x ∈ R (2.2.15)

has a modification jointly continuous in both time variable t and space vari-
able x. We call the continuous random function L(t, x) the local time ofW (t).
Let L1(t, x), · · · , Lp(t, x) be the local times of the independent 1-dimensional
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Brownian motion W1(t), · · · ,Wp(t), respectively. We then have that for any
t1, · · · , tp > 0

αǫ
(
[0, t1] × · · · × [0, tp]

)
=

∫ ∞

−∞

[ p∏

j=1

∫ ∞

−∞
pǫ(y − x)Lj(tj , y)dy

]
dx.

A deterministic argument by Lemma 2.2.2 establishes the fact that when
d = 1,

α
(
[0, t1] × · · · × [0, tp]

)
=

∫ ∞

−∞

[ p∏

j=1

Lj(tj , x)

]
dx. (2.2.16)

Write

h(x1, · · · , xp−1) =

∫

Rd

p1(−x)
p−1∏

j=1

p1

( p−1∑

k=j

xk − x
)
dx.

It is easy to verify that h(·) is a probability density on Rd(p−1). When ǫ→ 0+,
the function

hǫ = ǫ−d(p−1)h(ǫ−1x1, · · · , ǫ−1xp−1)

approaches to the Dirac function

δ0(x1, · · · , xp−1) =

p−1∏

j=1

δ0(xj)

in distribution. It is straightforward to check that for any bounded set A ⊂
(R+)p,

αǫ(A) =

∫

A

ds1 · · · dsm (2.2.17)

× hǫ
(
W1(s1) −W2(s2), · · · ,Wp−1(sp−1) −W (sp)

)
.

This relation justifies the notation introduced in (2.1.2).

We have seen the fundamental role played by Le Gall’s moment identity
in constructing the intersection local time α(A). In Chapter 3, we shall see
an even greater role by this powerful tool in establishing the large deviations
for α([0, t]p). In the following we demonstrate that Le Gall’s moment identity
takes a simpler form if the Brownian motions run up to exponential times.
To this end, we first introduce the following analytic lemma.
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Lemma 2.2.7 For any continuous functions ϕ1(t), · · · , ϕm(t) satisfying

∫ ∞

0

e−t|ϕk(t)|dt <∞ k = 1, · · · ,m

∫ ∞

0

dte−t
∫

[0,t]m<

ds1 · · ·dsm
m∏

k=1

ϕk(sk − sk−1) =

m∏

k=1

∫ ∞

0

e−tϕk(t)dt

where we following the convention s0 = 0.

Proof. By the substitution

tk = sk − sk−1, (k = 1, · · · ,m) tm+1 = t− sm

we have ∫ ∞

0

dte−t
∫

[0,t]m<

ds1 · · ·dsm
m∏

k=1

ϕk(sk − sk−1)

=

∫ ∞

0

· · ·
∫ ∞

0

dt1 · · ·dtm+1e
−tm+1

m∏

k=1

e−tkϕ(tk)

=
m∏

k=1

∫ ∞

0

e−tϕk(t)dt.

Let τ1, · · · τp be independent exponential times with parameter 1. We
also assume the independence between {τ1, · · · τp} and the Brownian motions
{W1, · · · ,Wp}.

Theorem 2.2.8 For any any integer m ≥ 1,

E

[
α
(
[0, τ1] × · · · × [0, τp]

)m]
(2.2.18)

=

∫

(Rd)m

dx1 · · · dxm
[ ∑

σ∈Σm

m∏

k=1

G(xσ(k) − xσ(k−1))

]p
.

where

G(x) =

∫ ∞

0

e−tpt(x)dx x ∈ Rd

and xσ(0) = 0.
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Proof. First, it is easy to see from (2.2.3) that the right hand side of the
equation is finite. For any t1, · · · , tp > 0, by (2.2.7)

E

[
α
(
[0, t1] × · · · × [0, tp]

)m]

=

∫

(Rd)m

dx1 · · · dxm
p∏

j=1

∑

σ∈Σm

∫

([0,tj]m<

ds1 · · ·dsm

×
m∏

k=1

psk−sk−1
(xσ(k) − xσ(k−1))

By Fubini theorem,

E

[
α
(
[0, τ1] × · · · × [0, τp]

)m]

=

∫ ∞

0

· · ·
∫ ∞

0

dt1 · · · dtpe−(t1+···+tp)

∫

(Rd)m

dx1 · · · dxm

×
p∏

j=1

∑

σ∈Σm

∫

([0,tj]m<

ds1 · · · dsm
m∏

k=1

psk−sk−1
(xσ(k) − xσ(k−1))

=

∫

(Rd)m

dx1 · · · dxm
p∏

j=1

∑

σ∈Σm

∫ ∞

0

dte−t

×
∫

([0,t]m<

ds1 · · · dsm
m∏

k=1

psk−sk−1
(xσ(k) − xσ(k−1)).

Finally, by Lemma 2.2.7,

∫ ∞

0

dte−t
∫

([0,t]m<

ds1 · · ·dsm
m∏

k=1

psk−sk−1
(xσ(k) − xσ(k−1))

=

m∏

k=1

∫ ∞

0

e−tpt(xσ(k) − xσ(k−1))dt =

m∏

k=1

G(xσ(k) − xσ(k−1)).

As an application of Le Gall’s moment identity, we prove the following

Theorem 2.2.9 There is a constant λ > 0 such that

E exp
{
λα
(
[0, 1]p

) 2
d(p−1)

}
<∞.
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Proof. Notice that τmin = min{τ1, · · · , τp} is exponential with parameter p.
By the scaling property given in Proposition 2.2.6 and independence between
Brownian motions and exponential times,

E

[
α
(
[0, τ1] × · · · × [0, τp]

)m]
(2.2.19)

≥ E

[
α
(
[0, τmin]

p
)m]

= Eτ
2p−d(p−1)

2 m
min E

[
α
(
[0, 1]p

)m]

= p−
2p−d(p−1)

2 m−1Γ
(
1 +

2p− d(p− 1)

2
m
)
Eα
(
[0, 1]p

)m
.

On the other hand, by (2.2.18) and an argument by Jensen inequality

E

[
α
(
[0, τ1] × · · · × [0, τp] ≤ (m!)p

(∫

Rd

Gp(x)dx

)m
. (2.2.20)

In view of (2.2.3), an estimate by Stirling formula based on (2.2.19) and
(2.2.20) leads to the bound

E

[
α
(
[0, 1]p

)m] ≤ (m!)
d(p−1)

2 Cm m = 1, 2, · · · .

The rest follows from a standard application of Taylor expansion.

The Brownian motions W1(t), · · · ,Wp(t) are allowed to started at some-
where rather than the origin. When W1(0) = y1, · · · ,Wp(0) = yp, we use Eȳ

and Pȳ for the expectation and probability, respectively, of the random path
of
(
W1(t), · · · ,Wp(t)

)
. Here we adopt the notation ȳ = (y1, · · · , yp). In the

important special case y1 = · · · = yp = 0, we still use “E” and “P” instead.
Under the law Pȳ, by the same procedure one can construct the intersection
local time α(A). We list some similar properties here.

Similar to the identity in law given in Proposition 2.2.6, for any a, t > 0,

Lȳ
{
α
(
[0, at]p

)}
= Lȳ/√a

{
a

2p−d(p−1)
2 α

(
[0, t]p

)}
. (2.2.21)

Under Pȳ, the Le Gall’ moment identity takes form

Eȳ

[
α
(
A1 × · · · ×Ap

)m]
(2.2.22)

=

∫

(Rd)m

dx1 · · ·dxm
p∏

j=1

∑

σj∈Σm

∫

(Aj)m
<

ds1 · · ·dsm

×
m∏

k=1

psk−sk−1
(xσj(k) − xσj(k−1))
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where A1, · · · , Ap ⊂ (R+)p are bounded, s0 = 0 and σj(0) = yj for j =
1, · · · , p.

Taking A1 = · · · = Ap = A and applying Hölder inequality to (2.2.22),

Eȳ

[
α
(
Ap
)m] ≤

p∏

j=1

{∫

(Rd)m

dx1 · · · dxm
[ ∑

σj∈Σm

∫

Am
<

ds1 · · · dsm

×
m∏

k=1

psk−sk−1
(xσj(k) − xσj(k−1))

]p}1/p

.

Notice that for each 1 ≤ j ≤ p, the jth factor on the right hand side does not
depends on the value of xσj(0). Consequently, the right hand side is equal to

E

[
α
(
Ap
)m]

. Thus,

Eȳ

[
α
(
Ap
)m] ≤ E

[
α
(
Ap
)m] ∀ȳ ∈ (Rd)p. (2.2.23)

This inequality shows that for the Brownian motions W1(t), · · · ,Wp(t), the
best strategy to get maximal intersection within the fixed period is to start
at the same point.

2.3 Self-intersection local time

Let W (t) be a d-dimensional Brownian motion. The main goal in this section
is to construct the random measure β(A) on (R+)p< formally given by (2.1.1)
or, equivalently, by

β(A) =

∫

Rd

dx

∫

A

ds1 · · · dsp
p∏

j=1

δx
(
W (sj)

)
A ⊂ (R+)p<. (2.3.1)

Let the numbers 0 < a1 < b1 < a2 < b2 < · · · < ap−1 < bp be fixed and
write

W (j)(t) = W (aj + t) 0 ≤ t ≤ bj − aj j = 1, · · · , p
We assign each of the independent Brownian motions W1(t), · · · ,Wp(t) an
initial distribution µ with the density

h(x) = Cde
−|x| x ∈ Rd

where Cd > 0 normalizes h(x) into a density function.

Write T = [0, b1 − a1] × · · · × [0, bp − ap]. We view the random fields
(
W (1)(t1), · · · ,W (p)(tp)

)
and

(
W1(t1), · · · ,Wp(tp)

)
(t1, · · · , tp) ∈ T
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as two random variables with values in the space C
{
T, (Rd)p

}
and with the

distributions, respectively, γ1(dw1, · · · , dwp) and γ2(dw1, · · · , dwp).

Lemma 2.3.1 γ1(·) is absolutely continuous with respect to γ2(·) with the
associated Random-Nikodym derivative

Θ(w1, · · · , wp) = C−p
d exp

{ p∑

j=1

|wj(0)|
}
pa1

(
w1(0)

)
(2.3.2)

×
p∏

j=2

paj−bj−1

(
wj(0) − wj−1(bj−1 − aj−1)

)
.

In particular

∫

C
{
T,(Rd)p

}Θ2(w1, · · · , wp)γ2(dw1, · · · , dwp) <∞. (2.3.3)

Proof. For each 1 ≤ j ≤ p, let 0 = s
(j)
0 < s

(j)
1 < · · · < s

(j)
nj = bj − aj be a

partition of [0, bj−aj]. It is straightforward to verify that the random vector

(
W (1)(s

(1)
0 ), · · · ,W (1)(t(1)n1

); · · · ;W (p)(s
(p)
0 ), · · · ,W (p)(t(p)np

)
)

has the probability density

f(x
(1)
0 , · · · , x(1)

n1
; · · · ;x

(p)
0 , · · · , x(p)

np
)

=

p∏

j=1

paj−bj−1 (x
(j)
0 − x(j−1)

nj−1
)

nj∏

k=1

p
s
(j)
k −s(j)k−1

(x
(j)
k − x

(j)
k−1)

where b0 = 0 and x
(0)
n0 = 0; and that the random vector (with the given initial

distribution)

(
W1(s

(1)
0 ), · · · ,W1(t

(1)
n1

); · · · ;Wp(s
(p)
0 ), · · · ,Wp(t

(p)
np

)
)

has the probability density

g(x
(1)
0 , · · · , x(1)

n1
; · · · ;x

(p)
0 , · · · , x(p)

np
)

=

p∏

j=1

Cde
−|x(j)

0 |
nj∏

k=1

p
s
(j)
k −s(j)k−1

(x
(j)
k − x

(j)
k−1).
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Hence,

f(x
(1)
0 , · · · , x(1)

n1 ; · · · ;x
(p)
0 , · · · , x(p)

np )

g(x
(1)
0 , · · · , x(1)

n1 ; · · · ;x
(p)
0 , · · · , x(p)

np )

= C−p
d exp

{ p∑

j=1

|x(j)
0 |
}
pa1(x

(1)
0 )

p∏

j=2

paj−bj−1(x
(j)
0 − x(j−1)

nj−1
).

This leads to the identity

γ1(A) =

∫

A

Θ(w1, · · · , wp)γ2(dw1, · · · , dwp)

for any A ⊂ C
{
T, (Rd)p

}
of the form

A =
{
(w1, · · · , wp);

(
w1(s

(1)
0 ), · · · , w1(t

(1)
n1

); · · · ;wp(s
(p)
0 ), · · · , wp(t(p)np

)
)
∈ B

}
.

Notice that Θ(w1, · · · , wp) does not depend on the time set we choice. By
standard measure extension, the identity holds for all A ⊂ C

{
T, (Rd)p

}
.

Finally, a straightforward calculation gives that

∫

C
{
T,(Rd)p

}Θ2(w1, · · · , wp)γ2(dw1, · · · , dwp) = EΘ2(W1, · · · ,Wp) <∞.

For each ǫ > 0, define the random measure βǫ(·) on (R+)p<:

βǫ(A) =

∫

Rd

[∫

A

ds1 · · ·dsp
p∏

j=1

pǫ
(
W (s) − x

)]
dx A ⊂ (R+)p<.

A measure on a complete metric space is called Radon measure if the
measure value of every compact set is finite.

Theorem 2.3.2 Assume p(d − 2) < d. With probability 1 there exists a
Radon measure β(·) on (R+)p< such that,

(1) For any compact subset of (R+)p< of the form A1 × · · · × Ap, where
A1, · · · , Ap are finite close intervals,

lim
ǫ→0+

E
∣∣βǫ(A1 × · · · ×Ap) − β(A1 × · · · ×Ap)

∣∣m = 0 (2.3.4)

for all m > 0.
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(2). The measure is supported on:

{
(s1, · · · , sp) ∈ (R+)p<; W (s1) = · · · = W (sp)

}
.

In addition, β
(
{sj = t}

)
= 0 for any 1 ≤ j ≤ p and any t ≥ 0.

Proof. Let the numbers 0 ≤ a1 < b1 < · · · < ap < bp be given and write

I = [a,b] = [a1, b1] × · · · × [ap, bp]. (2.3.5)

We first construct a random measure βI(·) on I which will appear as the
limitation of β(·) on I. Notice that the fact that for any t > 0,

{
βǫ(t+A); A ⊂ (R+)p<

}
d
=
{
βǫ(A) A ⊂ (R+)p<

}

where t + A =
{
(t + s1, · · · , t + sp); (s1, · · · , sp) ∈ A

}
. We may assume

a1 > 0, for otherwise we may consider [1 + a1, 1 + b1] × · · · × [1 + ap, 1 + bp]
instead.

We adopt the notations used in Lemma 2.3.1. Let t ∈ I and define the
function ξǫ on C

{
I, (Rd)p

}
as

ξǫ(w1, · · · , wp) =

∫

Rd

[ p∏

j=1

∫ tj−aj

0

pǫ
(
wj(s) − x

)
ds

]
dx.

By time shifting one can see that

βǫ([a, t]) = ξǫ
(
W (1), · · · ,W (p)).

By Lemma 2.3.1, for any ǫ, ǫ′ > 0,

E

∣∣∣βǫ
(
[a, t]

)
− βǫ′

(
[a, t]

)∣∣∣
m

=

∫

C
{
T,(Rd)p

}
∣∣ξǫ(w1, · · · , wp) − ξǫ′(w1, · · · , wp)

∣∣m

× Θ(w1, · · · , wp)γ2(dw1, · · · , dwp)

≤
{∫

C
{
T,(Rd)p

}Θ2(w1, · · · , wp)γ2(dw1, · · · , dwp)
}1/2

×
{

E
∣∣αǫ([0, t − a]) − αǫ′([0, t − a])

∣∣2m
}1/2

.

By Theorem 2.2.3, therefore, there is a non-negative random variable βI
(
[a, t]

)
,

such that
lim
ǫ→0+

βǫ
(
[a, t]

)
= βI

(
[a, t]

)
(2.3.6)
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in all positive moments.

For any s, t ∈ [a,b], by Lemma 2.3.1 and a procedure same as above,

E

∣∣∣βǫ
(
[a, t]

)
− βǫ

(
[a, s]

)∣∣∣
m

≤
{∫

C
{
T,(Rd)p

}Θ2(w1, · · · , wp)γ2(dw1, · · · , dwp)
}1/2

×
{

E
∣∣Lǫ(t − a, 0) − Lǫ(s− a, 0)

∣∣2m
}1/2

.

By Lemma 2.2.4, for any M > 0 there is a CI > 0 such that for any s, t ∈
[0,M ]p

E
∣∣βI
(
[a, s]

)
− βI

(
[a, t]

)∣∣m ≤ (m!)pCmI ||s − t|| 2p−d(p−1)
2 m m = 1, 2, · · · .

By Kolmogorov continuity theorem (Theorem D.7, Appendix), the process{
βI
(
[a, t]

)
; t ∈ I

}
has a continuous modification (which still denoted by

βI
(
[a, t]

)
). The continuous distribution function βI

(
[a, t]

)
then generates

a Borel measure βI(A) on I, which is extended to a measure on (R+)p but
supported by I. Clearly, the continuity of βI

(
[a, t]

)
leads to βI({sj = t}) = 0

for any t ≥ 0 and 1 ≤ j ≤ p. In addition, an argument used in the proof of
Proposition 2.2.5 shows that the measure βI(·) is supported on

{
(s1, · · · , sp) ∈ (R+)p<; W (s1) = · · · = W (sp)

}
.

Take a countable collections {Ik}k≥1 of compact rectangles of the form
given in (2.3.5) such that

(i) (R+)p< =

∞⋃

k=1

Ik;

(ii) if j 6= k, Ij∩Ik is contained in a finite union of “hyperplanes” {sj = t};
(iii) any compact set of (R+)p intersects only a finite number of the rect-

angles Ik.

By our discussion, for each k, there is a finite measure βIk(·) supported on
Ik and on the time set on p-multiple points such that βIk(·) does not charge
the hyperplane, and that as ǫ → 0+, βǫ(I

′) −→ βIk (I ′) in all moments for
any sub-rectangle I ′ ⊂ Ik. Define the measure β on (R+)p< by

β(A) =

∞∑

k=1

βIk (A) A ⊂ (R+)p<.

One can easily see how (2.3.4) follows from (i) and (ii). Finally, the property
(iii) ensures that β(·) is a Radon measure.
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The random measure β(A) is called p-multiple self-intersection local time
of the Brownian motion W (t).

Similar to (2.2.17)

βǫ(A) =

∫

A

ds1 · · ·dsp (2.3.7)

× hǫ
(
W (s1) −W2(s2), · · · ,W (sp−1) −W (sp)

)

which justifies the notation given in (2.1.1).

From the proof of Theorem 2.3.2, we have seen some connections between
the mutual intersection local time α(·) and the self-intersection local time
β(·). Compared with Proposition 2.2.6 the following proposition shows that
β(·) has a scaling rate same as α(·).

Proposition 2.3.3 Assume p(d− 2) < d. For any t > 0, and A ∈ (R+)p<,

β(tA)
d
= t

2p−d(p−1)
2 β(A) (2.3.8)

β(t+A)
d
= β(A) (2.3.9)

where t+A = {(t+ s1, · · · , t+ sp); (s1, · · · , sp) ∈ A}.

Proof. By a standard argument of monotonic measure extension, we need
only to consider the case when A is of the form given in (2.3.5). Indeed, by
variable substitution,

βǫ(tA) = tp
∫

Rd

dx

p∏

j=1

∫ bj

aj

pǫ
(
W (ts) − x

)
ds

d
= tp

∫

Rd

dx

p∏

j=1

∫ bj

aj

pǫ
(√
tW (s) − x

)
ds

= tp−
dp
2

∫

Rd

dx

p∏

j=1

∫ bj

aj

pǫ/
√
t

(
W (s) − (x/

√
t)
)
ds

= t
2p−d(p−1)

2

∫

Rd

dx

p∏

j=1

∫ bj

aj

pǫ/
√
t

(
W (s) − x)

)
ds

= t
2p−d(p−1)

2 βǫ/
√
t(A)

where the equality in law is implied by the Brownian scaling. Thus, (2.3.8)
follows from part (1) of Theorem 2.3.2. The proof of (2.3.9) is similar, where
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the key ingredient is the increment stationary of Brownian motion and trans-
lation invariance of the Lebesgue integral on Rd.

The next proposition shows that the connection is even more direct when
it comes the double intersections.

Proposition 2.3.4 Assume that p = 2 and d ≤ 3. For any 0 ≤ a < b < c,

β
(
[a, b] × [b, c]

) d
= α([0, b− a] × [0, c− b]

)
.

Proof. Let b < b′ < c and notice that as p = 2,

βǫ
(
[a, b] × [b′, c]

)
=

∫ b

a

∫ ′c

b

hǫ

((
W (r) −W (b)

)
−
(
W (s) −W (b)

))
dsdr

=

∫ b′−a

b′−b

∫ c−b′

0

hǫ

((
W (b′ − r) −W (b′)

)
−
(
W (b′ + s) −W (b′)

))
dsdr

=

∫ b′−a

b′−b

∫ c−b′

0

hǫ
(
W1(r) −W2(s)

)
dsdr

where W1(r) = −
(
w(b′) −W (b′ − r)

)
(0 ≤ r ≤ b′ − a) and W2(s) = W (b′ +

s) − W (b) (0 ≤ s ≤ c − b′) are independent Brownian motions. Letting
ǫ→ 0+ gives

β
(
[a, b] × [b′, c]

) d
= α([b′ − b, b′ − a] × [0, c− b′]

)
.

Letting b′ → b+ leads to the desired conclusion.

In another special case d = 1, the self-inter section local time can be
written in terms of the interal of the local time L(t, x) of the 1-dimensional
Brownian motion W (t). For example, by an analysis (omitted here) similar
to the one used for (2.2.16) we have

Proposition 2.3.5 As d = 1 and p ≥ 2,

β([0, t]p<
)

=
1

p!

∫ ∞

−∞
Lp(t, x)dx t > 0.

Here comes a bad news. Sharply contrary to the 1-dimensional case, the
self-intersection local time of a multi-dimensional Brownian motion can blow
up even in a finite time period.
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Proposition 2.3.6 As d ≥ 2, for any 0 ≤ a < b

β
(
[a, b]p<

)
= ∞ a.s.

Proof. By Proposition 2.3.3, we may only consider the case a = 0 and b = 1.
Set

I = I0
0 =

[
0,

1

2p

]
×
[ 2

2p
,

3

2p

]
× · · · ×

[2(p− 1)

2p
,
2p− 1

2p

]

and more generally for any k ≥ 0, l = 0, 1, · · · , 2k − 1

Ikl = l2−k + 2−kI0
0 =

[
l2−k +

1

2p
2−k

]
× · · · ×

[
l2−k

2(p− 1)

2p
,
2p− 1

2p
2−k

]
.

Then for each k, the random variables β(Ikl ) (l = l = 0, 1, · · · , 2k − 1) are
independent and identically distributed. By Proposition 2.3.3,

β(Ikl )
d
= 2−k

2p−d(p−1)
2 β(I).

It follows that

E

[ 2k−1∑

l=0

β(Ikl )
]

= 2
(d−2)(p−1)

2 kE
(
β(I)

)

Var
[ 2k−1∑

l=0

β(Ikl )
]

= 2−(2p−d(p−1)−1)kVar
(
β(I)

)
.

By the fact that 2p− d(p− 1) − 1 > 0,

∞∑

k=0

∣∣∣∣
2k−1∑

l=0

β(Ikl ) − E

[ 2k−1∑

l=0

β(Ikl )
]∣∣∣∣ ≤

∞∑

k=1

{
Var

[ 2k−1∑

l=0

β(Ikl )
]}1/2

<∞.

Consequently,
∞∑

k=0

2k−1∑

l=0

β(Ikl ) = ∞ a.s.

as d ≥ 2. Finally, the conclusion follows from the fact that Ikl ⊂ [0, 1]p< and
and that the intersection of any two members of the family {Ikl } is contained
in a finite union of “hyperplanes” {sj = t}.

The reason behind this problem is that when d ≥ 2, the short range
intersection is too strong compared with long range intersection. In the case
d = 2, a way to fix it is the renormalization method which will be discussed
in the next section.
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2.4 Renormalization

In this section, we consider the case d = p = 2. Because of the problem
pointed out in Proposition 2.3.6, the polymer models suggested in (2.1.3)
and (2.1.4) are not mathematically defined. In this section we construct so
called renormalized self-intersection local time γ

(
[0, t]<

)
formally written as

γ
(
[0, t]2<

)
=

∫ ∫

{0≤r<s≤t}
δ0
(
W (r) −W (s)

)
drds (2.4.1)

− E

∫ ∫

{0≤r<s≤t}
δ0
(
W (r) −W (s)

)
drds.

The idea is that if we replace β
(
[0, t]2<

)
by γ

(
[0, t]<

)
in (2.1.3) and (2.1.4) (of

course, the normalizing constants Ĉ and C̃ have to be redefined properly),
the models keep intact in physics.

Let t > 0 be fixed and set

Akl =
[ 2l

2k+1
t,

2l+ 1

2k+1
t
)
×
[2l + 1

2k+1
t,

2l+ 2

2k+1
t
)

(2.4.2)

l = 0, 1, · · · , 2k − 1 k = 0, 1, · · ·

(See the Figure 2.1).

Theorem 2.4.1 The series

∞∑

k=0

{ 2k−1∑

l=0

(
β(Akl ) − Eβ(Akl )

)}

convergences with probability 1 and in L2(Ω,A,P).

Proof. By Lemma 2.3.3 and Lemma 2.3.4 we have that

β(Akl )
d
= 2−(k+1)β

(
[0, t] × [t, 2t]

) d
= 2−(k+1)α

(
[0, t]2). (2.4.3)

In addition, for each k ≥ 0, the finite sequence

β(Akl ), l = 0, 1, · · · , 2k − 1

is independent. Consequently,

Var

( 2k−1∑

l=0

β(Akl )

)
= 2−k−2Var

(
α
(
[0, t]2

))
= C2−k.
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Figure 2.1: triangular approximation

Finally, the conclusion follows from the estimate

{
E

[ ∞∑

k=0

∣∣∣∣
2k−1∑

l=0

(
β(Akl ) − Eβ(Akl )

)∣∣∣∣
]2}1/2

≤
∞∑

k=0

{
Var

( 2k−1∑

l=0

β(Akl )

)}1/2

<∞.

The approach used in the proof is called triangular approximation , due
to the geometric intuition from Figure 2.1.

Write

γ
(
[0, t]2<

)
=

∞∑

k=0

{ 2k−1∑

l=0

(
β(Akl ) − Eβ(Akl )

)}
t ≥ 0. (2.4.4)

By Lemma 2.3.3, one can see that Eγ
(
[0, t]2<

)
= 0 and that for any a > 0,

γ
(
[0, at]2<

) d
= aγ

(
[0, t]2<

)
. (2.4.5)
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We shall use the notation γ(A) = β(A) − Eβ(A) and some related prop-
erties without further notification whenever it makes obvious sense. For ex-
ample, if t′ < t, then by performing the same approximation on the triangle
[t′, t]2< we can define γ

(
[t′, t]2<

)
. By Proposition 2.3.3, one can verify that

γ
(
[t′, t]2<

) d
= γ

(
[0, t− t′]2<

)
. (2.4.6)

In the rest of the section, we solve the following two problems: First, we es-
tablish the exponential integrability for γ

(
[0, t]2<

)
, in order to give mathemat-

ical justification to the polymer models in (2.1.3) and (2.1.4) (with β
(
[0, t]2<

)

being replaced by γ
(
[0, t]2<

)
). Second, we prove that the family

{
γ
(
[0, t]2<

)
; t ≥ 0

}

yields a continuous version.

With regard to our first task, we may take t = 1 in following theorem,
due to the scaling property given in (2.4.5).

Theorem 2.4.2 Let γ([0, t]2<) be defined by (2.4.4).

(1). For some λ > 0

E exp
{
λγ
(
[0, 1]2<

)}
<∞. (2.4.7)

(2) For every λ > 0

E exp
{
− λγ

(
[0, 1]2<

)}
<∞. (2.4.8)

Proof. We first prove (2.4.7). Again, our approach is the triangular approx-
imation based on Figure 2.1 with t = 1.

Let Akl be defined by (2.4.2) with t = 1. By (2.4.3) one can see that

γ(Akl )
d
= 2−(k+1)

{
α
(
[0, 1]2 − Eα

(
[0, 1]2

}
.

By Theorem 2.2.9 (with d = p = 2) there is a λ1 > 0 such that

E exp
{
λ1α

(
[0, 1]2

)}
<∞.

By Taylor expansion, therefore, there is a C > 0 such that for sufficiently
small λ > 0

E exp
{
λ
(
α
(
[0, 1]2

)
− Eα

(
[0, 1]2

))}
≤ eCλ

2

.
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Fix a ∈ (0, 1) and a small λ > 0. For each N ≥ 1 set

b1 = 2λ, bN = 2λ
N∏

j=2

(
1 − 2−a(j−1)

)
N = 2, 3, · · · .

By Hölder inequality

E exp

{
bN

N∑

k=0

2k−1∑

l=0

(
β(Akl ) − Eβ(Akl )

)}

≤
[
E exp

{
bN−1

N−1∑

k=0

2k−1∑

l=0

(
β(Akl ) − Eβ(Akl )

)}]1−2−a(N−1)

×
[
E exp

{
2a(N−1)bN

2N−1∑

l=0

(
β(ANl ) − Eβ(ANl )

)}]2−a(N−1)

≤ E exp

{
bN−1

N−1∑

k=0

2k−1∑

l=0

(
β(Akl ) − Eβ(Akl )

)}

×
[
E exp

{
2a(N−1)bN

(
β(AN0 ) − Eβ(AN0 )

)}]2(1−a)(N−1)

.

Notice that bN ≤ 2λ. We have

E exp

{
2a(N−1)bN

(
β(AN0 ) − Eβ(AN0 )

)}

= E exp

{
2−N−1+a(N−1)bN

(
α
(
[0, 1]2

)
− Eα

(
[0, 1]2

))}

≤ exp
{
Cb2N2−2N+2a(N−1)

}
.

Summarizing what we have

E exp

{
bN

N∑

k=0

2k−1∑

l=0

(
β(Akl ) − Eβ(Akl )

)}

≤ E exp

{
bN−1

N−1∑

k=0

2k−1∑

l=0

(
β(Akl ) − Eβ(Akl )

)}
exp

{
C′2(a−1)N

}
.
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Repeating above procedure gives

E exp

{
bN

N∑

k=0

2k−1∑

l=0

(
β(Akl ) − Eβ(Akl )

)}

≤ exp
{
C′

N∑

k=0

2(a−1)k
}
≤ exp

{
C′
(
1 − 2a−1

)−1}
<∞.

Observe that

b∞ = 2λ
∞∏

j=2

(
1 − 2−a(j−1)

)
> 0.

By Fatou lemma, letting N → ∞ we have

E exp
{
b∞γ

(
[0, 1]2<

)}
≤ exp

{
C′
(
1 − 2a−1

)−1}
<∞.

Similar to the the above argument for (2.4.7), one can prove that there is
a λ̄ such that

E exp
{
− λγ

(
[0, 1]2<

)}
<∞ ∀0 ≤ λ ≤ λ̄. (2.4.9)

Define

Zt = − 1

2π
t log t− γ

(
[0, t]2<

)
t ≥ 0. (2.4.10)

For any s, t > 0,

Zs+t = − 1

2π
(s+ t) log(s+ t) − γ

(
[0, s]2<

)
− γ
(
[s, s+ t]2<

)

− β
(
[0, s] × [s, s+ t]

)
+ Eβ

(
[0, s] × [s, s+ t]

)

≤ − 1

2π
(s+ t) log(s+ t) − γ

(
[0, s]2<

)

− γ
(
[s, s+ t]2<

)
+ Eβ

(
[0, s] × [s, s+ t]

)
.

By Proposition 2.3.4

Eβ
(
[0, s] × [s, s+ t]

)
= Eα

(
[0, s] × [0, t]

)

=

∫

R2

dx

[ ∫ s

0

pu(x)du

][ ∫ t

0

pu(x)du

]
=

∫ s

0

∫ t

0

pu+v(0)dudv

where the second equality follows from the Le Gall’s moment formula in the
special case d = p = 2 and m = 1. By a straightforward calculation,

∫ s

0

∫ t

0

pu+v(0)dudv =
1

2π

∫ s

0

∫ t

0

1

u+ v
dudv

=
1

2π

[
(s+ t) log(s+ t) − s log s− t log t

]
.
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Summarizing our argument,

Zs+t ≤ Zs + Z ′
t (2.4.11)

where

Z ′
t = − 1

2π
t log t− γ

(
[s, s+ t]2<

)

is independent of Zs and Z ′
t

d
= Zt. This means that Zt is sub-additive.

Consequently, (2.4.8) follows from Theorem 1.3.5.

To our second task, we first prove

Lemma 2.4.3 For any T > 0 there is a c = c(T ) > 0 such that

sup
s,t∈[0,T ]
s6=t

E exp

{
c

∣∣γ
(
[0, t]2<

)
− γ
(
[0, s]2<

)∣∣
|t− s|1/2

}
<∞.

Proof. For 0 ≤ s < t ≤ T ,

γ
(
[0, t]2<

)
− γ
(
[0, s]2<

)
= γ

(
[s, t]2<

)
+ γ
(
[0, s] × [s, t]

)
.

Notice that
γ
(
[s, t]2<

) d
= (t− s)γ([0, 1]2<

)
.

By Theorem 2.4.2, theta is a c1 > 0 such that

sup
s,t∈[0,T ]
s<t

E exp

{
c1

∣∣γ
(
[s, t]2<

)∣∣
|t− s|1/2

}
<∞.

In addition, by Proposition 2.3.4

γ
(
[0, s] × [s, t]

) d
= α

(
[0, s] × [0, t− s]

)
− Eα

(
[0, s] × [0, t− s]

)
.

By (2.2.11),

E

[
α
(
[0, s]× [0, t− s]

)m] ≤
{

E

[
α
(
[0, s]2

)m]}1/2{
E

[
α
(
[0, t− s]2

)m]}1/2

= sm/2(t− s)m/2E

[
α
(
[0, 1]2

)m] ≤ Tm/2(t− s)m/2E

[
α
(
[0, 1]2

)m]

for m = 1, 2, · · · . By Theorem 2.2.9, there is a c2 > 0 such that

sup
s,t∈[0,T ]
s<t

E exp

{
c2

∣∣γ
(
[0, s] × [s, t]

)∣∣
|t− s|1/2

}
<∞.



2.5. NOTES AND COMMENTS 65

The proof is complete.

By theorem D.6 in Appendix and by the extension argument used for
α(A), there is a continuous modification

{
γ̃
(
[0, t]2<

)}
of the random family{

γ
(
[0, t]2<

)}
, such that for any T > 0 there is a c = c(T ) > 0 such that

E exp
{
c sup

0≤s,t≤T

∣∣γ̃
(
[0, t]2<

)
− γ̃
(
[0, s]2<

)∣∣
}
<∞. (2.4.12)

Notice that γ
(
[0, s]2<

)
= 0 as s = 0, in particular,

E exp
{
c sup

0≤t≤T

∣∣γ̃
(
[0, t]2<

)∣∣
}
<∞. (2.4.13)

For the sake of simplicity, from now on we use γ
(
[0, t]2<

)
, rather than

γ̃
(
[0, t]2<

)
, to denote this continuous process. And we call it renormalized

self-intersection local time generated by the planar Brownian motion W (t).

2.5 Notes and comments

Section 2.2.

We refer the reader to the book by Lawler ([109]) and the long monograph
notes by Le Gall ([122]) for the general information on the intersections and
self-intersections of Brownian motions and random walks. In addition to the
historic works by Dvoretzsky, Erdös and Kakutani ([64], [65]), we mention
the survey paper by Khoshnevisan ([103]) for an elementary proof of Theorem
2.2.1.

The first work on the intersection local times of independent Brownian
motions is the paper by Wolpert ([161]). Dynkin ([66]) developed a way
to construct additive functionals of several independent Markov processes,
which includes Brownian intersection local times as a special case. In [67],
Dynkin treated the special case of Brownian motions. Our approach of con-
structing α(A) is modified from Le Gall’s work [122]. This treatment also
leads to Le Gall’s moment identity which plays a central role in Chapter 3.

A different method known as local non-determinism can be found in Ge-
man and Horowitz [81] and in Geman, Horowitz and Rosen [82], where the
idea is to view intersection local time as a local time of certain random field,
and where the basic tool is Fourier analysis. We design the following exercise
based on their idea.
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Exercise 1. The following way of constructing the intersection local time
α(A) constitutes the notation introduced in (2.1.2): For each A ⊂ (R+)p,
define the occupation measure µA(·) on Rd(p−1) given by

µA(B) =

∫

A

1B
(
W1(s1) −W2(s2), · · · ,Wp−1(sp−1) −Wp(sp)

)
ds1 · · · dsp

where B ⊂ Rd(p−1).

(1). Prove that when p(d− 2) < d,

P

{
µA(·) is absolutely continuous with respect to the Lebesgue

measure on Rd(p−1) for every measurable and bounded A ⊂ (R+)p
}

= 1

Hint: Define the random measure µ(·) on Rd(p−1) as

µ(B) =

∫ ∞

0

· · ·
∫ ∞

0

ds1 · · ·dspe−(s1+···+sp)

× 1B
(
W1(s1) −W2(s2), · · · ,Wp−1(sp−1) −Wp(sp)

)
B ⊂ Rd(p−1)

and reduce the problem to the proof of almost sure absolute continuity of µ(·)
with respect to the Lebesgue measure on Rd(p−1); then establish the identity

∫

(Rd)p−1

E|µ̂(λ1, · · · , λp−1)|2dλ1 · · ·dλp−1 = (2π)d(p−1)

∫

Rd

Gp(x)dx <∞

where

µ̂(λ1, · · · , λp−1) =

∫

(Rd)p−1

ei(λ1·x1+···+λp−1·xp−1)µ(dx1, · · · dxp−1)

is the Fourier transform of µ. Finally, use Plancherel-Parseval theorem (The-
orem B.3, Appendix) to complete the proof.

(2). Let α(x,A) be the related Radon-Nikodym derivative. It can be
shown ([82]) that there is a version version of α(x,A) (still denoted by
α(x,A)) such that for each x, α(x, ·) is a random measure on (R+)p, and
for each A ⊂ (R+)p, α(·, A) is continuous on Rd. We define α(A) = α(0, A).
Prove that this construction produces the same intersection local time as the
one defined in section 2.2.

Section 2.3.
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The existence and continuity of self-intersection local time of Brownian
motion has been investigated by Rosen ([138], [139]), by Yor ([165], [166]) and
by Le Gall ([122]). The study has been extended to the setting of diffusion
processes by Rosen ([142]) and to the setting of Lévy processes by Le Gall
([119]). The method used here is due to Le Gall ([122]). By different method,
Rosen ((2.15), [139]) estimated the moment of β(I) for I in a class wider than
one defined in (2.3.5), in the setting of fractional Brownian motions.

Exercise 2. We demonstrate that when p = 2, the construction of β(A)
can be greatly simplified.

1. Let h(x) be a bounded function on Rd and let W (t) and W̃ (t) be two
independent d-dimensional Brownian motions. Prove that for any 0 ≤ a <
b ≤ c < d, ∫ ∫

{[a,b]×[c,d]

h
(
W (t) −W (s)

)
dsdt

d
=

∫ ∫

{[c−b, c−a]×[0, d−c]
h
(
W̃ (t) −W (s)

)
dsdt.

2. Simplify the construction of the random measure β(A) in the special
case p = 2 and d ≤ 3.

Section 2.4.

The idea of renormalization goes back to the paper by Varadhan ([153]),
where for the first time the method of triangular approximation was intro-
duced for some related but different models. This brilliant idea was later
adopted by Le Gall ([115], [122], [123]) to the setting of self-intersection local
time ([122]). The method used in this section comes from [122] and [123].

An alternative way of renormalization is by Tanaka formula. We refer to
Rosen and Yor ([140] , [163], [145]) for this approach. See the paper [68] by
Dynkin for a different treatment.

The renormalization of the p-multiple self-intersection local times is far
more complicated as d = 2 and p ≥ 3 and is not included in this book. We
refer interested readers to the papers by Rosen ([141]), Rosen and Yor ([145]),
Le Gall ([122]) on this problem.

In the case d ≥ 3, the self-intersection local time of a d-dimensional Brow-
nian motion can not be renormalized in the same way as when d = 2. Indeed,
Yor ([164]), Calais and Yor ([20]) have proved that random variables





(
log(1/ǫ)

)−1/2
{
βǫ
(
[0, 1]2<

)
− Eβǫ

(
[0, 1]2<

)}
if d = 3

ǫ
d−3
2

{
βǫ
(
[0, 1]2<

)
− Eβǫ

(
[0, 1]2<

)}
if d ≥ 4
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weakly converge to symmetric normal distributions as ǫ→ 0+. In particular,
the blow-up of the renormalized quantity

βǫ
(
[0, 1]2<

)
− Eβǫ

(
[0, 1]2<

)

(as ǫ → 0+) shows that the renormalization fails in the case d ≥ 3. In
addition, Calais and Yor’s observation links to the central limit theorem
stated later in Theorem 5.5.3 in a natural way. See also the paper [92] by Hu
and Nualart for extension of Calais and Yor’ work to the setting of fractional
Brownian motions.



Chapter 3

Large deviations: mutual

intersection

-

3.1 High moment asymptotics

One of the major goal of this chapter is to provide precise estimate to the
tail probability

P

{
α
(
[0, 1]p

)
≥ t
}

as t → ∞. By Theorem 1.2.7, the problem is in connection to the study of
the high moment asymptotics posted as

E

[
α([0, 1]p

)m]
(m→ ∞).

By comparing (2.2.7) and (2.2.18), it seems that the the high moment asymp-
toticshigh moment asymptotics for

E

[
α
(
[0, τ1] × · · · × [0, τp]

)m]

is more tractable. The question is: what can we say about the quantity

∫

(Rd)m

dx1 · · · dxm
[ ∑

σ∈Σm

m∏

k=1

G(xσ(k) − xσ(k−1))

]p

when m→ ∞?

69
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For future reference, we generalize this problem to the study of

∫

Em

π(dx1) · · ·π(dxm)

[ ∑

σ∈Σm

m∏

k=1

K(xσ(k−1), xσ(k))

]p

where (E, E , π) is a measure space, K(x, y) is a non-negative measurable
function on E × E and xσ(0) = x0 is an arbitrary but fixed point in E.

Theorem 3.1.1 Let p ≥ 2 be fixed. Assume that the kernel satisfies

(1). Irreducibility: K(x, y) > 0 for every (x, y) ∈ E × E.

(2). Symmetry: K(x, y) = K(y, x) for every (x, y) ∈ E × E.

(3). Integrability:

̺ ≡ sup
f

∫ ∫

E×E
K(x, y)f(x)f(y)π(dx)π(dy) <∞

where the supremum is taken over all f satisfying

∫

E

|f(x)| 2p
2p−1 π(dx) = 1.

Then

lim inf
m→∞

1

m
log

1

(m!)p

∫

Em

π(dx1) · · ·π(dxm)

[ ∑

σ∈Σm

m∏

k=1

K(xσ(k−1), xσ(k))

]p

(3.1.1)

≥ p log ̺.

Proof. Let f ∈ L 2p
2p−1 (E, E , π) be a bounded and non-negative function such

that

δ ≡ inf
x; f(x)>0

G(x0, x) > 0 (3.1.2)

and that ∫

E

f
2p

2p−1 (x)π(dx) = 1.

Let g(x) = f
2(p−1)
2p−1 (x) and h(x) = f

p
2p−1 (x). Then f(x) =

√
g(x)h(x) and

∫

E

g
p

p−1 (x)π(dx) =

∫

E

h2(x)π(dx) = 1.
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By boundedness of f(x), there is a ǫ > 0 such that g(x) ≥ ǫh2(x). By Hölder
inequality,

{∫

Em

π(dx1) · · ·π(dxm)

[ ∑

σ∈Σm

m∏

k=1

K(xσ(k−1), xσ(k))

]p}1/p

(3.1.3)

≥
∫

Em

π(dx1) · · ·π(dxm)
( m∏

k=1

g(xk)
) ∑

σ∈Σm

m∏

k=1

K((xσ(k−1), xσ(k))

= m!

∫

Em

π(dx1) · · ·π(dxm)
( m∏

k=1

g(xk)
) ∑

σ∈Σm

m∏

k=1

K((xk−1, xk)

= m!

∫

Em

π(dx1) · · ·π(dxm)G(x0, x1)
√
g(x1)

×
[ m∏

k=2

√
g(xk−1)K((xk−1, xk)

√
g(xk)

]√
g(xm)

≥ δǫm!

∫

Em

π(dx1) · · ·π(dxm)h(x1)

×
[ m∏

k=2

√
g(xk−1)K((xk−1, xk)

√
g(xk)

]
h(xm)

= δǫm!〈h, Tm−1h〉

where the linear operator T : L2(E, E , π) −→ L2(E, E , π) is defined as

(T h̃)(x) =
√
g(x)

∫

E

K(x, y)
√
g(y)h̃(y)π(dy) h̃ ∈ L2(E, E , π).

For any h1, h2 ∈ L2(E, E , π),

〈h1, Th2〉 =

∫ ∫

E×E
K(x, y)

√
g(x)h1(x)

√
g(y)h2(y)π(dx)π(dy)

=

∫ ∫

E×E
K(y, x)

√
g(x)h1(x)

√
g(y)h2(y)π(dx)π(dy) = 〈Th1, h2〉.

That is, T is symmetric. In addition,

〈h1, Th2〉 =
1

4

{
〈h1 + h2, T (h1 + h2)〉 − 〈h1 − h2, T (h1 − h2)〉

}
.

Notice that ∣∣∣〈h1 ± h2, T (h1 ± h2)〉
∣∣∣

≤
∫ ∫

E×E
K(x, y)

√
g(x)

∣∣h1(x) ± h2(x)
∣∣

×
√
g(y)

∣∣h1(y) ± h2(y)
∣∣π(dx)π(dy).
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By Hölder inequality,
∫

E

∣∣√g(x)
(
h1(x) ± h2(x)

)∣∣ 2p
2p−1 π(dx)

≤
{∫

E

g
p

p−1 (x)π(dx)

} p−1
2p−1

{∫

E

|h1(x) ± h2(x)|2π(dx)

} p
2p−1

=

{∫

E

f
2p

2p−1 (x)π(dx)

} p−1
2p−1

{∫

E

|h1(x) ± h2(x)|2π(dx)

} p
2p−1

=

{∫

E

|h1(x) ± h2(x)|2π(dx)

} p
2p−1

.

Consequently,

∣∣∣〈h1 ± h2, T (h1 ± h2)〉
∣∣∣ ≤ ̺

∫

E

|h1(x) ± h2(x)|2π(dx).

Hence,

〈h1, Th2〉 ≤
1

4
̺
{
||h1 + h2||2 + ||h1 − h2||2

}
= ̺||h1|| · ||h2||.

Therefore, T is a bounded linear operator. This, together with symmetry,
implies that T is self-adjoint.

By Theorem E.1 in Appendix, the self-adjoint operator T admits the
spectral integral representation

T =

∫ ∞

−∞
λE(dλ). (3.1.4)

By Corollary E.4 in Appendix,

Tm−1 =

∫ ∞

−∞
λm−1E(dλ) (3.1.5)

By (E.15) in Appendix, the above representations lead to

〈h, Th〉 =

∫ ∞

−∞
λµh(dλ) (3.1.6)

〈h, Tm−1h〉 =

∫ ∞

−∞
λµh(dλ) (3.1.7)

where µh is a measure on R with

µg(R) =

∫

E

h2(x)π(dx) = 1
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(i.e., µh is a probability measure).

When m is odd (so m− 1 is even), by Jensen inequality,

〈h, Tm−1h〉 ≥
(∫ ∞

−∞
λµh(dλ)

)m−1

=
(
〈h, Th〉

)m−1

=

(∫ ∫

E×E
K(x, y)

√
g(x)h(x)

√
g(y)h(y)π(dx)π(dy)

)m−1

=

(∫ ∫

E×E
K(x, y)f(x)f(y)π(dx)π(dy)

)m−1

.

Summarizing our argument, when m is odd,

∫

Em

π(dx1) · · ·π(dxm)

[ ∑

σ∈Σm

m∏

k=1

K((xσ(k−1), xσ(k))

]p

≥ (δǫ)p(m!)p
(∫ ∫

E×E
K(x, y)f(x)f(y)π(dx)π(dy)

)p(m−1)

.

When m is even, a slight modification of (3.1.3) gives

{∫

Em

π(dx1) · · ·π(dxm)

[ ∑

σ∈Σm

m∏

k=1

K(xσ(k−1), xσ(k))

]p}1/p

≥ c(δ, ǫ)m!〈h, Tm−2h〉

for some c(δ, ǫ) > 0. So the argument based on spectral representation leads
to the lower bound

∫

Em

π(dx1) · · ·π(dxm)

[ ∑

σ∈Σm

m∏

k=1

K((xσ(k−1), xσ(k))

]p

≥ cp(δ, ǫ)(m!)p
(∫ ∫

E×E
K(x, y)f(x)f(y)π(dx)π(dy)

)p(m−2)

.

Thus, we conclude that

lim inf
m→∞

1

m
log

1

(m!)p

∫

Em

π(dx1) · · ·π(dxm)

[ ∑

σ∈Σm

m∏

k=1

K(xσ(k−1), xσ(k))

]p

≥ p log

∫ ∫

E×E
K(x, y)f(x)f(y)π(dx)π(dy).

Finally, the desired conclusion follows from the following two facts:
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First, the supremum in the definition of ̺ can be taken among the non-
negative f .

Second, by irreducibility assumption the set of functions f satisfying

(3.1.2) is dense in non-negative function in L 2p
2p−1 (E).

The upper bound is much more difficult. Indeed, we can establish the
upper bound only in the case when E is a finite set.

Theorem 3.1.2 Fix p ≥ 2, let E be a finite set and let K: E × E −→ R+

be non-negative function such that K(x, y) = K(y, x) for any x, y ∈ E. Let
π be a non-negative function on E. Then

lim sup
m→∞

1

m
log

1

(m!)p

∑

x1,··· ,xm∈E
π(x1) · · ·π(xm)

[ ∑

σ∈Σm

m∏

k=1

K(xσ(k−1), xσ(k))

]p

(3.1.8)

≤ p log sup
f

∑

x,y∈E
K(x, y)f(x)f(y)π(x)π(y)

where the supremum is taken over all functions f on Ω satisfying
∑

x∈E
|f(x)| 2p

2p−1π(x) = 1.

Proof. We may assume that π(x) > 0 for every x ∈ E, for otherwise we can
remove all zero points of π from E.Let

µ = Lx

m =
1

m

m∑

k=1

δxk

be the empirical measure generated by x = (x1, · · · , xm). Notice that for
each σ ∈ Σm ∑

y1,··· ,ym∈E
1{Ly

m=µ}1{x◦σ=y} = 1.

We have

∑

σ∈Σm

m∏

k=1

K(xσ(k−1), xσ(k))

=
∑

y1,··· ,ym∈E
1{Ly

m=µ}
∑

σ∈Σm

1{x◦σ=y}

m∏

k=1

K(xσ(k−1), xσ(k))

=
∑

y1,··· ,ym∈E
1{Ly

m=µ}

m∏

k=1

K(yk−1, yk)
∑

σ∈Σm

1{x◦σ=y}.
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We claim that ∑

σ∈Σm

1{x◦σ=y} =
∏

x∈E

(
mµ(x)

)
!.

Indeed, for each x ∈ E there are, respectively, exactly mµ(x) of x1, · · · , xm
and exactly mµ(x) of y1, · · · , ym which are equal to x. Therefore, there are(
mµ(x)

)
! ways to match each x-valued component of y to an each x-valued

component of x. Thus, the claim follows from multiplication principle.

Consequently,

∑

σ∈Σm

m∏

k=1

K(xσ(k−1), xσ(k))

=
∏

x∈E

(
mµ(x)

)
!

∑

y1,··· ,ym∈E
1{Ly

m=µ}

m∏

k=1

K(yk−1, yk).

Let q > 1 be the conjugate number of p and define ϕµ(x) = µ(x)1/qπ(x)1/p.
Then

∑

y1,··· ,ym∈E
ϕµ(y1) · · ·ϕµ(ym)

m∏

k=1

K(yk−1, yk)

≥
∑

y1,··· ,ym∈Ω

ϕµ(x1) · · ·ϕµ(xm)1{Ly

m=µ}

m∏

k=1

K(yk−1, yk)

=
( ∏

x∈E
ϕµ(x)

mµ(x)
) ∑

y1,··· ,ym∈E
1{Ly

m=µ}

m∏

k=1

K(yk−1, yk)

where the last step follows from the fact that when Ly

m = µ, there are mµ(x)
factors in the product ϕµ(x1) · · ·ϕµ(xm) which are equal to ϕµ(x) for any
x ∈ E.

Summarizing above steps,

1

(m!)p

∑

x1,··· ,xm∈E
π(x1) · · ·π(xm)

[ ∑

σ∈Σm

m∏

k=1

K(xσ(k−1), xσ(k))

]p

≤
∑

x1,··· ,xm∈E
π(x1) · · ·π(xm)

[
1

m!

( ∏

x∈E

(
mµ(x)

)
!
)( ∏

x∈E
ϕµ(x)

mµ(x)
)−1

]p

×
[ ∑

y1,··· ,ym∈E
ϕµ(y1) · · ·ϕµ(ym)

m∏

k=1

K(yk−1, yk)

]p
.

Define gµ(x) = µ(x)1/qπ(x)−1/q . Then ϕµ(x) = gµ(x)π(x) for every x ∈



76 3. Large deviations: mutual intersection

E and
∑

x∈E
gqµ(x)π(x) =

∑

x∈E
µ(x) = 1, sup

x∈E
gµ(x) ≤ sup

x∈E
π(x)−1/q(x).

Consequently,

1

(m!)p

∑

x1,··· ,xm∈E
π(x1) · · ·π(xm)

[ ∑

σ∈Σm

m∏

k=1

K(xσ(k−1), xσ(k))

]p
(3.1.9)

≤
∑

x1,··· ,xm∈E
π(x1) · · ·π(xm)

[
1

m!

( ∏

x∈E

(
mµ(x)

)
!
)( ∏

x∈E
ϕµ(x)

mµ(x)
)−1

]p

×
[

sup
g

∑

y1,··· ,ym∈E
π(y1) · · ·π(ym)

( m∏

k=1

g(yk)
) m∏

k=1

K(yk−1, yk)

]p

where the supremum on the right hand side is taken for all non-negative
functions g on E satisfying

∑

x∈E
gq(x)π(x) = 1, sup

x∈E
g(x) ≤ c

and where c = supx∈E π(x)−1/q(x).

For each g,

∑

y1,··· ,ym∈E
π(y1) · · ·π(ym)

( m∏

k=1

g(yk)
) m∏

k=1

K(yk−1, yk)

=
∑

y1,··· ,ym∈E
π(y1) · · ·π(ym)K(x0, y1)

√
g(y1)

×
[√

g(yk−1)

m∏

k=2

K(yk−1, yk)
√
g(xk)

]√
g(xm)

≤ c
(

sup
x,y∈E

K(x, y)
)(∑

x∈E
π(x)

) ∑

y1,··· ,ym∈E
π(y1) · · ·π(ym)ho(y1)

×
[√

g(yk−1)

m∏

k=2

K(yk−1, yk)
√
g(xk)

]
ho(xm)

= c
(

sup
x,y∈E

K(x, y)
)(∑

x∈E
π(x)

)
〈ho, Tm−1ho〉

where ho(y) ≡
(∑

x∈E π(x)
)−1/2

on E and the bounded self-adjoint linear

operator T : L2(E, E , π) −→ L2(E, E , π) is defined by

(Th)(x) =
√
g(x)

∑

y∈E
K(x, y)

√
g(y)h(y)π(y) h ∈ L2(E, E , π).
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Similar to (3.1.7),

〈ho, Tm−1ho〉 =

∫ ∞

−∞
λm−1µho(dλ).

By the fact that ||h0|| = 1, µho is a probability measure on R. By Theorem
E.2 in Appendix, µh0 is supported on the interval

[
inf

||h||=1
〈h, Th〉, sup

||h||=1

〈h, Th〉
]
.

Thus,

〈ho, Tm−1ho〉 ≤
(

max

{∣∣∣ inf
||h||=1

〈h, Th〉
∣∣∣,
∣∣∣ sup
||h||=1

〈h, Th〉
∣∣∣
})m−1

= sup
||h||=1

∣∣∣∣
∑

x,y∈E
K(x, y)

√
g(x)h(x)

√
g(y)h(y)π(x)π(y)

∣∣∣∣
m−1

.

Write f(x) =
√
g(x)h(x). Then f(x) ≥ 0 and

∑

x∈E
f

2p
2p−1 (x)π(x) ≤

{∑

x∈E
gq(x)π(x)

} p−1
2p−1

{∑

x∈E
h2(x)π(x)

} p
2p−1

= 1.

Consequently,
〈ho, Tm−1ho〉 ≤ ̺m−1

where

̺ = sup

{ ∑

x,y∈E
K(x, y)f(x)f(y)π(x)π(y);

∑

x∈E
|f(x)| 2p

2p−1π(x) = 1

}
.

Summarizing our argument,

lim sup
m→∞

1

m
log sup

g

∑

y1,··· ,ym∈E
π(y1) · · ·π(ym) (3.1.10)

×
( m∏

k=1

g(yk)
) m∏

k=1

K(yk−1, yk) ≤ log ̺.

In view of (3.1.9), it remains to show

lim sup
m→∞

1

m
log

∑

x1,··· ,xm∈E
π(x1) · · ·π(xm) (3.1.11)

×
[

1

m!

( ∏

x∈E

(
mµ(x)

)
!
)( ∏

x∈E
ϕµ(x)

mµ(x)
)−1

]p
≤ 0.
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Let Pm(E) be the set of the probability measures ν on A such that for
each x ∈ E, ν(x) = k/n for some integer 0 ≤ k ≤ m.

∑

x1,··· ,xm∈E
π(x1) · · ·π(xm)

[
1

m!

( ∏

x∈E

(
mµ(x)

)
!
)( ∏

x∈E
ϕµ(x)

mµ(x)
)−1

]p

=
∑

ν∈Pm(E)

1{µ=ν}
∑

x1,··· ,xm∈E
π(x1) · · ·π(xm)

×
[

1

m!

( ∏

x∈E

(
mν(x)

)
!
)( ∏

x∈E
ϕν(x)

mν(x)
)−1

]p

=
∑

ν∈Pm(E)

∑

x1,··· ,xm∈E
π(x1) · · ·π(xm)

×
[

1

m!

( ∏

x∈E

(
mν(x)

)
!
)( ∏

x∈E
ϕν(x)

mν(x)
)−1

]p
.

By Stirling formula, m! ∼
√

2πmmme−m and
(
mν(x)

)
! ≤ C

√
mν(x)

(
mν(x)

)mν(x)
emν(x) x ∈ E.

Hence,
1

m!

( ∏

x∈E

(
mν(x)

)
!
)
≤ Cm#(E)/2

∏

x∈E
ν(x)mν(x).

Recall that ϕν(x) = ν(x)1/qπ(x)1/p. Therefore,

∑

x1,··· ,xm∈E
π(x1) · · ·π(xm)

[
1

m!

( ∏

x∈E

(
mν(x)

)
!
)( ∏

x∈E
ϕν(x)

mν(x)
)−1

]p

≤ Cpmp#(E)/2
∑

x1,··· ,xm∈E
π(x1) · · ·π(xm)

∏

x∈E

(ν(x)
π(x)

)mν(x)

= Cpmp#(E)/2
∑

x1,··· ,xm∈E
ν(x1) · · · ν(xm) = Cpmp#(E)/2.

Consequently,

∑

x1,··· ,xm∈E
π(x1) · · ·π(xm)

[
1

m!

( ∏

x∈E

(
mµ(x)

)
!
)( ∏

x∈E
ϕµ(x)

mµ(x)
)−1

]p

≤ Cpmp#(E)/2#{Pm(E)}.
Finally, (3.1.11) follows from the fact that #{Pm(E)} is equal to the number
of the non-negative lattice solutions (k(x); x ∈ E) of the equation

∑

x∈E
k(x) = m.
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The later is equal to (
m+ #(E) − 1

#(E) − 1

)
.

3.2 High moment of α([0, τ1] × · · · × [0, τp])

We now return to the intersection local time α(A) of independent d-dimensional
Brownian motions W1(t), · · · ,Wp(t). Throughout we assume that p(d−2) <
d.

Define

ρ = sup

{∫∫

Rd×Rd

G(x− y)f(x)f(y)dxdy;

∫

Rd

|f(x)| 2p
2p−1 dx = 1

}
(3.2.1)

Lemma 3.2.1 . Under p(d− 2) < d,

0 < ρ ≤
(∫

Rd

Gp(x)dx

)1/p

<∞.

Proof. The lower bound ρ > 0 is obvious. We now prove upper bound. We
may only consider non-negative f . By Hölder inequality,

∫∫

Rd×Rd

G(x − y)f(x)f(y)dxdy

=

∫ ∫

Rd×Rd

G(x− y)
(
f(x)f(y)

) 1
2p−1

(
f(x)f(y)

) 2(p−1)
2p−1 dxdy

≤
(∫ ∫

Rd×Rd

Gp(x− y)
(
f(x)f(y)

) p
2p−1 dxdy

)1/p

×
(∫ ∫

Rd×Rd

(
f(x)f(y)

) 2p
2p−1 dxdy

)1/q

=

(∫ ∫

Rd×Rd

Gp(x− y)
(
f(x)f(y)

) p
2p−1 dxdy

)1/p

where q = p(p−1)−1 is the conjugate number of p. By translation invariance

and Fubini theorem,
∫ ∫

Rd×Rd

Gp(x− y)
(
f(x)f(y)

) p
2p−1 dxdy

=

∫

Rd

Gp(x)

(∫

Rd

(
f(x+ y)f(y)

) p
2p−1 dy

)
dx.
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By Cauchy-Schwartz inequality,

∫

Rd

(
f(x+ y)f(y)

) p
2p−1 dy

≤
(∫

Rd

f(x+ y)
2p

2p−1 dy

)1/2(∫

Rd

f(y)
2p

2p−1 dy

)1/2

=

∫

Rd

f(y)
2p

2p−1 dy = 1.

where the second step partially follows from shifting invariance. Thus,

∫ ∫

Rd×Rd

Gp(x − y)
(
f(x)f(y)

) p
2p−1 dxdy ≤

∫

Rd

Gp(x)dx.

Recall that τ1, · · · , τp are i.i.d. exponential times of parameter 1 and that
τ1, · · · , τp are independent of W1(t), · · · ,Wp(t). The following is the main
result of this section.

Theorem 3.2.2 . Under p(d− 2) < d,

lim
m→∞

1

m
log

1

(m!)p
E

[
α([0, τ1] × · · · × [0, τp])

m
]

= p log ρ.

Proof. By (2.2.18), the lower bound of (3.2.2) is a direct consequence of
Theorem 3.1.1, and the upper bound is equivalent to

lim sup
m→∞

1

m
log

1

(m!)p

∫

(Rd)m

dx1 · · · dxm (3.2.2)

×
[ ∑

σ∈Σm

m∏

k=1

G(xσ(k) − xσ(k−1))

]p
≤ p log ρ.

Based on Theorem 3.1.2, our approach relies on compactification and
democratization. The fact (Theorem A.1, Appendix) that the function G(x)
is discontinuous at 0 when d ≥ 2 makes matter delicate.

The compactification procedure depends on the folding method. Let N >
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0 be large but fixed.

∫

(Rd)m

dx1 · · ·dxm
[ ∑

σ∈Σm

m∏

k=1

G(xσ(k) − xσ(k−1))

]p

=
∑

z1,··· ,zm∈Zd

∫

([−N,N ]d)m

dy1 · · · dym

×
[ ∑

σ∈Σm

m∏

k=1

G
(
(2Nzσ(k) + yσ(k)) − (2Nzσ(k−1) + yσ(k−1))

)]p

=

∫

([−N,N ]d)m

dy1 · · · dym
∑

z1,··· ,zm∈Zd

×
[ ∑

σ∈Σm

m∏

k=1

G
(
2N(zσ(k) − zσ(k−1)) + (yσ(k) − yσ(k−1))

)]p
.

Fix y1, · · · , ym ∈ [−N,N ]d. By triangular inequality,

{ ∑

z1,··· ,zm∈Zd

[ ∑

σ∈Σm

m∏

k=1

G
(
2N(zσ(k) − zσ(k−1)) + (yσ(k) − yσ(k−1))

)]p}1/p

≤
∑

σ∈Σm

{ ∑

z1,··· ,zm∈Zd

m∏

k=1

Gp
(
2N(zσ(k) − zσ(k−1)) + (yσ(k) − yσ(k−1))

)}1/p

=
∑

σ∈Σm

m∏

k=1

GN (yσ(k) − yσ(k−1)).

where

GN (x) =

{ ∑

z∈Zd

Gp(2Nz + x)

}1/p

.

Clearly, GN (x) is symmetric and periodic:

GN (x+ 2Ny) = GN (x) x ∈ Rd y ∈ Zd

and

∫

[−N,N ]d
GpN (x)dx =

∑

z∈Zd

∫

[−N,N ]d
Gp(2Nz + x)dx =

∫

Rd

Gp(x)dx <∞.
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Summarizing what we have,

∫

(Rd)m

dx1 · · · dxm
[ ∑

σ∈Σm

m∏

k=1

G(xσ(k) − xσ(k−1))

]p
(3.2.3)

≤
∫

([−N,N ]d)m

dy1 · · · dym
[ ∑

σ∈Σm

m∏

k=1

GN (yσ(k) − yσ(k−1))

]p
.

For integer n ≥ 1, partition [−N,N ]d uniformly into 2nd small boxes with
the side length 2ǫ = N/2n. Let E be the set of the geometric centers of these
small boxes. Write

Qǫ = [−ǫ, ǫ]d.

Then

∫

([−N,N ]d)m

dx1 · · · dxm
[ ∑

σ∈Σm

m∏

k=1

GN (xσ(k) − xσ(k−1))

]p

=
∑

y1,··· ,ym∈E

∫

Qm
ǫ

dz1 · · · dzm

×
[ ∑

σ∈Σm

m∏

k=1

GN
(
(zσ(k) − zσ(k−1)) + (yσ(k) − yσ(k−1))

)]p
.

By triangular inequality,

∫

Qm
ǫ

dz1 · · · dzm
[ ∑

σ∈Σm

m∏

k=1

GN
(
(zσ(k) − zσ(k−1)) + (yσ(k) − yσ(k−1))

)]p

≤
[ ∑

σ∈Σm

{∫

Qm
ǫ

dz1 · · ·dzm
m∏

k=1

GpN
(
(zk − zk−1) + (yσ(k) − yσ(k−1))

)}1/p]p

≤ (2ǫ)md
[ ∑

σ∈Σm

m∏

k=1

GN,ǫ(yσ(k) − yσ(k−1))

]p

where

GN,ǫ(x) =

{
1

(2ǫ)d
sup
y∈Qǫ

∫

Qǫ

GpN (x+ y + z)dz

}1/p

.

Clearly, GN,ǫ(x) is symmetric and enjoys the periodicity described by

GN,ǫ(x + 2Ny) = GN,ǫ(x) x ∈ Rd y ∈ Zd.
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Summarizing our discussion since (3.2.3),

∫

(Rd)m

dx1 · · · dxm
[ ∑

σ∈Σm

m∏

k=1

G(xσ(k) − xσ(k−1))

]p

≤ (2ǫ)md
∑

y1,··· ,ym∈E

[ ∑

σ∈Σm

m∏

k=1

GN,ǫ(yσ(k) − yσ(k−1))

]p
.

Applying Theorem 3.1.2 (with π(x) ≡ (2ǫ)d) to the right hand side gives,

lim sup
m→∞

1

m
log

1

(m!)p

∫

(Rd)m

dx1 · · · dxm
[ ∑

σ∈Σm

m∏

k=1

G(xσ(k) − xσ(k−1))

]p

≤ p log ρN,ǫ

where

ρN,ǫ =

{
(2ǫ)2d

∑

x,y∈E
GN,ǫ(x− y)f(x)f(y); (3.2.4)

∑

x∈E
|f(x)| 2p

2p−1 (2ǫ)d = 1

}
.

Finally, (3.2.2) follows from the following Lemma 3.2.3 and Lemma 3.2.4.

Lemma 3.2.3 Let ρN,ǫ be defined in (3.2.4).

lim sup
ǫ→0+

ρN,ǫ ≤ ρN

where

ρN =

{∫ ∫

{[−N,N ]d×[−N,N ]d}
GN (u− v)f(u)f(v)dudv; (3.2.5)

∫

[−N,N ]d
|f(u)| 2p

2p−1 du = 1

}
.

Proof. For fixed n0 write 2δ = N/2n0 . Set

G
(1)
N (x) = GN (x)1{x 6∈Qδ}, G

(2)
N (x) = GN (x)1{x∈Qδ}.

Then G
(1)
N and G

(2)
N are symmetric and periodic. By triangular inequality

GN,ǫ(x) ≤ G
(1)
N,ǫ(x) +G

(2)
N,ǫ(x)
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where

G
(i)
N,ǫ(x) =

{
1

(2ǫ)d
sup
y∈Qǫ

∫

Qǫ

[
G

(i)
N,ǫ(x+ y + z)

]p
dz

}1/p

i = 1, 2.

Consequently,

ρN,ǫ ≤ ρ
(1)
N,ǫ + ρ

(2)
N,ǫ (3.2.6)

where

ρ
(i)
N,ǫ =

{
(2ǫ)2d

∑

x,y∈E
G

(i)
N,ǫ(x − y)f(x)f(y);

∑

x∈E
|f(x)| 2p

2p−1 (2ǫ)d = 1

}

i = 1, 2.

By modifying the argument in the proof of Lemma 3.1.1, one can prove

ρ
(1)
N,ǫ ≤ (2ǫ)d

{∑

x∈E

[
G

(1)
N,ǫ(x)

]p
}1/p

.

Indeed, the periodicity of the function G
(1)
N,ǫ(x) allows the argument by trans-

lation invariance carried out in the proof of Lemma 3.1.1.

By the definition of G
(1)
N,ǫ(x), therefore,

ρ
(1)
N,ǫ ≤

{∑

x∈E
sup
y∈Qǫ

∫

Qǫ

[
G

(1)
N (x+ y + z)

]p
dz

}1/p

.

Notice that for any y ∈ Qǫ,

∫

Qǫ

[
G

(1)
N (x+ y + z)

]p
dz =

∫

y+Qǫ

[
G

(1)
N (x+ z)

]p
dz

≤
∫

Q2ǫ

[
G

(1)
N (x + z)

]p
dz =

∫

x+Q2ǫ

[
G

(1)
N (z)

]p
dz.

Observe that the family {x+Q2ǫ, x ∈ E} is contained in [−N−ǫ,N+ǫ]d

and that every point in [−N − ǫ,N + ǫ]d is covered by this family at most 2d

times. Thus

ρ
(1)
N,ǫ ≤

{∑

x∈E

∫

x+Q2ǫ

[
G

(1)
N (z)

]p
dz

}1/p

(3.2.7)

≤
{

2d
∫

[−N−ǫ,N+ǫ]d

[
G

(1)
N (z)

]p
dz

}1/p

= 2d/p
{∫

Qδ

GpN (x)dx

}1/p

.



3.2. HIGH MOMENT OF α([0, τ1] × · · · × [0, τP ]) 85

By the fact that GN (x) is continuous and bounded away from 0, there

is a constant K > 0 such that G
(2)
N (x) ≤ K for any x ∈ Rd. Write

G∗(x) = min{GN (x),K}. Then G∗(x) is a continuous, symmetric and peri-

odic function such that G
(2)
N ≤ G∗ ≤ GN . In particular,

ρ
(2)
N,ǫ ≤ ρ∗ǫ (3.2.8)

where

ρ∗ǫ = sup

{
(2ǫ)2d

∑

x,y∈E
G∗
ǫ (x− y)f(x)f(y);

∑

x∈E
|f(x)| 2p

2p−1 (2ǫ)d = 1

}

and

G∗
ǫ (x) =

{
1

(2ǫ)d
sup
y∈Qǫ

∫

Qǫ

[
G∗(x+ y + z)

]p
dz

}1/p

x ∈ Rd.

By continuity of G∗ one can easily establish

lim
ǫ→0+

∫

[−N,N ]d

∣∣G∗
ǫ (u) −G∗(u)

∣∣pdu = 0.

By triangular inequality,

∆ǫ = sup
|u−v|≤2ǫ

∣∣G∗
ǫ (u) −G∗

ǫ (v)
∣∣ −→ 0 (ǫ→ 0+).

Fixed the non-negative function f(x) on E with
∑

x∈E
f

2p
2p−1 (x)(2ǫ)d = 1.

We extend it into a function on [−N,N ]d by letting f(u) = f(x) for u in the
small box centered by x. We have

∫

[−N,N ]d
f

2p
2p−1 (u)du = 1

and

(2ǫ)2d
∑

x,y∈E
G∗
ǫ (x − y)f(x)f(y)

≤
∫ ∫

{[−N,N ]d×[−N,N ]d}
G∗(u − v)f(u)f(v)dudv

+

∫ ∫

{[−N,N ]d×[−N,N ]d}
|G∗

ǫ (u − v) −G∗(u− v)|f(u)f(v)dudv

+ ∆ǫ

∫ ∫

{[−N,N ]d×[−N,N ]d}
f(u)f(v)dudv.
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For the first term, by the relation G∗ ≤ GN

∫ ∫

{[−N,N ]d×[−N,N ]d}
G∗(u− v)f(u)f(v)dudv ≤ ρN .

For the second term, a procedure similar to the proof of Lemma 3.1.1
leads to the conclusion that

∫ ∫

{[−N,N ]d×[−N,N ]d}
|G∗

ǫ (u− v) −G∗(u− v)|f(u)f(v)dudv

≤
{∫

[−N,N ]d

∣∣G∗
ǫ (u) −G∗(u)

∣∣pdu
}1/p

.

As for the third term,

∫ ∫

{[−N,N ]d×[−N,N ]d}
f(u)f(v)dudv =

(∫

[−N,N ]d
f(u)du

)2

≤
(
(2N)d

)1/p
(∫

[−N,N ]d
f

2p
2p−1 (u)du

) 2p−1
p

=
(
(2N)d

)1/p

.

Summarizing our argument,

ρ∗ǫ ≤ ρN +

{∫

[−N,N ]d

∣∣G∗
ǫ (u) −G∗(u)

∣∣pdu
}1/p

+ ∆ǫ

(
(2N)d

)1/p

.

By (3.2.8),

lim sup
ǫ→0+

ρ
(2)
N,ǫ ≤ ρN .

In view of (3.2.6) and (3.2.7),

lim sup
ǫ→0+

ρN,ǫ ≤ ρN + 2d/p
{∫

Qδ

GpN (x)dx

}1/p

.

Letting δ → 0+ leads to the desired conclusion.

Lemma 3.2.4 Let ρ and ρN be defined as in (3.1.1) and (3.2.5), respectively.

lim sup
N→∞

ρN ≤ ρ. (3.2.9)
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Proof. Let M < N be fixed and set

G(1)(x) = G(x)1[−M,M ]d(x), G(2)(x) = G(x) −G1(x).

By triangular inequality

GN (x) ≤ G
(1)
N (x) +G

(2)
N (x) x ∈ Rd

where

G
(i)
N (x) =

{ ∑

z∈Zd

[
G

(i)
N (2Nz + x)

]p
}1/p

i = 1, 2.

Consequently,

ρN ≤ ρ
(1)
N + ρ

(2)
N (3.2.10)

where

ρ
(i)
N = sup

{∫ ∫

{[−N,N ]d×[−N,N ]d}
G

(i)
N (u− v)f(u)f(v)dudv;

∫

[−N,N ]d
|f(u)| 2p

2p−1 du = 1

}
i = 1, 2.

By a argument similar to the proof of Lemma 3.1.1,

ρ
(2)
N ≤

{∫

[−N,N ]d

[
G

(2)
N (x)

]p
dx

}1/p

(3.2.11)

=

{∫

{Rd\[−M,M ]d}
Gp(x)dx

}1/p

.

By definition, G
(1)
N (x) is periodic and

G
(1)
N (x) = G(1)(x) x ∈ [−2(N −M), 2(N −M)]d. (3.2.12)

Write EN = [−N,N ]d \ [N −M,N −M ]d and let f(x) ≥ 0 be a non-
negative function on [−N,N ]d such that

∫

[−N,N ]d
f

2p
2p−1 (x)dx = 1.

We extend f into a periodic function on Rd with

f(x+ 2Ny) = f(x) x ∈ Rd y ∈ Zd.
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We claim that there is a ∈ [−N,N ]d such that

∫

EN

f
2p

2p−1 (x+ a)dx ≤ |EN |
(2N)d

(3.2.13)

where |EN | is the volume of EN .

If not, we would have

∫

[−N,N ]d

∫

EN

f
2p

2p−1 (x + y)dxdy >

∫

[−N,N ]d

|EN |
(2N)d

dy = |EN |.

This can not be true since

∫

[−N,N ]d

∫

EN

f
2p

2p−1 (x+ y)dxdy

=

∫

EN

∫

[−N,N ]d
f

2p
2p−1 (x+ y)dydx =

∫

EN

dx = |EN |.

Define f̄(x) = f(x+ a). Then

∫

[−N,N ]d
f̄

2p
2p−1 (x)dx =

∫

[−N,N ]d
f

2p
2p−1 (x)dx = 1.

Define

h(x, y) = G
(1)
N (x− y)f(x)f(y).

By the translation invariance led by periodicity,

∫ ∫

[−N,N ]d×[−N,N ]d
G

(1)
N (x− y)f(x)f(y)dxdy

=

∫ ∫

[−N,N ]d×[−N,N ]d
h(x, y)dxdy

=

∫ ∫

[−N,N ]d×[−N,N ]d
h(x+ a, y + a)dxdy

=

∫ ∫

[−N,N ]d×[−N,N ]d
G

(1)
N (x− y)f̄(x)f̄(y)dxdy

≤
∫ ∫

([−N,N ]d\EN )×([−N,N ]d\EN )

G
(1)
N (x− y)f̄(x)f̄(y)dxdy

+ 2

∫ ∫

EN×[−N,N ]d
G

(1)
N (x− y)f̄(x)f̄(y)dxdy.
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Notice that as (x, y) ∈ ([−N,N ]d \ EN ) × ([−N,N ]d \ EN ), x − y ∈
[−2(N −M), 2(N −M)]d. By (3.2.12),

∫ ∫

([−N,N ]d\EN )×([−N,N ]d\EN )

G
(1)
N (x− y)f̄(x)f̄(y)dxdy

=

∫ ∫

([−N,N ]d\EN )×([−N,N ]d\EN )

G(1)(x− y)f̄(x)f̄ (y)dxdy

≤
∫ ∫

[−N,N ]d×[−N,N ]d
G(x − y)f̄(x)f̄ (y)dxdy ≤ ρ.

In addition,
∫ ∫

EN×[−N,N ]d
G

(1)
N (x− y)f̄(x)f̄ (y)dxdy

=

∫ ∫

EN×[−N,N ]d
G

(1)
N (x− y)

(
f̄(x)f̄(y)

) 1
2p−1

(
f̄(x)f̄(y)

) 2(p−1)
2p−1 dxdy

≤
{∫ ∫

[−N,N ]d×[−N,N ]d

[
G

(1)
N (x− y)

]p(
f̄(x)f̄(y)

) p
2p−1 dxdy

}1/p

×
{∫ ∫

EN×[−N,N ]d

(
f̄(x)f̄ (y)

) 2p
2p−1 dxdy

} p−1
p

.

By (3.2.13)

∫ ∫

EN×[−N,N ]d

(
f̄(x)f̄ (y)

) 2p
2p−1 dxdy ≤ |EN |

(2N)d
.

By periodicity
∫ ∫

[−N,N ]d×[−N,N ]d

[
G

(1)
N (x− y)

]p(
f̄(x)f̄ (y)

) p
2p−1 dxdy

=

∫ ∫

[−N,N ]d×[−N,N ]d

[
G

(1)
N (x)

]p(
f̄(x+ y)f̄(y)

) p
2p−1 dxdy

=

∫

[−N,N ]d

[
G

(1)
N (x)

]p
[ ∫

[−N,N ]d

(
f̄(x+ y)f̄(y)

) p
2p−1 dy

]
dx.

By periodicity again,
∫

[−N,N ]d

(
f̄(x+ y)f̄(y)

) p
2p−1 dy

≤
{∫

[−N,N ]d
f̄

2p
2p−1 (x+ y)dy

}1/2{∫

[−N,N ]d
f̄

2p
2p−1 (y)dy

}1/2

= 1.
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Therefore,

∫ ∫

[−N,N ]d×[−N,N ]d

[
G

(1)
N (x − y)

]p(
f̄(x)f̄ (y)

) p
2p−1 dxdy

≤
∫

[−N,N ]d
GpN (x)dx =

∫

Rd

[
G(1)(x)

]p
dx ≤

∫

Rd

Gp(x)dx.

Summarizing our argument,

∫ ∫

[−N,N ]d×[−N,N ]d
G

(1)
N (x− y)f(x)f(y)dxdy

≤ ρ+ 2
( |EN |

(2N)d

) p−1
p

{∫

Rd

Gp(x)dx

}1/p

.

Taking supremum over f on the right hand side gives

ρ
(1)
N ≤ ρ+ 2

( |EN |
(2N)d

) p−1
p

{∫

Rd

Gp(x)dx

}1/p

. (3.2.14)

By the obvious fact
|EN |
(2N)d

−→ 0 (N → ∞),

lim sup
N→∞

ρ
(1)
N ≤ ρ.

In view of (3.2.10) and (3.2.11)

lim sup
N→∞

ρN ≤ ρ+

{∫

{Rd\[−M,M ]d}
Gp(x)dx

}1/p

.

Letting M → ∞ on the right hand side yields the desired conclusion.

3.3 Large deviation for α
(
[0, 1]p

)

By Theorem 1.2.7, an immediate consequence of Theorem 3.2.2 is the follow-
ing result in large deviations.

Theorem 3.3.1 Under p(d− 2) < d,

lim
t→∞

t−1/p log P

{
α([0, τ1] × · · · × [0, τp]) ≥ t

}
= −p

ρ
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We are more interested in the tail of the intersection local time up to a
deterministic time. In view of the scaling property given in Proposition 2.2.6,
we may let the Brownian motions run up to the time 1.

Theorem 3.3.2 Under p(d− 2) < d,

lim
t→∞

t−
2

d(p−1) log P

{
α
(
[0, 1]p

)
≥ t
}

(3.3.1)

= −d(p− 1)

2

(2p− d(p− 1)

2p

) 2p−d(p−1)
d(p−1)

ρ−
2p

d(p−1) .

where ρ is defined by (3.2.1).

Remark 3.3.3 . Let κ(d, p) > 0 be the best constant of the Gagliardo-
Nirenberg inequality (Section C, Appendix)

||f ||2p ≤ C||∇f ||
d(p−1)

2p

2 ||f ||1−
d(p−1)

2p

2 f ∈W 1,2(Rd) (3.3.2)

where
W 1,2(Rd) =

{
f ∈ L2(Rd); ∇f ∈ L2(Rd)

}
.

According to Theorem C.2 in Appendix,

ρ =
(2p− d(p− 1)

2p

) 2p−d(p−1)
2p

(d(p− 1)

p

) d(p−1)
2p

κ(d, p)2. (3.3.3)

Consequently, (3.3.1) can be rewritten as

lim
t→∞

t−
2

d(p−1) log P

{
α
(
[0, 1]p

)
≥ t
}

= −p
2
κ(d, p)−

4p
d(p−1) . (3.3.4)

The relation (3.3.3) will serve as a bridge between two very important
and very different approaches used in this book: The large deviations by
high moment asymptotics and the large deviations by Feynman-Kac formula
(the later will be introduced in Chapter 4).

The problem on the exact value of Gagliardo-Nirenberg constant has some
significance in physics but remains largely open. The case d = 1 is an excep-
tion in which

κ(1, p) = p−1/2

( √
2

(p− 1)(p+ 1)
B
( 1

p− 1
,
1

2

))− p−1
2p

(Theorem C.4, Appendix), where B(·, ·) is beta function. By (2.2.16),

α
(
[0, 1]p

)
=

∫

Rd

[ p∏

j=1

Lj(1, x)

]
dx
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when d = 1, where Lj(t, x) is the local time of Wj(t) (1 ≤ j ≤ p). The above
leads to the following corollary.

Corollary 3.3.4 When d = 1, for any p ≥ 2,

lim
t→∞

t−
2

p−1 log P

{∫

Rd

[ p∏

j=1

Lj(1, x)

]
dx ≥ t

}

= − p

4(p− 1)

(p+ 1

2

) 3−p
p−1

B
( 1

p− 1
,
1

2

)2

.

Remark 3.3.5 . The large deviation stated in (3.3.4) implies that

E exp

{
θ
(
α
(
[0, 1]p

)) 2
d(p−1)

}{
<∞ θ < p

2κ(d, p)
− 4p

d(p−1)

= ∞ θ > p
2κ(d, p)

− 4p
d(p−1) .

which appears to be improved version of Theorem 2.2.9.

Proof of Theorem 3.3.2. By Theorem 1.2.7, we need only to show that

lim
m→∞

1

m
log(m!)−

d(p−1)
2 E

[
α
(
[0, 1]p

)m]
(3.3.5)

= p log ρ+
2p− d(p− 1)

2
log

2p

2p− d(p− 1)
.

Let τ1, · · · , τp be independent exponential times with parameter 1. We
assume the independence between {τ1, · · · , τp) and (W1, · · · ,Wp). In view
of (2.2.19), Stirling formula and Theorem 3.2.2 lead to the requested upper
bound

lim sup
m→∞

1

m
log(m!)−

d(p−1)
2 E

[
α
(
[0, 1]p

)m]
(3.3.6)

≤ p log ρ+
2p− d(p− 1)

2
log

2p

2p− d(p− 1)
.
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We now establish the lower bound for (3.3.5). By the moment inequality
given in (2.2.11)

E

[
α
(
[0, τ1] × · · · × [0, τp]

)m]

=

∫ ∞

0

· · ·
∫ ∞

0

dt1 · · · dtp exp
{
−

p∑

j=1

tj

}
E

[
α
(
[0, t1] × · · · × [0, tp]

)m]

≤
∫ ∞

0

· · ·
∫ ∞

0

dt1 · · · dtp exp
{
−

p∑

j=1

tj

} p∏

j=1

(
E

[
α
(
[0, tj]

p
)m]

)1/p

=

{∫ ∞

0

e−t
(

E

[
α
(
[0, t]p

)m]
)1/p

dt

}p

= E

[
α
(
[0, 1]p

)m]
{∫ ∞

0

t
2p−d(p−1)

2p me−tdt

}p

= E

[
α
(
[0, 1]p

)m][
Γ
(2p− d(p− 1)

2p
m+ 1

)]p

where the fourth step follows from scaling property given in Proposition 2.2.6.
Consequently,

E

[
α
(
[0, 1]p

)m] ≥
[
Γ
(2p− d(p− 1)

2p
m+ 1

)]−p
E

[
α
(
[0, τ1] × · · · × [0, τp]

)m]
.

By Stirling formula and by Theorem 3.2.2,

lim inf
m→∞

1

m
log(m!)−

d(p−1)
2 E

[
α
(
[0, 1]p

)m]
(3.3.7)

≥ p log ρ+
2p− d(p− 1)

2
log

2p

2p− d(p− 1)

Finally, (3.3.5) follows from (3.3.6) and (3.3.7).

A direct application of the above result is the law of the iterated loga-
rithm. To establish it, we recall that for ȳ = (y1, · · · , yp), Pȳ is the proba-
bility distribution of the random path W (t) =

(
W1(t), · · · ,Wp(t)

)
started at

W1(0) = y1, · · · ,Wp(0) = yp.

Lemma 3.3.6 Under p(d− 2) < d, for any C > 0

lim
t→∞

t
2

d(p−1) log inf
|ȳ|≤C

Pȳ

{
α
(
[0, 1]p, ~x

)
≥ t
}

= −p
2
κ(d, p)−

4p
d(p−1) .
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Proof. By (2.2.23) and (3.3.5),

lim
m→∞

1

m
log(m!)−

d(p−1)
2 sup

ȳ
Eȳ

[
α
(
[0, 1]p

)m]

= p log ρ+
2p− d(p− 1)

2
log

2p

2p− d(p− 1)
.

If we can prove that

lim inf
m→∞

1

m
log(m!)−

d(p−1)
2 sup

|ȳ|≤C
Eȳ

[
α
(
[0, 1]p

)m]
(3.3.8)

≥ p log ρ+
2p− d(p− 1)

2
log

2p

2p− d(p− 1)

by Theorem 1.2.7 and by Remark 3.3.3 we will have Lemma 3.3.6.

By (2.2.22),

Eȳ

[(
[0, 1]p

)m]

=

∫

(Rd)m

dx1 · · · dxm
p∏

j=1

∑

σ∈Σm

∫

[0,1]m<

ds1 · · ·dsm

× ps1(xσ(1) − yj)

m∏

k=2

psk−sk−1
(xσ(k) − xσ(k−1)).

Let the small number δ > 0 be fixed for a while. A straight forward verifica-
tion gives that for 0 < ǫ < δ/2, there is c > 0 such that

inf
|y|≤C

ps(x− y) ≥ cps−ǫ(x) ∀s ≥ δ, x ∈ Rd.

Thus
∫

[0,1]m<

ds1 · · · dsmps1(xσ(1) − yj)

m∏

k=2

psk−sk−1
(xσ(k) − xσ(k−1))

≥ c

∫

[δ,1]m<

ds1 · · · dsmps1−ǫ(xσ(1))

m∏

k=2

psk−sk−1
(xσ(k) − xσ(k−1))

= c

∫

[δ−ǫ,1−ǫ]m<
ds1 · · · dsmps1(xσ(1))

m∏

k=2

psk−sk−1
(xσ(k) − xσ(k−1))

where the last step follows from time translation.

Summarizing our argument, we have obtained that

inf
|ȳ|≤C

Eȳ

[
α
(
[0, 1]p

)m] ≥ cpE
[
α
(
[δ − ǫ, 1 − ǫ]p

)m]
(3.3.9)

≥ cpE
[
α
(
[δ, 1 − δ]p

)m]
.
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By triangular inequality,

{
E

[
α
(
[0, 1 − δ]p

)m]
}1/m

≤
{

E

[
α
(
[δ, 1 − δ]p

)m]
}1/m

+

{
E

[
α
(
[0, 1 − δ]p \ [δ, 1 − δ]p

)]m}1/m

.

Partition the set [0, 1 − δ]p \ [δ, 1 − δ]p into p essentially disjoint boxes
B1, · · · , Bp. For 1 ≤ j ≤ p, Bj = A1 × · · · × Ap with Al = [δ, 1 − δ] or
[0, 1 − δ] for l 6= j and Aj = [0, δ]. By (2.2.11)

E

[
α(Bj)

m
]
≤
(

E

[
α
(
[0, δ]p

)m]
)1/p(

E

[
α
(
[0, 1]p

)m]
) p−1

p

= δ
2p−p(d−1)

2p m
E

[
α
(
[0, 1]p

)m]

where the second step follows from the scaling property stated in Proposition
2.2.6. By Triangular inequality again,

{
E

[(
[0, 1 − δ]p \ [δ, 1 − δ]p

)]m}1/m

≤ pδ
2p−p(d−1)

2p

{
E

[
α
(
[0, 1]p

)m]
}1/m

.

In addition, by Proposition 2.2.6

{
E

[(
[0, 1 − δ]p

)m]
}1/m

= (1 − δ)
2p−d(p−1)

2

{
E

[
α
(
[0, 1]p

)m]
}1/m

.

Summarizing our argument since (3.3.9) and by (3.3.5), we have obtained
that

lim inf
m→∞

1

m
log(m!)−

d(p−1)
2 sup

|ȳ|≤C
Eȳ

[
α
(
[0, 1]p

)m]

≥ log
[
(1 − δ)

2p−d(p−1)
2 − δ

2p−p(d−1)
2p

]

+ p log ρ+
2p− d(p− 1)

2
log

2p

2p− d(p− 1)
.

Letting δ → 0+ on the right hand side gives (3.3.8).

Theorem 3.3.7 Under p(d− 2) < d,

lim sup
t→∞

t−
2p−d(p−1)

2 (log log t)−
d(p−1)

2 α
(
[0, t]p

)
=
(2

p

)− d(p−1)
2

κ(d, p)2p a.s.
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Proof. By the scaling property described in Proposition 2.2.6,

P

{
α
(
[0, t]p

)
≥ λt

2p−d(p−1)
2 (log log t)

d(p−1)
2

}

= P

{
α
(
[0, 1]p

)
≥ λ(log log t)

d(p−1)
2

}
.

Replacing t by λ(log log t)
d(p−1)

2 in (3.3.4), we have that for any λ > 0

lim
t→∞

1

log log t
log P

{
α
(
[0, t]p

)
≥ λt

2p−d(p−1)
2 (log log t)

d(p−1)
2

}

= −λ 2
d(p−1)

p

2
κ(d, p)−

4p
d(p−1) .

Notice that

λ0 =
(2

p

)− d(p−1)
2

κ(d, p)2p

is the solution of the equation

λ
2

d(p−1)
d(p− 1)

2

p

2
κ(d, p)−

4p
d(p−1) = 1

For any λ1 > λ0, there is a ǫ > 0 such that

P

{
α
(
[0, t]p

)
≥ λ1t

2p−d(p−1)
2 (log log t)

d(p−1)
2

}

≤ exp{−(1 + ǫ) log log t} = (log t)−(1+ǫ)

P

{
α
(
[0, t]p

)
≥ λ1t

2p−d(p−1)
2 (log log t)

d(p−1)
2

}

≥ exp{−(1 − ǫ) log log t} = (log t)−(1−ǫ)

as t is sufficiently large. Let θ > 1 be fixed but arbitrary and define tk = θk

k = 1, 2, · · · . We have

∞∑

k=1

P

{
α
(
[0, tk]

p
)
≥ λ1t

2p−d(p−1)
2

k (log log tk)
d(p−1)

2

}
<∞.

By Borel-Cantelli lemma,

lim sup
k→∞

t
− 2p−d(p−1)

2

k (log log tk)
− d(p−1)

2 α
(
[0, tk]

p
)
≤ λ1 a.s.

For any large t there is a k ≥ 1 such that tk ≤ t ≤ tk. So

t−
2p−d(p−1)

2 (log log t)−
d(p−1)

2 α
(
[0, t]p

)

≤ t
− 2p−d(p−1)

2

k (log log tk)
− d(p−1)

2 α
(
[0, tk+1]

p
)

≤
(
θ + o(1)

) 2p−d(p−1)
2

t
− 2p−d(p−1)

2

k+1 (log log tk+1)
− d(p−1)

2 α
(
[0, tk+1]

p
)
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as k → ∞. Consequently,

lim sup
t→∞

t−
2p−d(p−1)

2 (log log t)−
d(p−1)

2 α
(
[0, t]p

)
≤ θλ1 a.s.

Letting θ → 1+ and λ2 → λ+
0 on the right hand side gives the desired upper

bound

lim sup
t→∞

t−
2p−d(p−1)

2 (log log t)−
d(p−1)

2 α
(
[0, t]p

)
≤ λ0 a.s. (3.3.10)

An obstacle for the lower bound is that the needed part of classic Borel-
Cantelli lemma requires the independence of the event sequence, which does
not hold in our case. To fix this problem we introduce an extended Borel-
Cantelli lemma .

Lemma 3.3.8 Let {Ak}k≥1 be a sequence of events that is adaptive to the
filtration {Ak}k≥1. Then almost surely,

{Ak occur infinitely often} =
{ ∞∑

k=1

P(Ak+1|Ak) = ∞
}
.

This lemma was established in the book by Breiman (Corollary 5.29, p.96,
[16]), where the proof appears as an elegant application of the martingale
convergence theorem.

We now return to our work on the lower bound. Take sk = kk (k =
1, 2, · · · ). By Lemma 3.3.6 and (2.2.21),

lim
t→∞

1

log log t
log inf

|x̄|≤
√
t
Px̄

{
α
(
[0, t]p, ~x

)
≥ λt

2p−d(p−1)
2 (log log t)

d(p−1)
2

}

= −λ 2
d(p−1)

p

2
κ(d, p)−

4p
d(p−1) .

Consequently, for any λ2 < λo, the series

∞∑

k=1

inf
|x̄|≤√

sk+1

Px̄

{
α
(
[0, sk+1 − sk]

p, ~x
)
≥ λ2s

2p−d(p−1)
2

k+1 (log log sk+1)
d(p−1)

2

}

diverges.

On the other hand, recall the classic law of the iterated logarithm for
Brownian motions which states that

lim sup
t→∞

|W (t)|√
2t log log t

= 1 a.s.
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Consequently,

P

{
|W (sk)| ≤ u

√
sk+1

log log sk+1
eventually

}
= 1.

Hence, with probability 1,

∞∑

k=1

PW (sk)

{
α
(
[0, sk+1 − sk]

p
)
≥ λ2s

2p−d(p−1)
2

k+1 (log log sk+1)
d(p−1)

2

}
= ∞.

By Markov property of Brownian motions, this is equivalent to

∞∑

k=1

P

{
α
(
[sk+1, sk]

p
)
≥ λ2s

2p−d(p−1)
2

k+1 (log log sk+1)
d(p−1)

2

∣∣Ak

}
= ∞ a.s.

where Ak is the σ-field generated by {W (s); 0 ≤ s ≤ sk}. By Lemma 3.3.8,

lim sup
k→∞

s
− 2p−d(p−1)

2

k+1 (log log sk+1)
− d(p−1)

2 α
(
[sk, sk+1]

p
)
≥ λ2 a.s.

This leads to

lim sup
t→∞

t−
2p−d(p−1)

2 (log log t)−
d(p−1)

2 α
(
[0, t]p

)
≥ λ2 a.s.

Letting λ2 → λ−0 on the right hand side gives the lower bound

lim sup
t→∞

t−
2p−d(p−1)

2 (log log t)−
d(p−1)

2 α
(
[0, t]p

)
≥ λ0 a.s. (3.3.11)

Finally, Theorem 3.3.7 follows from (3.3.10) and (3.3.11).

3.4 Notes and comments

Section 3.1

The study of the high moment asymptotics was initiated by König and
Mörters [107]. Their investigation leads to the large deviation for Brownian
intersection local time limited to a finite domain and killed upon exit from the
domain. Their approach relies on some sophisticated combinatorial estimate
(given in II.2, [47]) for the tail of the empirical measure

Ln =
1

n

n∑

k=1

δ(Yk,Yk+1)
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where {Yk} is an i.i.d. sequence taking values in a finite catalog. The treat-
ment given here appeared in Chen [28] and in Chen and Mörters [33].

At its beginning stage, the study of high moment asymptotics has shown
its power of solving hard problems in large deviations which are out of reach
of the conventional methods. We shall see later in the proof of Theorem
7.5.3 how this powerful tool is applied to the super-critical dimensions. In
addition, we point out the references Chen [26], Chen [28], Chen [29], Bass,
Chen and Rosen [8] for the key role played by the method of high moment
asymptotics in the recent progress on the large deviations for the local times
self-intersection local times and Riesz potentials of Additive Processes, where
the asymptotics of the form

∫

(Rd)m

π(dλ1) · · ·π(dλm)

[ ∑

σ∈Σm

m∏

k=1

Q
( k∑

j=1

λσ(j)

)]p

is investigated. For further application, a challenge we face is how to extend
the upper bound established in Theorem 3.1.2 to the settings of reasonable
generality where, for example, the state space E can be non-compact or
non-discrete.

Section 3.2

Concerning developing the general theory of high moment asymptotics,
main result Theorem 3.2.2 serves as a good example supporting generalization
of Theorem 3.1.2. The folding technique leading to (3.2.3) is partially inspired
by a similar idea going back to Donsker and Varadhan [54].

We propose a “cheaper version” of Theorem 3.2.2 in the following exercise.

Exercise 1. Assume that d(p− 2) < d. Write

Hm =

∫

(Rd)m

dx1 · · ·dxm
[ ∑

σ∈Σm

m∏

k=1

G(xσ(k) − xσ(k−1))

]p
m = 1, 2, · · · .

By (2.2.20) for each integer m ≥ 1,

Hm ≤ (m!)p
[∫

Rd

Gp(x)dx

]m

which gives the bound

lim sup
m→∞

1

m
log

1

(m!)p
E

[
α([0, τ1] × · · · × [0, τp])

m
]
≤ log

∫

Rd

Gp(x)dx.

In the following we establish the existence of the limit.
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(1). Prove for integers m,n ≥ 1,

1

((m+ n)!)p
Hm+n ≤ 1

(m!)p
Hm

1

(n!)p
Hn.

Hint: Let Σ′
m+n be the set of 1-1 maps from {1, · · · ,m+n} to {1, · · · ,m+

n} that map {1, · · ·m} to {1, · · ·m}. First show that

Hm+n =

(
m+ n

m

)∫

(Rd)m+n

dx1 · · ·dxm+n

[ ∑

σ∈Σ′
m+n

m+n∏

k=1

G(xπ(k) − xπ(k−1))

]

×
[ ∑

σ∈Σm

m+n∏

k=1

G(xσ(k) − xσ(k−1))

]p−1

.

Then use Hölder’s inequality.

(2). Prove the weaker version of Theorem 3.2.2: There is a constant
−∞ < C <∞ such that

lim
m→∞

1

m
log

1

(m!)p
E

[
α([0, τ1] × · · · × [0, τp])

m
]

= C.

Hint: Use Lemma 1.3.1.

Section 3.3

Theorem 3.3.2 was obtained in [24] by a very different method. Prior
to that, Le Gall ([117], [123]), Brydges and Slade ([17]) had estimated the
moment of α

(
[0, 1]p

)
. Together with Chebyshev inequality, some of their

results give bound to the tail probability of α
(
[0, 1]p

)
that are sharp up to

constant.

In addition to their pioneering paper on the high moment asymptotics,
König and Mörters ([108]) applied their method to the exponential moments
for a functional of intersection local times of independent Broanian motions.

The Gagliardo-Nirenberg inequality has a close tie to Sobolev inequality
(see Section C). The full class of Gagliardo-Nirenberg inequalities defined in
the analysis literature is wider than the one given in (3.3.2). We point out the
books by Ziemer ([169]) and by Saloff-Coste ([146]) for the general reference.
Finding the best constants for Gagliardo-Nirenberg inequality appears to
be a difficult problem when d ≥ 2 and still remains open in general. It
has been attracting considerable attention partially due to its connection to
some problem in physics. The best constant for Nash’s inequality, which is
a special case of Gagliardo-Nirenberg inequality, was found by Carlen and
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Loss ([21]). See also papers by Cordero-Erausquin ([36]) and by Del Pino
and Dolbeault ([42]) for a recent progress on the best constants for a class of
Gagliardo-Nirenberg inequalities and logarithmic Sobolev inequalities. For
a connection between the best constants of Gagliardo-Nirenberg inequalities
and logarithmic Sobolev inequalities, the interested reader is referred to Del
Pino and Dolbeault [43]. In the critical case p(d − 2) = d, (3.3.2) becomes
the Sobolev inequality

||f || 2d
d−2

≤ C||∇f ||2.

The best constant in this case has been known (see, e.g., Theorem 1.3.2, p.
20, [146]).

Unfortunately, none of these progresses was made for the kind of Gagliardo-
Nirenberg inequalities given in (3.3.2) as p(d− 2) < d. .

The paper directly related to κ(d, p) for p(d− 2) < d are [125] and [157].
In [125], Levine obtained a sharp estimate for κ(2, 3), which claims that

√
1

4.6016
< κ(2, 3) <

√
1

4.5981
.

Based on that, he conjecture that κ(2, 3) = π−4/9.

Weinstein ([157]) studied the problem of the best constants for the Gagliardo-
Nirenberg inequalities given in (3.3.2). It was shown (Theorem B, [157]) that
under p(d − 2) < d, the best constant in (3.3.2) is attained at an infinitely
smooth, positive and spherically symmetric function f0, which solves the
non-linear equation

d(p− 1)

2
∆f − 2p− d(p− 1)

2
f + f2p−1 = 0. (3.4.1)

In addition, f0 has the smallest L2-norm among all solutions of the above
equation (such solution is called a ground state solution). Further

κ(d, p) =
(
p||f0||−2(p−1)

2p

) 1
2p

. (3.4.2)

Using this result, Weinstein obtained the following numerical approximation
in the case d = p = 2,

κ(2, 2) = 4

√
1

π × 1.86225...
. (3.4.3)
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Chapter 4

Large deviations: self

intersection

–

According to the discussion in Section 2.3 and Section 2.4, self-intersection
local time β([0, t]p<

)
exists in the case d = 1 (Proposition 2.3.5) and is renor-

malizable in the case d = 2 (Theorem2.4.1). The gaols of this chapter are
to establish the large deviation principles for the self-intersection local times
in 1-dimension and for the renormalized self-intersection local time in 2-
dimension, and to apply them to the laws of the iterated logarithm. Our
approach consists of the following three main ingredients:

1. Feynman-Kac formula combined with some some ideas developed from
the area of Probability in Banach spaces. The method is used for the the
p-square integral of the local time given in (2.3.5).

2. Comparison between γ
(
[0, t]2<

)
and α

(
[0, 1]2

)
. The connections be-

tween the self-intersection local times and mutual intersection local times
have been seen in the discussion in Section 2.3 and Section 2.4. We shall
explore this link in a much more quantitative way.

3. Argument by sub-additivity. This method has been developed into
effective tool in large deviation theory. Even so one might still be surprised
to see throughout this book how often that the relations such as (2.4.11) holds
in our models. Naturally, the sub-additivity method becomes an important
part of the methodology adopted in this book.

103
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4.1 Feynman-Kac formula

Let W (t) be a d-dimensional Brownian motions and let f(x) be a bounded
continuous function. Write

Ttg(x) = E

(
exp

{∫ t

0

f
(
x+W (s)

)
ds

}
g
(
x+W (t)

)
)

t ≥ 0. (4.1.1)

We now show that for each t ≥ 0, Tt defines a continuous linear operator
on the Hilbert space L2(Rd). The linearity is obvious. One can see that when
t = 0, T0 = I is an identical operator. In particular, T0 is an continuous
operator on L2(Rd). Assume t > 0.

∫

Rd

[
Ttg(x)

]2
dx =

∫

Rd

[
E

(
exp

{∫ t

0

f
(
x+W (s)

)
ds

}
g
(
x+W (t)

)
)]2

dx

≤
∫

Rd

E

(
exp

{
2

∫ t

0

f
(
x+W (s)

)
ds

}
g2
(
x+W (t)

)
)
dx

= E

∫

Rd

exp

{
2

∫ t

0

f
(
x+W (s)

)
ds

}
g2
(
x+W (t)

)
dx

=

∫

Rd

exp

{
2

∫ t

0

f(x)ds

}
g2(x)dx ≤ etC

∫

Rd

g2(x)dx

where the second step follows from Cauchy-Schwartz inequality, the fourth
step from translation invariance, and the last step from the boundedness of
f .

Therefore, {Tt; t ≥ 0} is a set of linear bounded operators on the Hilbert
space L2(Rd). For any t > 0, g, h ∈ L2(Rd),

∫

Rd

Ttg(x) · h(x)dx

= E

(∫

Rd

exp

{∫ t

0

f
(
x+W (s)

)
ds

}
g
(
x+W (t)

)
h(x)dx

)

= E

(∫

Rd

exp

{∫ t

0

f
(
x+W (s) −W (t)

)
ds

}
g(x)h

(
x−W (t)

)
dx

}

= E

(∫

Rd

exp

{∫ t

0

f
(
x+W (t− s) −W (t)

)
ds

}
g(x)h

(
x−W (t)

)
dx

}

=

∫

Rd

g(x) · Tth(x)dx
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where the last step follows from the identity in law
{
W (t− s) −W (t); 0 ≤ s ≤ t

}
d
=
{
W (s); 0 ≤ s ≤ t

}
.

The above relation means that Tt is symmetric. By the boundedness of Tt
established earlier, Tt is a self-adjoint operator on L2(Rd) (see the discussion
in Section B).

Lemma 4.1.1 {Tt; t ≥ 0} is a semi-group in the sense that for any s, t ≥ 0

Ts+t = Ts ◦ Tt.

Proof. For any g ∈ L(Rd),

Ts+tg(x) = E

(
exp

{∫ s+t

0

f
(
x+W (u)

)
du

}
g
(
x+W (s+ t)

)
)

= E

(
exp

{∫ s

0

f
(
x+W (u)

)
du

}

× exp

{∫ s+t

s

f
(
x+W (s) +W (s+ u) −W (s)

)
du

}

× g
(
x+W (s) +W (s+ t) −W (s)

)
)

= E

(
exp

{∫ s

0

f
(
x+W (u)

)
du

}
(Ttg)

(
x+W (s)

)
)

= Ts(Ttg)(x)

where the third step follows from independence of increment and Fubini
theorem.

A self-adjoint operator T is said to be non-negative if 〈g, T g〉 ≥ 0 for
any g in the domain D(T ) of T (In the case of bounded operator, of course,
D(T ) = L2(Rd)). By semi-group property and self-adjointness,

〈g, Ttg〉 = 〈g, Tt/2 ◦ Tt/2g〉 = ||Tt/2g||22 ≥ 0 g ∈ L2(Rd).

Therefore, for each t ≥ 0, Tt is non-negative.

An important aspect of a semi-group is its infinitesimal generatorA, which
is a linear operator satisfying

lim
t→0+

Ttg − g

t
= Ag
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on a subspace of L2(Rd), where the limit is taken in an appropriate sense.
To make the matter less complicated, we first consider the case when g(x) is
a rapidly decreasing function. A infinitely smooth function g(x) is said to be
rapidly decreasing, if g(x) and its derivatives of all orders decay at infinity
faster than any negative power of |x|.

We now state the famous Feynman-Kac formula.

Theorem 4.1.2 For any rapidly decreasing function g(x) on Rd,

lim
t→0+

Ttg(x) − g(x)

t
=

1

2
∆g(x) + f(x)g(x) x ∈ Rd. (4.1.2)

Proof. First we consider the special case when f ≡ 0, in which

T 0
t g(x) ≡ Ttg(x) =

∫

Rd

pt(y)g(x+ y)dy =

∫

Rd

pt(y − x)g(y)dy

By Fourier transform,

T̂ 0
t g(λ) ≡

∫

Rd

eiλ·xTtg(x)dx = ĝ(λ) exp
{
− t|λ|2

2

}
λ ∈ Rd

where

ĝ(λ) =

∫

Rd

eiλ·xg(x)dx.

By Fourier inversion (Theorem B.1, Appendix),

T 0
t g(x) − g(x) =

1

(2π)d

∫

Rd

e−iλ·xĝ(λ)

[
exp

{
− t|λ|2

2

}
− 1

]
dλ.

Consequently, by dominated convergence, and by the fact that the Fourier
transform of a rapidly decreasing function is rapidly decreasing,

lim
t→0+

T 0
t g(x) − g(x)

t
= −1

2

1

(2π)d

∫

Rd

e−iλ·x|λ|2ĝ(λ)dλ =
1

2
∆g(x) (4.1.3)

where the last step follows from (B.8), Appendix. So we have (4.1.2) when
f ≡ 0.

We now prove (4.1.2) with full generality. First notice that

exp

{∫ t

0

f
(
x+W (s)

)
ds

}

= 1 +

∫ t

0

f
(
x+W (s)

)
exp

{∫ t

s

f
(
x+W (u)

)
du

}
ds.
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Multiplying both side by g
(
x +W (t)

)
, taking expectation and applying in-

crement independence on the right hand side,

Ttg(x) = T 0
t g(x) +

∫ t

0

E

{
f
(
x+W (s)

)
Tt−sg

(
x+W (s)

)}
ds.

Therefore, (4.1.2) follows from (4.1.3) and the fact that

lim
t→0+

1

t

∫ t

0

E

{
f
(
x+W (s)

)
Tt−sg

(
x+W (s)

)}
ds = f(x)g(x).

Let S(Rd) be the set of all rapidly decreasing functions on Rd, which is
also known as Schwartz space. Write

Ag(x) =
1

2
∆g(x) + f(x)g(x) g ∈ S(Rd). (4.1.4)

The linear operator A is called the infinitesimal generator of the semi-group
{Tt, t ≥ 0}. In (4.1.4) we momentarily limit the domain of A to S(Rd). By
integration by parts one can see that

〈g,Ah〉 = 〈Ag, h〉 g, h ∈ S(Rd). (4.1.5)

This means that A is a symmetric operator (see Section E, Appendix for
definition of symmetric operator on the general Hilbert space).

As pointed out in Section E of Appendix, an unbounded symmetric op-
erator does not have to be self-adjoint. It appears to be extremely difficult
to examine the self-adjointness of the unbounded operator A. On the other
hand, the self-adjointness is crucially needed for the later development. Our
treatment is to extend A into a self-adjoint operator. Notice that for each
g ∈ S(Rd),

〈Ag, g〉 =

∫

Rd

f(x)g2(x)dx − 1

2

∫

Rd

|∇g(x)|2dx ≤ C||g||22

where C = sup
x∈Rd

|f(x)|. A symmetric operator with such property is said to be

upper semi-bounded . By Friedrichs extension theorem (Theorem 2, Section
7, Chapter XI, [168]), an upper semi-bounded symmetric operator admits
a self-adjoint extension known as Friedrichs’ extension. We still use the
same notation for the Friedrichs’ extension of A and still call it infinitesimal
generator of the semi-group Tt. We denote D(A) for the domain of the self-
adjoint operator A. Clearly, S(Rd) ⊂ D(A) ⊂ L2(Rd).
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Recall our notation

W 1,2(Rd) =
{
g ∈ L2(Rd); ∇g ∈ L2(Rd)

}

and set
Fd =

{
g ∈ L2(Rd); ||g||2 = 1 and ||∇g||2 <∞

}
.

In the following lemma we determine some basic structure of the operator A.

Lemma 4.1.3 We have that D(A) ⊂W 1,2(Rd), and that

〈g,Ag〉 =

∫

Rd

f(x)g2(x)dx − 1

2

∫

Rd

|∇g(x)|2dx g ∈ D(A), (4.1.6)

sup
g∈D(A)
||g||2=1

〈g,Ag〉 = sup
g∈Fd

{∫

Rd

f(x)g2(x)dx − 1

2

∫

Rd

|∇g(x)|2dx
}
. (4.1.7)

Proof. Let g ∈ D(A) and write, for each ǫ > 0,

gǫ(x) =

∫

Rd

g(y)pǫ(y − x)dx

where pǫ(x) is the density of W (ǫ). It is easy to see that gǫ ∈ S(Rd). By
(4.1.4),

〈Agǫ, g〉 =

∫

Rd

f(x)gǫ(x)g(x)dx +
1

2

∫

Rd

∆gǫ(x)g(x)dx.

We shall let ǫ → 0+ on the both sides. For the left-hand side, observe that
gǫ → g in L2(Rd). Consequently,

〈Agǫ, g〉 = 〈gǫ, Ag〉 −→ 〈g,Ag〉 (ǫ→ 0+).

By the boundedness of f(x), the first term on the right-hand side ap-
proaches to ∫

Rd

f(x)g2(x)dx

To treat the second integral on the right-hand side, we apply the tool
Fourier transformation. By Parseval identity ((B.9), Appendix), the con-
volution identity ((B.11), Appendix), and the fact ((B.8), Appendix) that

∆̃gǫ = |λ|2g̃ǫ,
∫

Rd

∆gǫ(x)g(x)dx =
1

(2π)d

∫

Rd

|λ|2 exp
{
− ǫ

2
|λ|2

}
|ĝ(λ)|2dλ.
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Therefore, we must have

∫

Rd

|λ|2|ĝ(λ)|2dλ <∞

By Theorem B.2, Appendix, g ∈W 1,2(Rd) and

〈g,Ag〉 =

∫

Rd

f(x)g2(x)dx − 1

2

1

(2π)d

∫

Rd

|λ|2|ĝ(λ)|2dλ

=

∫

Rd

f(x)g2(x)dx − 1

2

∫

Rd

|∇g(x)|2dx.

Finally, (4.1.7) follows from the relation S(Rd) ⊂ D(A) ⊂ W 1,2(Rd), the
fact that S(Rd) is dense inW 1,2(Rd) under the Sobolev norm

√
||g||22 + ||∇g||22,

and the continuity (in g) of the quadratic form on the right-hand side of
(4.1.6) under the Sobolev norm.

The quadratic form 〈g,Ag〉 given in (4.1.6) is often known as Dirichlet
form of the semi-group {Tt}.

By the fact that ||Tt|| ≤ eCt (t ≥ 0) for some constant C > 0, the following
linear operator

Gλg(x) =

∫ ∞

0

e−λtTtg(x)dt g ∈ L2(Rd) (4.1.8)

is well defined and is a bounded self-adjoint operator on L2(Rd).

Lemma 4.1.4 For any g ∈ S(Rd) and x ∈ Rd Ttg(x) is differentiable on
(0,∞) as a function of t and

d

dt

(
Ttg(x)

)
= (A ◦ Tt)g(x) = (Tt ◦A)g(x). (4.1.9)

In addition, there is a C > 0 such that for any λ > C,

(λI −A) ◦Gλg = Gλ ◦ (λI −A)g = g g ∈ S(Rd). (4.1.10)

Proof. We first pointed out the following analytic lemma (the proof can be
find in p.239, Section 3, Chapter IX, [168]): Let u(t) be a continuous function
on (0,∞) such that its right derivative

D+u(t) ≡ lim
∆t→0+

u(t+ ∆t) − u(t)

∆t
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is finite and continuous on (0,∞). Then u(t) is differentiable on (0,∞).

To establish (4.1.9), therefore, it suffices to show that

lim
∆t→0+

Tt+∆tg(x) − Ttg(x)

∆t
(A ◦ Tt)g(x) = (Tt ◦A)g(x).

Indeed, this follows from the equality

Tt+∆tg(x) − Ttg(x)

∆t
= Tt ◦

T∆t − I

∆t
g(x) =

T∆t − I

∆t
◦ Ttg(x)

and (4.1.2) in Theorem 4.1.2.

By (4.1.9),

(λI −A) ◦Gλg(x) = Gλg(x) −
∫ ∞

0

e−λt(A ◦ Tt)g(x)dt

= Gλg(x) −
∫ ∞

0

e−λt
d

dt

(
Ttg(x)

)
dt.

Thus, (4.1.10) follows from integration by parts.

An very important fact is that the semi-group {Tt; t ≥ 0} can be written
in terms of some functions of A. Our discussion here is based on the material
introduced in Section E, Appendix. Generally speaking, a function ξ(A) of
the self-adjoint operator is another self-adjoint operator. Being precise, we
consider the spectral integral representation (Theorem E.1, Appendix)

A =

∫ ∞

−∞
λE(dλ) (4.1.11)

of the self-adjoint operator A, where {E(λ); −∞ < λ < ∞} is a resolution
of the identity , a family of projection operators on L2(Rd) with distribution-
function-type properties. In addition,

D(A) =

{
g ∈ L2(Rd);

∫ ∞

−∞
|λ|2µg(dλ) <∞

}
(4.1.12)

where µg is a finite measure (known as spectral measure ) on R induced by
the distribution function F (λ) ≡ 〈g, E(λ)g〉 with

µg(R) = ||g||22 g ∈ L2(Rd). (4.1.13)

Given a Borel function ξ(λ) on R, the function ξ(A) of A is a self-adjoint
operator defined by the spectral integral

ξ(A) =

∫ ∞

−∞
ξ(λ)E(dλ) (4.1.14)
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with the domain D
(
ξ(A)

)
given by

D
(
ξ(A)

)
=

{
g ∈ L2(Rd);

∫ ∞

−∞
|ξ(λ)|2µg(dλ) <∞

}
. (4.1.15)

Given λ > 0, for example, we take ξ(γ) = (λ − γ)−1 and define the
following operator

(λI −A)−1 =

∫ ∞

−∞

1

λ− γ
E(dγ) (4.1.16)

Here we use the fact ((4.1.7)) that

λ0 ≡ sup
g∈D(A)
||g||2=1

〈g,Ag〉 <∞. (4.1.17)

By Theorem E.2, Appendix, µg is supported by (−∞, λ0] for every g ∈
L2(Rd). Consequently, by examining the integrability listed in (4.1.15) the
operator (λI−A)−1 is defined on the whole space L2(Rd) as λ > λ0. Further,
by (E.14) in Appendix,

∣∣∣
∣∣∣(λI −A)−1g

∣∣∣
∣∣∣
2

2
=

∫ ∞

−∞

1

(λ− γ)2
µg(dλ) ≤

1

(λ− λ0)2
||g||22 g ∈ L2(Rd).

This implies that (λI−A)−1 is a bounded operator. As its notation suggested,
(λI −A)−1 is the inverse operator of λI −A in the sense that (λI − A)−1 ◦
(λI −A) and (λI −A) ◦ (λI −A)−1 are identical operators on D(A) and on
L2(Rd), respectively. To see this, first notice that by (4.1.11)

(λI −A) =

∫ ∞

−∞
(λ− γ)E(dγ).

Our claim follows immediately from Theorem E.3, Appendix.

Further, applying (λI − A)−1 to the both sides of (4.1.10) we see that
(λI − A)−1 and Gλ agree on S(Rd) when λ > 0 is sufficiently large. By the
fact that S(Rd) is dense in L2(Rd), and by the continuity of the operators
(λI −A)−1 and Gλ, we have that for large λ > 0,

(λI −A)−1 = Gλ. (4.1.18)

For given t ≥ 0, we now take ξ(λ) = exp{tλ} and consider the self-adjoint
operator exp{tA} defined by

exp{tA} =

∫ ∞

−∞
exp{tλ}E(dλ). (4.1.19)
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By Theorem E.2 the support of the spectral measure µg is bounded from
above by λ0 given in (4.1.17) for all g ∈ L2(Rd). Consequently, exp{tA} is
defined on whole space L2(Rd). Moreover, by (E.14) in Appendix,

∣∣∣∣ exp{tA}g
∣∣∣∣2 =

∫ ∞

−∞
exp{2tλ}µg(dλ) ≤ exp{2tλ0}||g||22.

Hence, exp{tA} is a bounded operator. Further, by (E.15) in Appendix

〈
g, exp{tA}g

〉
=

∫ ∞

−∞
exp{tλ}µg(dλ) ≥ 0 g ∈ L2(Rd).

Consequently, exp{tA} is non-negative.

Now, we state the following representation theorem.

Theorem 4.1.5 For each t ≥ 0, Tt = etA.

Proof. First, we reduce Theorem 4.1.5 to the equality
〈
g, exp{tA}g

〉
= 〈g, Ttg〉 g ∈ L2(Rd). (4.1.20)

Indeed, for any g, h ∈ L2(Rd),

〈
h, exp{tA}g

〉
=

1

4

{〈
g+h, exp{tA}(g+h)

〉
+
〈
g−h, exp{tA}(g−h)

〉}
,

〈h, Ttg〉 =
1

4

{
〈g + h, Tt(g + h)〉 + 〈g − h, Tt(g − h)〉

}
.

If (4.1.20) holds, 〈
h, exp{tA}g

〉
= 〈h, Ttg〉.

Since g and h are arbitrary, this leads to the conclusion of Theorem 4.1.5.

To establish (4.1.20), we begin with the operator equation (4.1.18) (We
always keep λ > 0 sufficiently large in our argument), which can be written
as (

I − A

λ

)−1

= λ

∫ ∞

0

e−λsTsds.

Iterating n times (in the sense of operator composition) on the both sides,

(
I − A

λ

)−n

= λn
∫

(R+)n

exp{−λ(s1 + · · · + sn)}Ts1 ◦ · · · ◦ Tsnds1 · · · dsn

= λn
∫

(R+)n

exp{−λ(s1 + · · · + sn)}Ts1+···+snds1 · · · dsn.
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By the spectral integral representation (4.1.16) and by Theorem E.3, Ap-
pendix, the left-hand side can be represented as

∫ ∞

−∞

(
1 − γ

λ

)−n
E(dγ).

By (E.15) in Appendix, therefore,

∫ ∞

−∞

(
1 − γ

λ

)−n
µg(dγ) =

〈
g,
(
I − A

λ

)−n
g

〉

= λn
∫

(R+)n

exp{−λ(s1 + · · · + sn)}
〈
g, Ts1+···+sng

〉
ds1 · · ·dsn

=

∫

(R+)n

exp{−(s1 + · · · + sn)}
〈
g, Tλ−1(s1+···+sn)g

〉
ds1 · · ·dsn.

Replacing λ by n/t,

∫ ∞

−∞

(
1 − tγ

n

)−n
µg(dγ) = E〈g, Ttζng〉 (4.1.21)

where the expectation on the right hand side is taken with respect to the
random variable

ζn =
τ1 + · · · + τn

n

which appears as the sample average of i.i.d. exponential random variables
τ1, · · · , τn with parameter 1.

By the classic law of large numbers, ζn
p−→ 1 as n→ ∞. By the continuity

of 〈g, Tsg〉 as a function of s and by the bound 〈g, Tsg〉 ≤ C1e
C2s, one has

lim
n→∞

E〈g, Ttζng〉 = 〈g, Ttg〉.

By the fact that the supporting set of the measure µg is bounded from
above, and by the dominated convergence theorem,

lim
n→∞

∫ ∞

−∞

(
1 − tγ

n

)−n
µg(dγ) =

∫ ∞

−∞
etγµg(dγ) =

〈
g, exp{tA}g

〉

where the second equality follows from (E.15), Appendix.

Finally, letting n→ ∞ on the both sides of (4.1.21) leads to (4.1.20).

An interesting application of Feynman-Kac formula is the following large
deviation result.
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Theorem 4.1.6 For any bounded, continuous function f on Rd

lim
t→∞

1

t
log E exp

{∫ t

0

f
(
W (s)

)
ds

}

= sup
g∈Fd

{∫

Rd

f(x)g2(x)dx − 1

2

∫

Rd

|∇g(x)|2dx
}
,

where

Fd =

{
g ∈ L2(Rd);

∫

Rd

g2(x)dx and

∫

Rd

|∇g(x)|2dx <∞
}
. (4.1.22)

Proof. By the boundedness of f there is C > 0 such that

C−1 ≤ exp

{∫ 1

0

f
(
W (s)

)
ds

}
≤ C. (4.1.23)

Let g ∈ S(Rd) be compactly supported and satisfy
∫

Rd

g2(x)dx = 1.

We have

E exp

{∫ t

1

f
(
W (s)

)
ds

}

≥ ||g||−2
∞ E

(
g
(
W (1)

)
exp

{∫ t

1

f
(
W (s)

)
ds

}
g
(
W (t)

)
)

= ||g||−2
∞ E

(
g
(
W (1)

)
exp

{∫ t−1

1

f
(
W (1) +W (1 + s) −W (1)

)
ds

}

× g
(
W (1) +W (t) −W (1)

)
)

= ||g||−2
∞ E

(
g
(
W (1)

)
Tt−1g

(
W (1)

))

= ||g||−2
∞

1

(2π)d/2

∫

Rd

e−|x|2/2g(x)Tt−1g(x)dx.

On the supporting set of g, e−|x|2/2 is bounded from below by a positive
number. Therefore, we have established

E exp

{∫ t

0

f
(
W (s)

)
ds

}
≥ δ

∫

Rd

g(x)Tt−1g(x)dx = δ〈g, Tt−1g〉. (4.1.24)



4.1. FEYNMAN-KAC FORMULA 115

By Theorem 4.1.5 and by (E.15) in Appendix (with ξ(λ) = exp{tλ}), for
each t > 0

〈g, Ttg〉 =

∫ ∞

−∞
etλµg(dλ) (4.1.25)

≥ exp

{
t

∫ ∞

−∞
λµg(dλ)

}
= exp

{
t〈g,Ag〉

}

= exp

{
t

(∫

Rd

f(x)g2(x)dx − 1

2

∫

Rd

|∇g(x)|2dx
)}

where the inequality follows from Jensen inequality and the fact ((4.1.13))
that µg(R

+) = 1, which shows that the spectral measure µg is a probability
measure; and where the third step follows from (E.15) in Appendix (with
ξ(λ) = λ).

By (4.1.24), therefore,

lim inf
t→∞

1

t
log E exp

{∫ t

0

f
(
W (s)

)
ds

}

≥
∫

Rd

f(x)g2(x)dx − 1

2

∫

Rd

|∇g(x)|2dx.

Taking supremum over g gives the desired lower bound:

lim inf
t→∞

1

t
log E exp

{∫ t

0

f
(
W (s)

)
ds

}
(4.1.26)

≥ sup
g∈Fd

{∫

Rd

f(x)g2(x)dx − 1

2

∫

Rd

|∇g(x)|2dx
}
.

We now establish the upper bound. For each t > 0

E exp

{∫ t

1

f
(
W (s)

)
ds

}

≤ E

(
1{|W (1)|≤t2} exp

{∫ t

1

f
(
W (s)

)
ds

}
1{|W (t)|≤t2}

)

+ E

(
1{|W (1)|>t2} exp

{∫ t

1

f
(
W (s)

)
ds

})

+ E

(
exp

{∫ t

1

f
(
W (s)

)
ds

}
1{|W (t)|>t2}

)
.

By boundedness of f , there is C > 0 such that

E

(
1{|W (1)|>t2} exp

{∫ t

1

f
(
W (s)

)
ds

})
≤ eCtP{|W (1)| > t2} ≤ CeCte−t

4/2
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where the second estimate follows from estimation of Gaussian tail. Similarly,

E

(
exp

{∫ t

1

f
(
W (s)

)
ds

}
1{|W (t)|>t2}

)
≤ eCtP{|W (t)| > t2} ≤ CeCte−t

3/2.

Thus,

lim sup
t→∞

1

t
log E exp

{∫ t

1

f
(
W (s)

)
ds

}
(4.1.27)

≤ lim sup
t→∞

1

t
log E

(
1{|W (1)|≤t2} exp

{∫ t

1

f
(
W (s)

)
ds

}
1{|W (t)|≤t2}

)
.

For each t > 0, let gt ∈ S(Rd) such that gt(x) = 1 for |x| ≤ t2, gt(x) = 0
for |x| > 2t2 and 0 ≤ gt(x) ≤ 1 for all x.

E

(
1{|W (1)|≤t2} exp

{∫ t

1

f
(
W (s)

)
ds

}
1{|W (t)|≤t2}

)
(4.1.28)

≤ ||gt||22E

(
ḡt
(
W (1)

)
exp

{∫ t

1

f
(
W (s)

)
ds

}
ḡt
(
W (t)

)
)

=
1

(2π)d/2
||gt||22

∫

Rd

exp
{
− |x|2

2

}
ḡt(x)(Tt−1ḡt)(x)dx

≤ 1

(2π)d/2
||gt||22〈ḡt, Tt−1ḡt〉

where ḡt(x) = gt(x)/||gt||.
Notice that ||g||22 = O(t2d) as t → ∞. By Theorem 4.1.5 and (E.15) in

Appendix,

〈ḡt, Tt−1ḡt〉 =

∫ ∞

−∞
etλµḡt(dλ).

By (4.1.13) µḡt is a probability measure. In view of (4.1.17) and (4.1.7), by
Theorem E.2 in Appendix the smallest supporting set of µḡt is bounded from
above by

sup
g∈D(A)
||g||2=1

〈g,Ag〉 = sup
g∈Fd

{∫

Rd

f(x)g2(x)dx − 1

2

∫

Rd

|∇g(x)|2dx
}

Hence,

〈ḡt, Tt−1ḡt〉 (4.1.29)

≤ exp

(
t sup
g∈Fd

{∫

Rd

f(x)g2(x)dx − 1

2

∫

Rd

|∇g(x)|2dx
})

.



4.2. ONE DIMENSIONAL CASE. 117

Combining (4.1.23), (4.1.27), (4.1.28) and (4.1.29) we have

lim sup
t→∞

1

t
log E exp

{∫ t

0

f
(
W (s)

)
ds

}
(4.1.30)

≤ sup
g∈Fd

{∫

Rd

f(x)g2(x)dx − 1

2

∫

Rd

|∇g(x)|2dx
}
.

Finally, the desired conclusion follows from (4.1.26) and (4.1.30).

4.2 One dimensional case.

The local time L(t, x) of an 1-dimensional Brownian motion W (t) exists and
for any integer p ≥ 2. By Proposition 2.3.5, the self-intersection local time
β
(
[0, t]p<

)
is equal to

1

p!

∫ ∞

−∞
Lp(t, x)dx.

By (2.3.8) in Proposition 2.3.3,
∫ ∞

−∞
Lp(t, x)dx

d
= t

p+1
2

∫ ∞

−∞
Lp(1, x)dx. (4.2.1)

Thus, we focus on the large deviation principle for the Lp-norm of the Brow-
nian local times up to the time 1. The following theorem is the main result
of this section.

Theorem 4.2.1 When d = 1, for any real number p > 1,

lim
a→∞

a−
2

p−1 log P

{∫ ∞

−∞
Lp(1, x)dx ≥ a

}

= − 1

4(p− 1)

(p+ 1

2

) 3−p
p−1

B
( 1

p− 1
,
1

2

)

where B(·, ·) is beta function.

Proof. By Corollary 1.2.4, Theorem 4.2.1 holds if we can prove for each
θ > 0 that

lim
a→∞

a−
2

p−1 log E exp

{
a

p+1
p(p−1) θ

(∫ ∞

−∞
Lp(1, x)dx

)1/p}

=
(θ
p

) 2p
p+1

( √
2

(p− 1)(p+ 1)
B
( 1

p− 1
,
1

2

))− 2(p−1)
p+1

.
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By (4.2.1) and (C.8) in Theorem C.4, Appendix, this is equivalent to

lim
t→∞

1

t
log E exp

{(∫ ∞

−∞
Lp(t, x)dx

)1/p}
(4.2.2)

= sup
g∈F

{(∫ ∞

−∞
|g(x)|2pdx

)1/p

− 1

2

∫ ∞

−∞
|g′(x)|2dx

}
.

where

F =

{
g;

∫ ∞

−∞
|g(x)|2dx = 1 and

∫ ∞

−∞
|g′(x)|2dx <∞

}

The proof of (4.2.2) is a combination of Feynman-Kac formula and some
method developed along the probability in Banach space. Let q > 1 be the
conjugate number and f be a bounded continuous function on R such that

∫ ∞

−∞
|f(x)|qdx = 1. (4.2.3)

By Hölder inequality,

(∫ ∞

−∞
Lp(t, x)dx

)1/p

≥
∫ ∞

−∞
f(x)L(t, x)dx =

∫ t

0

f
(
W (s)

)
ds.

By Theorem 4.1.6, therefore,

lim inf
t→∞

1

t
log E exp

{(∫ ∞

−∞
Lp(t, x)dx

)1/p}

≥ sup
g∈F

{∫ ∞

−∞
f(x)g2(x)dx − 1

2

∫ ∞

−∞
|g′(x)|2dx

}
.

Notice that the functions f satisfying our conditions are dense in the unit
sphere of Lq(R). Taking supremum over f on the right hand side gives

lim inf
t→∞

1

t
log E exp

{(∫ ∞

−∞
Lp(t, x)dx

)1/p}
(4.2.4)

≥ sup
g∈F

{(∫ ∞

−∞
|g(x)|2pdx

)1/p

− 1

2

∫ ∞

−∞
|g′(x)|2dx

}
.

The upper bound is more delicate. The self-intersection outside any com-
pact set of R is not negligible. Indeed, for any M > 0, by the argument for
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the lower bound (4.2.4),

lim inf
t→∞

1

t
log E exp

{(∫ ∞

M

Lp(t, x)dx

)1/p}

≥ sup
g∈F

{(∫ ∞

M

|g(x)|2pdx
)1/p

− 1

2

∫ ∞

−∞
|g′(x)|2dx

}
.

By shifting the space variable x, one can see that the variation on the right
high side is equal to the right hand side of (4.2.4). Consequently, L(t, x) is
not exponentially tight when embedded into Lp(R).

To resolve this problem, we wrap the real line R into a big but compact
circle. Let M > 0 be large but fixed. We have

∫ ∞

−∞
Lp(t, x)dx =

∑

k∈Z

∫ M

0

Lp(t, x+ kM)dx ≤
∫ M

0

L̃p(t, x)dx (4.2.5)

where
L̃(t, x) =

∑

k∈Z

L(t, x+ kM).

For any s > 0, the process

Ws(u) = W (s+ u) −W (s) u ≥ 0

is an 1-dimensional Brownian motion. If we write Ls(t, x) for the local time
of Ws(u) and write

L̃s(t, x) =
∑

k∈Z

Ls(t, kM + x)

then for any t > 0,

∫ M

0

[
L̃(s+ t, x) − L̃(s, x)

]p
dx =

∫ M

0

L̃ps
(
t, x−W (t)

)
dx =

∫ M

0

L̃ps(t, x)dx

where the last step follows from periodicity of L̃ps
(
t, ·). By independence and

stationarity of the Brownian increments, therefore, the quantity

∫ M

0

[
L̃(s+ t, x) − L̃(s, x)

]p
dx

is independent of {W (u); 0 ≤ u ≤ s} and has the same distribution as

∫ M

0

L̃p(t, x)dx.
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By triangular inequality, for any s, t > 0,

(∫ M

0

L̃p(s+ t, x)dx

)1/p

(4.2.6)

≤
(∫ M

0

L̃p(s, x)dx

)1/p

+

(∫ M

0

[
L̃(s+ t, x) − L̃(s, x)

]p
dx

)1/p

.

Based all properties discussed above, we conclude that the non-negative pro-
cess (∫ M

0

L̃p(t, x)dx

)1/p

t ≥ 0

is sub-additive. By Theorem 1.3.5,

E exp

{
θ

(∫ M

0

L̃p(1, x)dx

)1/p}
<∞ (4.2.7)

lim
t→∞

1

t
log E exp

{
θ

(∫ M

0

L̃p(t, x)dx

)1/p}
<∞. (4.2.8)

for every θ > 0.

We view L̃(t, ·) as a stochastic process taking values in the separable
Banach space Lp[0,M ]. For any x ∈ R we adopt the notations Px and EX
for the distribution and expectation, respectively, of the Brownian motion
W (t) starting at x (i. e., W (0) = x). We let t = 1 and claim that for any
ǫ > 0 there is a compact set K ⊂ Lp[0,M ] such that

inf
x∈R

Px
{
L̃(1, ·) ∈ K

}
≥ 1 − ǫ. (4.2.9)

Indeed, by continuity of L(1, x) as a function of x and by the fact that
only finitely many L(t, · + kM) is non-zero at any given moment, L̃(1, x) is
continuous. We have that for any γ > 0

sup
x∈R

Px

{
sup

|y−z|≤δ
|L̃(1, y) − L̃(1, z)| ≥ γ

}

= sup
x∈R

P

{
sup

|y−z|≤δ
|L̃(1, x+ y) − L̃(1, x+ z)| ≥ γ

}

= P

{
sup

|y−z|≤δ
|L̃(1, y) − L̃(1, z)| ≥ γ

}
−→ 0 (δ → 0+).

By Arzelá-Ascoli theorem (Theorem D.2, Appendix), there is a compact set

K̃ compact in C[0,M ] such that such that

inf
x∈R

Px
{
L̃(1, ·) ∈ K̃

}
≥ 1 − ǫ.
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Notice that ∫ M

0

L̃(1, x)dx =

∫ ∞

−∞
L(1, x)dx = 1.

Hence, our claim follows from the fact that the set

K ≡ K̃ ∩
{
f ∈ C[0,M ]; f ≥ 0 and

∫ M

0

f(x)dx = 1

}

is relatively compact in Lp[0,M ].

Notice that for any x ∈ R and λ > 0,

Ex exp

{
λ

(∫ M

0

L̃p(1, y)dy

)1/p}

= E exp

{
λ

(∫ M

0

L̃p(1, x+ y)dy

)1/p}

= E exp

{
λ

(∫ M

0

L̃p(1, y)dy

)1/p}

where the last step follows from periodicity. By (4.2.7), the right hand side
is finite. Thus,

sup
x∈R

Ex exp

{
λ

(∫ M

0

L̃p(1, y)dy

)1/p}
<∞ ∀λ > 0. (4.2.10)

By Theorem 1.1.7, the uniform tightness of the family
{
Lx
(
L̃(1, ·)

)
; x ∈ R

}

and (4.2.10) imply that there is a convexed, positively balanced and compact
set K ⊂ Lp[0,M ] such that

sup
x∈R

Ex exp
{
qK
(
L̃(1, ·)

)}
<∞. (4.2.11)

For any s, t > 0 and x ∈ R, by sub-additivity of Minkowski functional
given in (1.1.8) and by Markov property

Ex exp
{
qK
(
L̃(s+ t, ·)

)}

≤ Ex exp
{
qK
(
L̃(s, ·)

)
+ qK

(
L̃(s+ t, ·) − L̃(s, ·)

)}

= Ex

(
exp

{
qK
(
L̃(s, ·)

)}
EW (s) exp

{
qK
(
L̃(t, ·)

)})

≤ Ex exp
{
qK
(
L̃(s, ·)

)}
sup
y∈R

Ey exp
{
qK
(
L̃(t, ·)

)}
.
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Thus,

sup
x∈R

Ex exp
{
qK
(
L̃(s+ t, ·)

)}

≤ sup
x∈R

Ex exp
{
qK
(
L̃(s, ·)

)}
sup
x∈R

Ex exp
{
qK
(
L̃(t, ·)

)}
.

The sub-additivity established here implies (Lemma 1.3.1) that

lim
t→∞

1

t
log sup

x∈R

Ex exp
{
qK
(
L̃(t, ·)

)}
= inf

s>0

1

s
log sup

x∈R

Ex exp
{
qK
(
L̃(s, ·)

)}
.

By (4.2.11), the right hand side is finite. Hence,

lim
t→∞

1

t
log E exp

{
qK
(
L̃(t, ·)

)}
<∞. (4.2.12)

Let λ > 0 be arbitrary and write

E exp

{(∫ M

0

L̃p(t, x)dx

)1/p}
(4.2.13)

= E

[
exp

{(∫ M

0

L̃p(t, x)dx

)1/p}
1{ 1

t L̃(t,·)∈λK}

]

+ E

[
exp

{(∫ M

0

L̃p(t, x)dx

)1/p}
1{ 1

t L̃(t,·) 6∈λK}

]
.

For each g ∈ λK, by Hahn-Banach theorem (Corollary 2, p.108, Section
6, Chapter IV, [168]) and by the facts that Lq[0,M ] is the topological dual
space of Lp[0,M ] and that bounded and continuous functions are dense in
Lq[0,M ], there is a bounded and continuous function f such that

f(0) = f(M) and

∫ M

0

|f(x)|qdx = 1 (4.2.14)

and (∫ M

0

|g(x)|pdx
)1/p

< ǫ+

∫ M

0

f(x)g(x)dx.

By the finite cover theorem, there are bounded and continuous functions
f1, · · · , fm on [0,M ] satisfying (4.2.14) such that

(∫ M

0

|g(x)|pdx
)1/p

< ǫ+ max
1≤i≤m

∫ M

0

fi(x)g(x)dx ∀g ∈ λK.
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Consequently,

E

[
exp

{(∫ M

0

L̃p(t, x)dx

)1/p}
1{ 1

t L̃(t,·)∈λK}

]

≤ eǫt
m∑

i=1

E exp

{∫ M

0

fi(x)L̃(t, x)dx

}
.

By the first equation in (4.2.14), fi can be extended into a bounded, contin-
uous and periodic function (with period M) on R. By periodicity,

∫ M

0

fi(x)L̃(t, x)dx =
∑

k∈Z

∫ M

0

fi(x)L(t, kM + x)dx

=

∫ ∞

−∞
fi(x)L(t, x)dx =

∫ t

0

fi
(
W (s)

)
ds.

By Theorem 4.1.6, therefore,

lim
t→∞

1

t
log E exp

{∫ M

0

fi(x)L̃(t, x)dx

}

= sup
g∈F

{∫ ∞

−∞
fi(x)g

2(x)dx − 1

2

∫ ∞

−∞
|g′(x)|2dx

}
.

Using periodicity again,
∫ ∞

−∞
fi(x)g

2(x)dx =

∫ M

0

fi(x)
∑

k∈Z

g2(kM + x)dx

≤
(∫ M

0

(∑

k∈Z

g2(kM + x)
)p
dx

)1/p

where the last step follows from Hölder inequality. Summarizing our argu-
ment, we have

lim sup
t→∞

1

t
log E

[
exp

{(∫ M

0

L̃p(t, x)dx

)1/p}
1{ 1

t L̃(t,·)∈λK}

]

≤ ǫ+ sup
g∈F

{(∫ M

0

(∑

k∈Z

g2(kM + x)
)p
dx

)1/p

− 1

2

∫ ∞

−∞
|g′(x)|2dx

}
.

Letting ǫ→ 0+ on the right hand side gives

lim sup
t→∞

1

t
log E

[
exp

{(∫ M

0

L̃p(t, x)dx

)1/p}
1{ 1

t L̃(t,·)∈λK}

]
(4.2.15)

≤ sup
g∈F

{(∫ M

0

(∑

k∈Z

g2(kM + x)
)p
dx

)1/p

− 1

2

∫ ∞

−∞
|g′(x)|2dx

}
.
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We now return to (4.2.13). By Cauchy-Schwartz inequality,

E

[
exp

{(∫ M

0

L̃p(t, x)dx

)1/p}
1{ 1

t L̃(t,·) 6∈λK}

]

≤
[
E exp

{
2

(∫ M

0

L̃p(t, x)dx

)1/p}]1/2[
P

{1

t
L̃(t, ·) 6∈ λK

}]1/2
.

Observe that

P

{1

t
L̃(t, ·) 6∈ λK

}
≤ P

{
qK
(
(λt)−1L̃(t, ·)

)
≥ 1
}

= P

{
qK
(
L̃(t, ·)

)
≥ λt

}

where the second step follows from the positive homogeneity of the Minkowski
functional given in (1.1.8).

By (4.2.11) and Chebyshev inequality, therefore,

lim
λ→∞

lim sup
t→∞

1

t
log P

{1

t
L̃(t, ·) 6∈ λK

}
= −∞.

This, combined with (4.2.8), leads to

lim
λ→∞

lim sup
t→∞

1

t
log E

[
exp

{(∫ M

0

L̃p(t, x)dx

)1/p}
1{ 1

t L̃(t,·) 6∈λK}

]
= −∞.

By (4.2.13) and (4.2.15), therefore,

lim sup
t→∞

1

t
log E exp

{(∫ M

0

L̃p(t, x)dx

)1/p}

≤ sup
g∈F

{(∫ M

0

(∑

k∈Z

g2(kM + x)
)p
dx

)1/p

− 1

2

∫ ∞

−∞
|g′(x)|2dx

}
.

From (4.2.5) we have

lim sup
t→∞

1

t
log E exp

{(∫ ∞

−∞
Lp(t, x)dx

)1/p}

≤ sup
g∈F

{(∫ M

0

(∑

k∈Z

g2(kM + x)
)p
dx

)1/p

− 1

2

∫ ∞

−∞
|g′(x)|2dx

}
.

By Lemma 4.2.2 below, letting M → ∞ on the right hand side gives the
upper bound

lim sup
t→∞

1

t
log E exp

{(∫ ∞

−∞
Lp(t, x)dx

)1/p}
(4.2.16)

≤ sup
g∈F

{(∫ ∞

−∞
|g(x)|2pdx

)1/p

− 1

2

∫ ∞

−∞
|g′(x)|2dx

}
.
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Finally, (4.2.2) follows from (4.2.4) and (4.2.16).

Lemma 4.2.2

lim sup
M→∞

sup
g∈F

{(∫ M

0

(∑

k∈Z

g2(kM + x)
)p
dx

)1/p

− 1

2

∫ ∞

−∞
|g′(x)|2dx

}

≤ sup
g∈F

{(∫ ∞

−∞
|g(x)|2pdx

)1/p

− 1

2

∫ ∞

−∞
|g′(x)|2dx

}
.

Proof. Without loss of generality we may assume that the right hand side,
denoted by J , is finite. We only need to prove that given ǫ > 0, there is a
M > 0 such that for all g ∈ F ,

(∫ M

0

(∑

k∈Z

g2(kM + x)
)p
dx

)1/p

− 1

2

∫ ∞

−∞
|g′(x)|2dx (4.2.17)

≤ ǫ+
( 1

1 − ǫ

) p−1
p+1

J.

The hard part is that M > 0 has to be independent of g. We shall
determine the value of M later. Let

ḡ(x) =

(∑

k∈Z

g2(kM + x)

)1/2

.

Then ḡ is absolutely continuous with

∫ M

0

ḡ2(x)dx = 1 and |ḡ′(x)|2 ≤
∑

k∈Z

|g′(kM + x)|2 (4.2.18)

where the second fact follows from direct computation of ḡ′(x) and Cauchy-
Schwartz inequality.

Next we need to construct a function f ∈ F which is equal to ḡ on
[M1/2,M −M1/2] and is negligible outside this interval. Write E = [0,M ]∪
[M −M1/2,M ]. Similar to (3.2.13), there is a ∈ [0,M ] (possibly depends on
g) such that ∫

E

|ḡ(x+ a)|2dx ≤ 2M−1/2. (4.2.19)

We may assume that a = 0, for otherwise we replace ḡ(·) by ḡ(· + a).
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Define

C(x) =





xM−1/2 0 ≤ x ≤M1/2

1 M1/2 ≤ x ≤M −M1/2

M1/2 − xM−1/2 M −M1/2 ≤ x ≤M

0 otherwise.

It is straightforward to verify that for each x ∈ R,

0 ≤ C(x) ≤ 1, |C′(x)| ≤M−1/2,
∣∣(C2(x)

)′∣∣ ≤ 2M−1/2.

Define f ∈ F by

f(x) =

(∫ ∞

−∞
C2(y)ḡ2(y)dy

)−1/2

C(x)ḡ(x)

and set

α =

∫ ∞

−∞
C2(y)ḡ2(y)dy.

We have

|f ′(x)|2 =
1

α

{
C2(x)|ḡ′(x)|2 + |C′(x)|2ḡ2(x) +

1

2

(
C2(x)

)′(
ḡ2(x)

)′
}

=
1

α
1[0,M ](x)

{
|ḡ′(x)|2 +M−1ḡ2(x) +M−1/2

∣∣(ḡ2(x)
)′∣∣
}
.

In addition,

∫ M

0

∣∣(ḡ2(x)
)′∣∣dx = 2

∫ M

0

|ḡ(x)ḡ′(x)|dx

≤ 2

(∫ M

0

|ḡ(x)|2dx
)1/2(∫ M

0

|ḡ′(x)|2dx
)1/2

= 2

(∫ M

0

|ḡ′(x)|2dx
)1/2

.

Consequently,

∫ M

0

∣∣f ′(x)|2dx (4.2.20)

≤ 1

α

{
M−1 +

∫ M

0

|ḡ′(x)|2dx+ 2M−1/2

(∫ M

0

|ḡ′(x)|2dx
)1/2}

.
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On the other hand, notice that f = α−1/2ḡ on [−M,M ] \ E.

(∫ M

0

|ḡ(x)|2pdx
)1/p

≤
(
αp
∫ ∞

−∞
|f(x)|2pdx+

∫

E

|ḡ(x)|2pdx
)1/p

≤ α

(∫ ∞

−∞
|f(x)|2pdx

)1/p

+

(∫

E

|ḡ(x)|2pdx
)1/p

.

In view of (4.2.19),

(∫

E

|ḡ(x)|2pdx
)1/p

≤
(
(2M)−1/2

)1/p
sup

0≤x≤M
|ḡ(x)|2/q

(recall that q > 1 is the conjugate of p).

Observe that for any x ∈ [0,M ], if x+ 1 ∈ [0,M ]

|ḡ(x)| ≤
∫ x+1

x

|ḡ(y)|dy +

∫ x+1

x

(∫ y

x

|ḡ′(z)|dz
)
dy

≤
(∫ M

0

|ḡ(x)|2dx
)1/2

+

(∫ M

0

|ḡ′(x)|2dx
)1/2

= 1 +

(∫ M

0

|ḡ′(x)|2dx
)1/2

.

Notice that this inequality holds even x+1 6∈ [0,M ] in which case we integrate
on [x− 1, x] instead on [x, x + 1].

Consequently,

(∫ M

0

|ḡ(x)|2pdx
)1/p

≤ α

(∫ ∞

−∞
|f(x)|2pdx

)1/p

(4.2.21)

+
(
(2M)−1/2

)1/p
{

1 +

(∫ M

0

|ḡ′(x)|2dx
)1/2}2/q

.

Combining (4.2.20) and (4.2.21),

(∫

0

|ḡ(x)|2pdx
)1/p

− 1 − ǫ

2

∫ M

0

|ḡ′(x)|2dx

− 1√
M

(∫ M

0

|ḡ′(x)|2dx
)1/2

−
(
(2M)−1/2

)1/p
{

1 +

(∫ M

0

|ḡ′(x)|2dx
)1/2}2/q

≤ 1 − ǫ

2M
+ α

{(∫ ∞

−∞
|f(x)|2pdx

)1/p

− 1 − ǫ

2

∫ ∞

−∞
|f ′(x)|2dx

}

≤ 1 − ǫ

2M
+ α

( 1

1 − ǫ

) p−1
p+1

J
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where the last step follows partially from the substitution

f(x) =
( 1

1 − ǫ

) p
2(p+1)

h

(( 1

1 − ǫ

) p
(p+1)

x

)
.

Since q ≤ 2, there is a sufficiently large M = M(ǫ) such that

1√
M
x+

(
(2M)−1/2

)1/p
(1 + x)q ≤ ǫ

2
(1 + x2)

for all x ≥ 0. For such M ,

(∫

0

|ḡ(x)|2pdx
)1/p

− 1

2

∫ M

0

|ḡ′(x)|2dx

≤ ǫ

2
+

1 − ǫ

2M
+ α

( 1

1 − ǫ

) p−1
p+1

J.

We may take M ≥ ǫ−1. Notice that α ≤ 1. Finally, (4.2.17) follows from
the inequality in (4.2.18) which gives that

∫ M

0

|ḡ′(x)|2dx ≤
∫ ∞

−∞
|g′(x)|2dx.

In the case d ≥ 2, the local time L(t, x) no longer exists. We may introduce

L(t, x, ǫ) =

∫ t

0

pǫ
(
W (s) − x

)
ds

instead. With some slight modification on the proof of (4.2.2), we can prove
(the reader is also refereed to Theorem 3.1 of [24] for a detailed proof) the
following

Theorem 4.2.3 For each d ≥ 1, p > 1 and ǫ, θ > 0,

lim
t→∞

1

t
log E exp

{
θ

(∫

Rd

Lp(t, x, ǫ)dx

)1/p}

= sup
g∈Fd

{
θ

(∫

Rd

[
g(x, ǫ)

]2p
dx

)1/p

− 1

2

∫

Rd

|∇g(x)|2dx
}

where Fd is defined in (4.1.22) and

g(x, ǫ) =

{∫

Rd

pǫ(y)g
2(x− y)dx

}1/2

x ∈ Rd.
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4.3 Two dimensional case

Recall that in Section 2.4 we constructed the renormalized self-intersection
local time γ

(
[0, t]2<

)
(formally written in (2.4.1)) run by a 2-dimensional

Brownian motion W (t). The discussion naturally leads to the “renormalized”
polymer models

P̂λ(A) = Ĉ−1
λ E

(
exp

{
λγ
(
[0, 1]2<

)}
1{W (·)∈A}

)
A ⊂ C

{
[0, 1],R2

}
(4.3.1)

P̃λ(A) = C̃−1
λ E

(
exp

{
−λγ

(
[0, 1]2<

)}
1{W (·)∈A}

)
A ⊂ C

{
[0, 1],R2

}
(4.3.2)

where

Ĉλ = E exp
{
λγ
(
[0, 1]2<

)}
and C̃λ = E exp

{
− λγ

(
[0, 1]2<

)}

are normalizers.

In view of Theorem 2.4.2, C̃λ < ∞ for all λ > 0. In the term of physics,
it shows that there is no phase transition in the self-repelling polymer model
given in (4.3.2). On the other hand, we shall show that there is a λ0 > 0 such

that [123] that Ĉλ = ∞ for sufficiently large λ > 0. An important question
is to find the λ0 > 0 such that

E exp
{
λγ
(
[0, 1]2<

)}




<∞ λ < λ0

= ∞ λ > λ0.
(4.3.3)

In physics, the value λ0 is critical to the “melt-down” of a self-attracting
polymer. We shall identify λ0 in terms of Gagliardo-Nirenberg constant.

Theorem 4.3.1

lim
t→∞

1

t
log P

{
γ
(
[0, 1]2<

)
≥ t
}

= −κ(2, 2)−4.

Here we recall that κ(2, 2) > 0 is the best constant of the Gagliardo-Nirenberg
inequality

||f ||4 ≤ C
√
||∇f ||2

√
||f ||2 f ∈W 1,2(R2) (4.3.4)

where
W 1,2(R2) =

{
f ∈ L2(R2); ∇f ∈ L2(Rd)

}
.
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Proof. Let 0 ≤ λ0 ≤ ∞ be defined by (4.3.3). Then

lim sup
t→∞

1

t
log P

{
γ
(
[0, 1]2<

)
≥ t
}

= −λ0.

By Theorem 2.4.2 λ0 > 0. To establish the upper bound, we need to show
that λ0 ≥ κ(2, 2)−4. For this purpose we may assume that λ0 <∞.

Consider the decomposition

γ
(
[0, 1]2<

)
= γ

(
[0, 1/2]2<

)
+ γ
(
[1/2, 1]2<

)
+ γ
(
[0, 1/2] × [1/2, 1]

)
.

It gives that for each ǫ > 0,

−λ0 ≤ max

{
lim sup
t→∞

1

t
log P

{
γ
(
[0, 1/2]2<

)
+ γ
(
[1/2, 1]2<

)
≥ 1 + ǫ

2
t
}
,

lim sup
t→∞

1

t
log P

{
γ
(
[0, 1/2]× [1/2, 1]

)
≥ 1 − ǫ

2
t
}}

.

By Proposition 2.3.4,

γ
(
[0, 1/2] × [1/2, 1]

) d
=

1

2

{
α
(
[0, 1]2

)
− Eα

(
[0, 1]2

)}
.

Taking d = p = 2 in (3.3.4),

lim
t→∞

1

t
log P

{
α
(
[0, 1]2

)
≥ t
}

= −κ(2, 2)−4.

Consequently,

lim
t→∞

1

t
log P

{
γ
(
[0, 1/2]× [1/2, 1]

)
≥ 1 − ǫ

2
t
}

= −(1 − ǫ)κ(2, 2)−4.

Observe that γ
(
[0, 1/2]2<

)
and γ

(
[1/2, 1]2<

)
are independent and have the

same law as (1/2)γ
(
[0, 1]2<

)
Thus,

E exp
{
λ
(
γ
(
[0, 1/2]2<

)
+ γ
(
[1/2, 1]2<

))}
=

[
E exp

{λ
2
γ
(
[0, 1]2

)}]2
<∞

for every λ < 2λ0. Hence,

lim sup
t→∞

1

t
log P

{
γ
(
[0, 1/2]2<

)
+ γ
(
[1/2, 1]2<

)
≥ 1 + ǫ

2
t
}
≤ −(1 + ǫ)λ0.

Summarizing our argument,

−λ0 ≤ max
{
− (1 + ǫ)λ0, −(1 − ǫ)κ(2, 2)−4

}
.
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By the fact that λ0 > 0, we must have λ0 ≥ (1− ǫ)κ(2, 2)−4. Letting ǫ→ 0+

we have proved the upper bound

lim sup
t→∞

1

t
log P

{
γ
(
[0, 1]2<

)
≥ t
}
≤ −κ(2, 2)−4. (4.3.5)

To establish the lower bound, recall that

L(t, x, ǫ) =

∫ t

0

pǫ
(
W (s) − x

)
ds

and notice that
∫

R2

L2(t, x, ǫ)dx = 2

∫ ∫

{0≤r<s≤t}
p2ǫ

(
W (r) −W (t)

)
drds.

By Theorem 4.2.6 (with p = 2) for any θ > 0,

lim
t→∞

1

t
log E exp

{
θ

(∫ ∫

{0≤r<s≤t}
p2ǫ

(
W (r) −W (t)

)
drds

)1/2}

= sup
g∈F2

{
θ√
2

(∫

R2

g4(x, ǫ)dx

)1/2

− 1

2

∫

Rd

|∇g(x)|2dx
}
.

Let t = n be positive integer and write

∫ ∫

{0≤r<s≤n}
p2ǫ

(
W (r) −W (t)

)
drds (4.3.6)

=

n−1∑

k=1

βǫ
(
[0, k]× [k, k + 1]

)
+

n∑

k=1

βǫ
(
[k − 1, k]2<

)
.

Here we recall that

βǫ(A) =

∫

A

p2ǫ

(
W (r) −W (s)

)
drds,

β(A) =

∫

A

δ0
(
W (r) −W (s)

)
drds

are the random measures discussed in Section 2.3 (with p = d = 2). By
Theorem 2.3.2 and a treatment similar to the one used in Proposition 2.3.4
we conclude that for any fixed n,

n−1∑

k=1

βǫ
(
[0, k] × [k, k + 1]

) ǫ→0+

−→
n−1∑

k=1

β
(
[0, k] × [k, k + 1]

)
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in Lm(Ω,A,P) for all m > 0.

Notice that the second term on the right hand side of (4.3.6) is bounded
by Cǫn for some constant Cǫ > 0. So we have

lim
n→∞

1

n
log E exp

{
θ

( n−1∑

k=1

βǫ
(
[0, k] × [k, k + 1]

))1/2}

= sup
g∈F2

{
θ√
2

(∫

R2

g4(x, ǫ)dx

)1/2

− 1

2

∫

Rd

|∇g(x)|2dx
}
.

By Lemma 1.2.5, this leads to

lim
n→∞

1

n
log

∞∑

m=0

θm

m!

{
E

[ n−1∑

k=1

βǫ
(
[0, k] × [k, k + 1]

)]m}1/2

(4.3.7)

=
1

2
sup
g∈F2

{√
2θ

(∫

R2

g4(x, ǫ)dx

)1/2

− 1

2

∫

Rd

|∇g(x)|2dx
}
.

We now claim that for any ǫ > 0, integers m,n ≥ 1,

E

[ n−1∑

k=1

βǫ
(
[0, k]× [k, k + 1]

)]m
≤ E

[ n−1∑

k=1

β
(
[0, k] × [k, k + 1]

)]m
. (4.3.8)

Indeed, write

D =

n−1⋃

k=1

[0, k] × [k, k + 1].

By Fourier inversion (Theorem B.1, Appendix),

p2ǫ(x) = (2π)−2

∫

R2

e−iλ·x exp
{
− ǫ|λ|2

}
dλ.

Thus,

n−1∑

k=1

βǫ
(
[0, k] × [k, k + 1]

)
=

∫

D

drdsp2ǫ

(
W (r) −W (s)

)
drds

=

∫

R2

dλ exp
{
− ǫ|λ|2

} ∫

D

drds exp
{
− iλ ·

(
W (r) −W (s)

)}
.
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Consequently,

E

[ n−1∑

k=1

βǫ
(
[0, k] × [k, k + 1]

)]m

=

∫

(R2)m

dλ1 · · ·dλm exp
{
− ǫ

m∑

k=1

|λk|2
}

×
∫

Dm

dr1ds1 · · ·drmdsm exp
{
− 1

2
Var

( m∑

k=1

λk ·
(
W (rk) −W (sk)

))}
.

Therefore, for any 0 < ǫ′ < ǫ,

E

[ n−1∑

k=1

βǫ
(
[0, k]× [k, k + 1]

)]m
≤ E

[ n−1∑

k=1

βǫ′
(
[0, k] × [k, k + 1]

)]m

which leads to (4.3.8) by letting ǫ′ → 0.

By (4.3.7) and (4.3.8),

lim inf
n→∞

1

n
log

∞∑

m=0

θm

m!

{
E

[ n−1∑

k=1

β
(
[0, k]× [k, k + 1]

)]m}1/2

≥ 1

2
sup
g∈F2

{√
2θ

(∫

R2

g4(x, ǫ)dx

)1/2

− 1

2

∫

Rd

|∇g(x)|2dx
}
.

When ǫ→ 0+, the right hand side converges to

1

2
sup
g∈F2

{√
2θ

(∫

R2

|g(x)|4dx
)1/2

− 1

2

∫

Rd

|∇g(x)|2dx
}

=
1

2
θ2κ(2, 2)4

where the equality follows from Theorem C.1, Appendix (with d = p = 2).
Thus,

lim inf
n→∞

1

n
log

∞∑

m=0

θm

m!

{
E

[ n−1∑

k=1

β
(
[0, k] × [k, k + 1]

)]m}1/2

(4.3.9)

≥ 1

2
θ2κ(2, 2)4 (θ > 0).

Notice that (4.3.9) along is not enough for the lower bound of the large
deviation. In the following effort, we strengthen (4.3.9) into an equality.

By scaling property, (4.3.5) can be rewritten as

lim sup
n→∞

1

n
log P

{
γ
(
[0, n]2<

)
≥ λn2

}
≤ −λκ(2, 2)−4 (λ > 0).
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Similar to the decomposition (4.3.6),

γ
(
[0, n]2<

)
=

n−1∑

k=1

β
(
[0, k] × [k, k + 1]

)
−
n−1∑

k=1

Eβ
(
[0, k]× [k, k + 1]

)
(4.3.10)

+

n∑

k=1

γ
(
[k − 1, k]2<

)
.

Notice that

n−1∑

k=1

Eβ
(
[0, k] × [k, k + 1]

)
=

1

2π

n−1∑

k=1

∫ k

0

∫ k+1

k

1

s− r
dsdr (4.3.11)

=
1

2π

n−1∑

k=1

{
log(k + 1) − log k

}
=

1

2π
n logn.

The random variables γ
(
[0, n]2<

)
(k = 1, 2 · · · ) forms an i.i.d. exponen-

tially integrable sequence. By a standard application of Chebyshev inequal-
ity,

lim
n→∞

1

n
log P

{∣∣∣
n∑

k=1

γ
(
[k − 1, k]2<

)∣∣∣ ≥ ǫn2
}

= −∞. (4.3.12)

Summarizing our argument,

lim sup
n→∞

1

n
log P

{ n−1∑

k=1

β
(
[0, k] × [k, k + 1]

)
≥ λn2

}
≤ −λκ(2, 2)−4.

By Lemma 1.2.8 (part (2)) and Lemma 1.2.9, this leads to

lim sup
n→∞

1

n
log

∞∑

m=0

θm

m!

{
E

[ n−1∑

k=1

β
(
[0, k] × [k, k + 1]

)]m}1/2

≤ sup
λ>0

{
θλ1/2 − 1

2
λκ(2, 2)−4

}
=

1

2
θ2κ(2, 2)4.

Combining this with (4.3.9) gives

lim
n→∞

1

n
log

∞∑

m=0

θm

m!

{
E

[ n−1∑

k=1

β
(
[0, k] × [k, k + 1]

)]m}1/2

=
1

2
θ2κ(2, 2)4.

By Theorem 1.2.6,

lim
n→∞

1

n
log P

{ n−1∑

k=1

β
(
[0, k] × [k, k + 1]

)
≥ λn2

}
= −λκ(2, 2)−4.
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We bring this back to the decomposition (4.3.10). By (4.3.11) and (4.3.12),

lim
n→∞

1

n
log P

{
γ
(
[0, n]2<

)
≥ λn2

}
= −λκ(2, 2)−4

which ends the proof.

By comparing Theorem 4.3.1 with (3.3.4) (with d = p = 2), one can see
that the intersection local time α

(
[0, 1/2]2

)
obeys the same large deviation

principle as γ
(
[0, 1]2<

)
. This observation is crucial in our proof the upper

bound part of Theorem 4.3.1, since α
(
[0, 1/2]2

) d
= 2−1α

(
[0, 1]2

)
so the tail

of α
(
[0, 1/2]2

)
is given by Theorem 3.3.2. We try to turn our mathematical

argument into the following intuitive explanation:

Cut the Brownian path
{(
t,W (t)

)
; 0 ≤ t ≤ 1

}
into two paths at the

middle point
(
1/2,W (1/2)

)
and shift the whole system so the cutting point(

1/2,W (1/2)
)

becomes the origin after shifting. If we reverse the direction of
the path before the time t = 1/2, then the resulted two paths are trajectories
of two independent Brownian motions running up to time 1/2.

The total self-intersection of the original path
{(
t,W (t)

)
; 0 ≤ t ≤ 1

}
is

the sum of intersection within each sub-path and the intersection between two
sub-paths. When d = 2, the first type intersection out-numbers the second
type intersection (that is the main reason why β

(
[0, 1]2<

)
= ∞ (Proposition

2.3.6). The renormalization subdues the short range intersection so that
these two intersections are comparable. By chance, the ratio is 1 to 1 here in
the sense of large deviations. That is to say, about half of γ

(
[0, 1]p

)
is made

of a random quantity distributed as α
(
[0, 1/2]2

)
. As for another half, it is

equal to the sum of the (renormalized) self-intersection local times of two
independent paths and each of them can be analyzed in the way proposed
above.

The proportion between these two types of intersection varies in different
settings. From later development, we shall see that finding this proportion
is an important part of establishing the large deviations related to self inter-
sections.

The following theorem shows a completely different tail asymptotic be-
havior.

Theorem 4.3.2 There is a constant 0 < L <∞ such that for any θ > 0

lim
t→∞

t−2πθ log P

{
− γ
(
[0, 1]2<

)
≥ θ log t

}
= −L.
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Proof. One needs only to prove Theorem 4.3.2 in the case θ = (2π)−1. That
is,

lim
t→∞

1

t
log P

{
− γ
(
[0, 1]2<

)
≥ (2π)−1 log t

}
= −L. (4.3.13)

for some 0 < L <∞. Indeed, the general statement will follows from (4.3.2)
if we substitute t by t2πθ.

Recall ((2.4.10)) that

Zt = − 1

2π
t log t− γ

(
[0, t]2<

)
t ≥ 0.

By (2.4.11), for any s, t > 0,

E exp
{
2πZs+t

}
≤ E exp

{
2πZs

}
E exp

{
2πZt

}

or,

(s+ t)−(s+t)E exp
{
− 2πγ

(
[0, s+ t]2<

)}

≤
(
s−sE exp

{
− 2πγ

(
[0, s]2<

)})(
t−tE exp

{
− 2πγ

(
[0, t]2<

)})
.

By Lemma 1.3.1, the limit

lim
t→∞

1

t
log

(
t−tE exp

{
− 2πγ

(
[0, t]2<

)})
= A (4.3.14)

exists with A < ∞. By Lemma 4.3.3 below, A > −∞. Let t = n be integer.
By Stirling formula and by scaling,

lim
n→∞

1

n
log

1

n!
E exp

{
− 2πnγ

(
[0, 1]2<

)}
= A+ 1.

Finally, applying Theorem 1.2.7 to the non-negative random variable

Y = exp
{
− 2πγ

(
[0, 1]2<

)}

leads to (4.3.13) with

L = exp{−1 −A}. (4.3.15)

We ends this section by establishing the following lemma.
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Lemma 4.3.3

lim inf
n→∞

1

n
log

(
n−nE exp

{
− 2πγ

(
[0, n]2<

)})
> −∞.

Proof. By (4.3.10) and (4.3.11)

n−nE exp
{
− 2πγ

(
[0, n]2<

)}

= exp

{
− 2π

n∑

k=1

γ
(
[k − 1, k]2<

)
− 2π

n−1∑

k=1

β
(
[0, k] × [k, k + 1]

)}

≥ e−2πMnE exp

{
− 2π

n−1∑

k=1

β
(
[0, k] × [k, k + 1]

)}

− e−2πMnP

{ n∑

k=1

γ
(
[k − 1, k]2<

)
≥Mn

}
.

By Chebyshev inequality, for any 0 < λ < κ(2, 2)−4,

P

{ n∑

k=1

γ
(
[k − 1, k]2<

)
≥Mn

}
≤ e−nλM

(
E exp

{
λγ
(
[0, 1]2<

)})n

and the right hand side can be exponentially small to any requested level by
choosing sufficiently large M . To establish A > −∞, therefore, we need only
to establish the lower bound

E exp

{
− 2π

n−1∑

k=1

β
(
[0, k] × [k, k + 1]

)}
≥ cn1 (4.3.16)

for some constant c1 > 0 and sufficiently large n.

Let the 1-dimensional Brownian motion Wo(t) be the first component of
W (t) and write

Dn =
{

sup
0≤s≤n

|Wo(s) − s| ≤ δ
}

where 0 < δ < 1/2 is fixed. Notice that on Dn,

n−1∑

k=1

β
(
[0, k] × [k, k + 1]

)
=

n−1∑

k=1

β
(
[k − 1, k] × [k, k + 1]

)
.
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Consequently,

E exp

{
− 2π

n−1∑

k=1

β
(
[0, k]× [k, k + 1]

)}
(4.3.17)

≥ E

[
exp

{
− 2π

n−1∑

k=1

β
(
[k − 1, k] × [k, k + 1]

)}
1Dn

]

≥ e−2πMn

{
P(Dn) − P

{ n−1∑

k=1

β
(
[k − 1, k] × [k, k + 1]

)
≥Mn

}}
.

Write
n−1∑

k=1

β
(
[k − 1, k] × [k, k + 1]

)

=
∑

k

β
(
[2(k − 1), 2k − 1] × [2k − 1, 2k]

)

+
∑

k

β
(
[2k − 1, 2k]× [2k, 2k + 1]

)
.

By triangular inequality,

P

{ n−1∑

k=1

β
(
[k − 1, k] × [k, k + 1]

)
≥Mn

}

≤ P

{∑

k

β
(
[2(k − 1), 2k − 1] × [2k − 1, 2k]

)
≥ 2−1Mn

}

+ P

{∑

k

β
(
[2k − 1, 2k]× [2k, 2k + 1]

)
) ≥ 2−1Mn

}
.

By the fact that the sequence

β
(
[2(k − 1), 2k − 1] × [2k − 1, 2k]

)
k = 1, · · ·

is i.i.d. with common distribution same as α([0, 1]2),

P

{∑

k

β
(
[2(k − 1), 2k − 1] × [2k − 1, 2k]

)
≥ 2−1Mn

}

≤ e−2−1nλM

(
E exp

{
λα
(
[0, 1]2

)})n

where λ > 0 is chosen in order that

E exp
{
λα
(
[0, 1]2

)}
<∞.
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Similarly,

P

{∑

k

β
(
[2k − 1, 2k] × [2k, 2k + 1]

)
) ≥ 2−1Mn

}

≤ e−2−1nλM

(
E exp

{
λα
(
[0, 1]2

)})n
.

Thus, by triangular inequality

P

{ n−1∑

k=1

β
(
[k − 1, k] × [k, k + 1]

)
≥Mn

}

≤ 2e−2−1nλM

(
E exp

{
λα
(
[0, 1]2

)})n
.

On the other hand,

Dn =
{

sup
0≤s≤n−1

|Wo(s) − s| ≤ δ
}

∩
{

sup
0≤s≤1

∣∣(Wo(n− 1 + s) −Wo(n− 1)
)
− s+

(
Wo(n− 1) − (n− 1)

)∣∣ ≤ δ
}
.

By independence of increments,

P(Dn) ≥ P(Dn−1) inf
|x|≤δ

Px

{
sup

0≤s≤1

∣∣Wo(s) − s| ≤ δ
}
.

Repeating our argument,

P(Dn) ≥
(

inf
|x|≤δ

Px

{
sup

0≤s≤1

∣∣Wo(s) − s| ≤ δ
})n

= cn2 ,

where

c2 ≡ inf
|x|≤δ

Px

{
sup

0≤s≤1

∣∣Wo(s) − s| ≤ δ
}
> 0.

Thus, one can take M > 0 sufficiently large so that

P

{ n−1∑

k=1

β
(
[k − 1, k] × [k, k + 1]

)
≥Mn

}
≤ 1

2
P(Dn).

Hence, (4.3.16) follows from (4.3.17).
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4.4 Applications to LIL

In this section we apply the large deviations established in Section 4.2 and
Section 4.3 to the laws of the iterated logarithm for self-intersection local
times.

Theorem 4.4.1 Let L(t, x) be the local time of an 1-dimensional Brownian
motion. For any p > 1,

lim sup
t→∞

t−
p+1
2 (log log t)−

p−1
2

∫ ∞

−∞
Lp(t, x)dx

= 2
p+1
2 (p− 1)

p−1
2 (p+ 1)

p−3
2 B

( 1

p− 1
,
1

2

)−(p−1)

a.s.

Proof. By the scaling (4.2.1), Theorem 4.2.1 can be rewritten as

lim
t→∞

1

log log t
log P

{∫ ∞

−∞
Lp(t, x)dx ≥ λt

p+1
2 (log log t)

p−1
2

}

= −λ 2
p−1

1

4(p− 1)

(p+ 1

2

) 3−p
p−1

B
( 1

p− 1
,
1

2

)
.

Notice that

λ0 ≡ 2
p+1
2 (p− 1)

p−1
2 (p+ 1)

p−3
2 B

( 1

p− 1
,
1

2

)−(p−1)

solves the equation

λ
2

p−1
1

4(p− 1)

(p+ 1

2

) 3−p
p−1

B
( 1

p− 1
,
1

2

)
= 1.

A standard approach similar to the one used for (3.3.10) gives the upper
bound

lim sup
t→∞

t−
p+1
2 (log log t)−

p−1
2

∫ ∞

−∞
Lp(t, x)dx ≤ λ0 a.s.

To establish the lower bound, write tk = kk (k = 1, 2 · · · ) and let λ′ < λ0

be arbitrary. We have

∞∑

k=1

P

{∫ ∞

−∞

[
L(tk+1, x) − L(tk, x)

]p
dx ≥ λ′t

p+1
2

k+1(log log tk+1)
p−1
2

}

=

∞∑

k=1

P

{∫ ∞

−∞
Lp(tk+1 − tk, x)dx ≥ λ′t

p+1
2

k+1(log log tk+1)
p−1
2

}
= ∞.
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Notice that
∫ ∞

−∞

[
L(tk+1, x) − L(tk, x)

]p
dx k = 1, 2, · · ·

is an independent sequence. By Borel-Cantelli lemma

lim sup
k→∞

t
− p+1

2

k+1 (log log tk+1)
− p−1

2

∫ ∞

−∞

[
L(tk+1, x) − L(tk, x)

]p
dx ≥ λ′ a.s.

which leads to

lim sup
t→∞

t−
p+1
2 (log log t)−

p−1
2

∫ ∞

−∞
Lp(t, x)dx ≥ λ′ a.s.

Letting λ′ → λ−0 on the right hand side gives the lower bound.

Theorem 4.4.2 Let γ
(
[0, t]2<

)
be the renormalized self-intersection local time

of a planar Brownian motion W (t).

lim sup
t→∞

1

t log log t
γ
(
[0, t]2<

)
= κ(2, 2)4 a.s. (4.4.1)

lim inf
t→∞

1

t log log log t
γ
(
[0, t]2<

)
= − 1

2π
a.s. (4.4.2)

Proof. Let θ > 0 be fixed but arbitrary and write tn = θn. By Theorem
4.3.1 and Borel-Cantelli lemma,

lim sup
n→∞

1

tn log log tn
γ
(
[0, tn]

2
<

)
≤ κ(2, 2)4 a.s. (4.4.3)

Given ǫ > 0,

P

{
sup

tn−1≤t≤tn

∣∣γ
(
[0, t]2<

)
− γ
(
[0, tn−1]

2
<

)∣∣ ≥ ǫtn log log tn

}

≤ P

{
sup

|t−s|≤(θ−1)tn
s,t∈[0,tn]

∣∣γ
(
[0, t]2<

)
− γ
(
[0, s]2<

)∣∣ ≥ ǫtn log log tn

}

= P

{
sup

|t−s|≤(θ−1)
s,t∈[0,1]

∣∣γ
(
[0, t]2<

)
− γ
(
[0, s]2<

)∣∣ ≥ ǫ log log tn

}
.

where the last step follows from scaling. By (2.4.12), therefore, one can have

∑

n

P

{
sup

tn−1≤t≤tn

∣∣γ
(
[0, t]2<

)
− γ
(
[0, tn−1]

2
<

)∣∣ ≥ ǫtn log log tn

}
<∞
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by making θ close to 1 enough. By Borel-Cantelli lemma,

lim sup
n→∞

1

tn log log tn
sup

tn−1≤t≤tn

∣∣γ
(
[0, t]2<

)
− γ
(
[0, tn−1]

2
<

)∣∣ ≤ ǫ a.s.

Combining this with (4.4.3) we establish the upper bound

lim sup
t→∞

1

t log log t
γ
(
[0, t]2<

)
≤ κ(2, 2)4 a.s. (4.4.4)

Write Kn = [log log tn] and sn = tn/Kn. For (l − 1)sn ≤ t ≤ lsn

−γ
(
[0, t]2<

)
≤ −

l−1∑

k=1

γ
(
[(k − 1)sn, ksn]

2
<

)
− γ
(
[(l − 1)sn, s]

2
<

)

+

Kn−1∑

k=1

Eβ
(
[0, (k − 1)sn] × [ksn, (k + 1)sn]

)

≤
Kn∑

k=1

sup
(k−1)sn≤s≤ksn

{
− γ
(
[(k − 1)sn, s]

2
<

)}

+

Kn−1∑

k=1

Eβ
(
[0, (k − 1)sn] × [ksn, (k + 1)sn]

)
.

The second term on the right hand side is equal to

1

2π

Kn−1∑

k=1

{
(k + 1)sn log

(
(k + 1)sn

)
− ksn log(ksn) − sn log sn

}

=
1

2π
Knsn logKn ≤ 1

2π
tn log log tn.

Thus, for any ǫ > 0,

P

{
sup
t≤tn

{
− γ
(
[0, t]2<

)}
≥ (1 + ǫ)tn log log log tn

}

≤ P

{ Kn∑

k=1

sup
(k−1)sn≤s≤ksn

{
− γ
(
[(k − 1)sn, s]

2
<

)}
≥ ǫtn log log log tn

}
.

The random sequence

sup
(k−1)sn≤s≤ksn

{
− γ
(
[(k − 1)sn, s]

2
<

)}
k = 1, 2, · · ·

is an i.i.d. with the common distribution same as

sn sup
0≤s≤1

{
− γ
(
[0, s]2<

)}
.
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By Chebyshev inequality, therefore,

P

{
sup
t≤tn

{
− γ
(
[0, t]2<

)}
≥ (1 + ǫ)tn log log log tn

}

≤ exp
{
− λǫKn logKn

}(
E exp

{
λ sup

0≤s≤1

{
− γ
(
[0, s]2<

)}})Kn

where, by (2.4.13), we can take λ > 0 small enough so

E exp

{
λ sup

0≤s≤1

{
− γ
(
[0, s]2<

)}}
<∞.

Therefore,

∑

n

P

{
sup
t≤tn

{
− γ
(
[0, t]2<

)}
≥ (1 + ǫ)tn log log log tn

}
<∞.

A standard procedure via Borel-Cantelli lemma gives the upper bound

lim sup
t→∞

1

t log log log t

(
− γ
(
[0, t]2<

))
≤ 1

2π
a.s. (4.4.5)

We now work on the lower bound. Recall that tn = θn. This time θ > 1
stands for a large number. For any λ1 < (2π)4. By Theorem 4.3.1 an by
scaling ∑

n

P

{
γ
(
[tn−1, tn]

2
<

)
≥ λ1tn log log tn

}

=
∑

n

P

{
γ
(
[0, 1]2<

)
≥ λ1

tn
tn − tn−1

log log tn

}
= ∞

for sufficiently large θ. Notice that

γ
(
[tn−1, tn]

2
<

)
n = 1, 2, · · ·

is an independent sequence. By Borel Cantelli lemma

lim sup
n→∞

1

tn log log tn
γ
(
[tn−1, tn]

2
<

)
≥ λ1 a.s. (4.4.6)

In addition,

γ
(
[0, tn]

2
<

)
= γ

(
[0, tn−1]

2
<

)
+ γ
(
[tn−1, tn]

2
<

)

+ β
(
[0, tn−1] × [tn−1, tn]

)
− Eβ

(
[0, tn−1] × [tn−1, tn]

)

≥ γ
(
[0, tn−1]

2
<

)
+ γ
(
[tn−1, tn]

2
<

)
+ Eβ

(
[0, tn−1] × [tn−1, tn]

)
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and the last term on the right hand side is equal to

1

2π

{
tn log tn − tn−1 log tn−1 − (tn − tn−1) log(tn − tn−1)

}
= O(tn).

By (4.4.5),

lim inf
n→∞

1

n log logn
γ
(
[0, tn−1]

2
<

)
= 0 a.s.

Hence, it follows from (4.4.6) that

lim sup
t→∞

1

t log log t
γ
(
[0, t]2<

)
≥ κ(2, 2)4 a.s. (4.4.7)

Write un = exp{n2} (n = 1, 2, · · · ). By Theorem 4.3.2, for any λ2 <
(2π)−1,

∑

n

P

{
− γ
(
[un−1, un]

2
<

)
≥ λ2un log log log un

}

=
∑

n

P

{
− γ
(
[0, 1]2<

)
≥ λ2

un
un − un−1

log log log un

}
= ∞.

By Borel-Cantelli lemma,

lim sup
n→∞

1

un log log log un

(
− γ
(
[un−1, un]

2
<

))
≥ 1

2π
a.s. (4.4.8)

Notice that

−γ
(
[0, un]

2
<

)
≥ −γ

(
[0, un−1]

2
<

)
− β

(
[0, un−1] × [un−1, un]

)
− γ
(
[un−1, un]

2
<

)
.

To control the first two terms on the right hand side, we use the fact that
as n→ ∞

un log log log un ≫ √
unun−1 log log un ≫ un−1 log log un−1.

Indeed, by (4.4.4) and (4.4.5),

lim
n→∞

1

un log log log un
γ
(
[0, un−1]

2
<

)
= 0 a.s.

According to Proposition 2.3.4,

β
(
[0, un−1] × [un−1, un]

) d
= α

(
[0, un−1] × [0, un − un−1]

)
.
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For any integer m ≥ 1, by (2.2.11),

E

[
β
(
[0, un−1] × [un−1, un]

)m]

≤
{

E

[
α
(
[0, un−1]

2
)m]}1/2{

E

[
α
(
[0, un − un−1]

2
)m]}1/2

=
(
un−1(un − un−1)

)m/2
E

[
α
(
[0, 1]2

)m]
.

By Theorem 2.2.9 (with d = p = 2), therefore, there is a c > 0 such that

sup
n

E exp
{
c(un−1un)

−1/2β
(
[0, un−1] × [un−1, un]

)}
<∞.

By a standard way of using Chebyshev inequality one can see that for any
ǫ > 0,

∑

n

P

{
β
(
[0, un−1] × [un−1, un]

)
≥ ǫun log log log un

}
<∞.

By Borel-Cantelli lemma

lim
n→∞

1

un log log log un
β
(
[0, un−1] × [un−1, un]

)
= 0 a.s.

Therefore, it follows from (4.4.8) that

lim sup
t→∞

1

t log log log t

(
− γ
(
[0, t]2<

))
≥ 1

2π
a.s. (4.4.9)

Finally, Theorem 4.4.2 follows from (4.4.4), (4.4.5), (4.4.7) and (4.4.9).

4.5 Notes and comments

Section 4.1

The Feynman-Kac formula goes back to Kac [98]. It has become a popular
tool in the study on Markov processes and exists in literature in several
different forms. We refer to the books by Fukushima ([77]), Rogers and
Williams ([136], [137]), Sznitman (Chapter 1, [150]) for Feynman-Kac formula
in the general context. Essentially, the well-known Donsker-Varadhan large
deviations ([53], [55], [58]) for empirical measures of Markov processes are
closely related to Feynman-Kac formula. Some idea in the proof of Theorem
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4.1.6 comes from Remillard [132]. We also mention the book by Pinsky [131]
for the applications of Feynman-Kac formula to the logarithmic moment
generating functions of the occupation times of the diffusion processes.

Section 4.2

Theorem 4.2.1 is philosophically linked to the famous Donsker-Varadhan’s
large deviations for the empirical measure

Lt(A) =
1

t

∫ t

0

1{W (s)∈A}ds A ∈ B(R)

Viewing Lt(·) as a stochastic process taking values in P(R), the space of the
probability measures on R equipped with the topology of weak convergence,
Donsker and Varadhan ([52]) establish a weak version of the large deviation
principle claiming

lim
t→∞

1

t
log P

{
Lt(·) ∈ U

}
= − inf

µ∈U
I(µ)

for a class of U ⊂ P(R), where the rate function

I(µ) =
1

8

∫ ∞

−∞

|f ′(x)|2
f(x)

dx

for absolute continuous probability measure µ with the density f .

Define the function Ψ on (a subset of) P(R) by

Ψ(µ) =

(∫ ∞

−∞
fp(x)dx

)1/p

Varadhan’s integral lemma (a functional version of Theorem 1.1.6, see The-
orem 4.3.1 in [44] for full detail) morally supports (4.2.2) in the following
way

lim
t→∞

1

t
log E exp

{(∫ ∞

−∞
Lp(t, x)dx

)1/p}

= lim
t→∞

1

t
log E exp

{
tΨ
(
Lt)
)}

= sup
µ∈P(Rd)

{
Ψ(µ) − I(µ)

}

= sup
f

{(∫ ∞

−∞
fp(x)dx

)1/p

− 1

8

∫ ∞

−∞

|f ′(x)|2
f(x)

dx

}

where the supremum on the left-hand side is taking for the probability density
functions f on R. Hence, it comes to (4.2.2) under the substitution f(x) =
g2(x).
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To make above heuristics into a mathematical argument, one has to over-
come two major obstacles: the singularity of the function Ψ(µ) and the
absence of the full large deviation for Lt. Theorem 4.2.1 in the special case
p = 2 was first obtained Mansmann [127] in this approach. To make it work,
some very delicate approximation is adopted.

Prior to Mansmann’s work, Donsker and Varadhan ([52], [53], [54], [55],
[56] [57], [58]) had investigated the large deviations for their powerful results
to a variety of the models appear to be the functionals of the empirical
measure Lt . In addition, see Bolthausen ([15]), ven den Berg, Bolthausen
and den Hollander ([10], [11]) for the application of this approach to some
models related to the topics of this book.

By excursion theory, Csáki, König and Shi ([39]) established the large
deviations for self-intersection local times of Brownian bridges that take a
form exactly same as Theorem 4.2.1. The result given in Theorem 4.2.1 was
obtained by Chen and Li [21] in a more general form and the argument used
here essentially comes from that paper.

The following exercise proposes an alternative approach (given in [21] and
[24]) of establishing Theorem 3.3.2. We focus on the case d = 1 for simplicity.

Exercise 1. The crucial fact in this method is the inequality

(∫ ∞

−∞

p∏

j=1

fj(x)dx

)1/p

≤ 1

p

p∑

j=1

(∫ ∞

−∞
fpj (x)dx

)1/p

where f1, · · · , fp ∈ Lp(R) are non-negative functions.

(1). Recall that

α
(
[0, t]p

)
=

∫ ∞

−∞

p∏

j=1

Lj(t, x)dx

as d = 1. Based on the above inequality and (4.2.2), establish a upper bound
for the limit

lim sup
t→∞

1

t
log E exp

{(
α
(
[0, t]p

))1/p}

where θ > 0. Transform it into a upper bound for

lim sup
t→∞

1

t
log

∞∑

m=0

θm

m!

{
Eαm

(
[0, t]p

)}1/p

(2). Establish a lower bound for

lim inf
t→∞

1

t
log

∞∑

m=0

θm

m!

{
Eαm

(
[0, t]p

)}1/p
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Remember, you are not allowed to use the lower bound established in Chapter
3.

Hint: Use Jensen inequality and Theorem 4.1.6.

(3). Combine above results to establish the large deviation for α
(
[0, 1]p

)
.

Duplantier-1

Section 4.3

Duplantier ([62]) points out that in quantum field theory, “Families of uni-
versal critical exponents are associated with intersection properties of sets of
random walks”. The large deviation in Theorem 4.3.1 and the related ex-
ponential integrability problem in (4.3.3) correspond to the continuum limit
of the physical model known as Edwards model. We refer the reader to the
papers by Westwater ([158], [159], [160]) and by Duplanier ([61], ([62])) for
details. The result stated in Theorem 4.3.1 comes from the paper by Bass
and Chen ([4]). Prior to [4], the critical exponential integrability given in
(4.3.3) was studied by Yor ([167]) and by Le Gall ([123]) without identifying
the constant λ0. In the context of the random walks with discrete time and
state space, same type of exponential integrability was obtained by Brydges
and Slade ([17]). Further, Brydges and Slade provided a heuristic argument
(p. 294, [17]) by using Donsker-Varadhan large deviation suggesting the rel-
evance of Gagliardo-Nirenberg constant κ(2, 2). For the random walks of
lattice values but continuous time, Bolthausen ([15]) obtained a large devia-
tion with a form essentially same as Theorem 4.3.1, except that in his model,
the self-intersection local time does not have to be renormalized.

Among all the works prior to ([4]), a private letter from B. Duplatier to
M. Yor captures the most of the idea about the critical value λ0 given in
(4.3.3) (I Thank Dr. Yor and Dr. Duplantier for forwarding me the related
document). In that letter, Duplatier pointed out (without proof) that

λ0 =
π

2

∫ ∞

0

rg4(r)dr

where the function g solves the differential equation

g′′(r) +
1

r
g′(r) = g(r) − g3(r).

His observation is accurate. Indeed, let f0(x) be the positive, infinitely
smooth, spherically symmetric ground state solution of the nolinear partial
differential equation (3.4.1). By spherical symmetry f(x) = g(|x|) for some
function g on R+. One can see that when d = p = 2, g satisfies the ordinary
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differential equation proposed by Duplatier and that by (3.4.2)

λ0 = κ(2, 2)−4 =
1

4

∫

R2

f4(x)dx =
π

2

∫ ∞

0

rg4(r)dr.

In addition, from (3.4.3)

λ0 ≈ π × 1.86225... ≈ 5.85043...

This is very close to the numerical value provided by B. Duplantier.

A striking feature of the renormalized self-intersection local time is its
asymptotically asymmetric tail, which was first observed by Le Gall ([123]).
Theorem 4.3.2 sharpens Le Gall’s observation. This result was obtained in
Bass and Chen [4]. Finally, we mention a non-trivial extension of Theorem
4.3.1 and Theorem 4.3.2 to the setting of stable processes ([5]), where the
stable counter part of Theorem 4.3.2 takes a drastically different form.

Section 4.4

The application of large deviations to the laws of the iterated logarithm
becomes nearly standard: The large deviations provide the estimates needed
for Borel-Cantelli-type of argument. The results in this section are expected
consequences of the large deviations established in the previous sections.
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Chapter 5

Intersections on lattices:

weak convergence

-

Recall that a Zd-valued random walk {S(n)} is defined by

S(n) = X1 + · · · +Xn n = 1, 2, · · ·

where {Xn} is an i.i.d. Zd-valued random variables. Unless claim other
wise, we define S(0) = 0. Throughout we assume that X1 is symmetric and
has finite second moment and write Γ for the covariance matrix of X1. We
assume that the smallest group that supports these random walks is Zd.

Let S1(n), · · · , Sp(n) be independent copies of S(n). For any ∆ ⊂ Z+, set

Sj(∆) = {Sj(k); k ∈ ∆}.

Here is a list of the models of interest

1. Self-intersection local time

Q(p)
n =

∑

1≤k1<···<kp≤n
1{S(k1)=···=S(kp)}.

An important special case is when p = 2. In this case we write Qn = Q
(2)
n .

2. Range of the random walk

Rn = #
{
S[1, n]

}
= #

{
S(1), · · · , S(n)

}
.

151
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3. Mutual intersection local time

In =

n∑

k1,··· ,kp=1

1{S1(k1)=···=Sp(kp)}.

4. Intersection of the independent ranges

Jn = #
{
S1[1, n] ∩ · · · ∩ Sp[1, n]

}
.

The goal of this chapter is to establish weak laws of convergence for these
models. The limiting distributions of our theorems are these of Brownian
intersection local times.

5.1 Preliminary on random walks

Let
ϕ(λ) =

∑

x∈Zd

eiλ·xP{X1 = x}

be the characteristic function of X1. Then ϕ(λ) is a real, periodic function
with period 2π:

ϕ(λ+ 2πx) = ϕ(λ) x ∈ Zd.

We now discuss another (unrelated) kind of (a)periodicity. The period of
the random walk {S(n)} is defined as the greatest common factor of the set

{
n ≥ 1; P{Sn = 0} > 0

}
.

{S(n)} is said to be aperiodic if its period is 1. It is known that {S(n)} is
aperiodic if and only if

|ϕ(λ)| < 1 ∀λ ∈ [−π, π]d \ {0}.

The aperiodicity is a good property under which things usually become easier.
On the other hand, the aperiodicity is not satisfied by even in some important
special case. A random walk on Zd is called simple random walk if the
distribution of its increment is given by

P{X1 = ±ej} =
1

2d
j = 1, · · ·d

where {e1, · · · ed} ⊂ Zd is the canonical orthogonal basis in Zd. It is easy to
see that the period of a simple random walk is 2.
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Lemma 5.1.1 . Assume that {S(n)} is aperiodic.

(1). There is δ > 0 such that

|ϕ(λ)| ≤ exp
{
− δ|λ|2

}
λ ∈ [−π, π]d. (5.1.1)

(2).

sup
x∈Zd

∣∣∣nd/2P{S(n) = x} − 1

(2π)d/2 det(Γ)1/2
exp

{
− 〈x,Γ−1x〉

2n

}∣∣∣ (5.1.2)

−→ 0 (n→ ∞)

In particular,

P{Sn = 0} ∼ 1

(2π)d/2
√

det(Γ)
n−d/2 (n → ∞). (5.1.3)

(3). There is a constant C > 0 such that

∣∣P{S(n) = x} − P{S(n) = y}
∣∣ ≤ Cn−d/2 |x− y|√

n
(5.1.4)

for any x, y ∈ Zd and any n = 1, 2, · · · .

Proof. . To prove the first part, notice that by Taylor expansion

0 ≤ ϕ(λ) = Eeiλ·X1 ∼ 1 − 1

2
λ · Γλ (|λ| → 0).

Notice that there is a c > 0 such that λ · Γλ ≥ c|λ|2. This concludes that
there are ǫ > 0 and c1 > 0 such that

|ϕ(λ)| ≤ exp
{
− c1|λ|2

}
|λ| ≤ ǫ.

Write Tǫ = {λ ∈ [−π, π]d; |λ| ≥ ǫ}. By aperiodicity we have that

θ ≡ sup
λ∈Tǫ

|ϕ(λ)| < 1.

Consequently, there is c2 > 0 such that

θ ≤ exp
{
− c2 sup

λ∈[−π,π]d
|λ|2
}
.

Letting δ = min{c1, c2} give the conclusion in the first part.
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The proof of (5.1.2), (5.1.3) and (5.1.4) relies on (5.1.1) and Fourier trans-
formation. For similarity, we only prove (5.1.3). By Fourier inversion ((B.4),
Appendix),

P{Sn = x} =
1

(2π)d

∫

[−π,π]d
e−iλ·xEeiλ·Sndλ

=
1

(2π)d

∫

[−π,π]d
e−iλ·xϕ(λ)ndλ.

Take x = 0. By variable substitution

nd/2P{Sn = 0} =
1

(2π)d

∫

[−√
nπ,

√
nπ]d

ϕ(λ/
√
n)ndλ.

By the classic central limit theorem

lim
n→∞

ϕ(λ/
√
n)n = exp

{
− 1

2
λ · Γλ

}

and by (5.1.1),

1[−√
nπ,

√
nπ]d(λ)ϕ(λ/

√
n)n ≤ exp

{
− δ|λ|2

}
.

Applying dominated convergence theorem gives

lim
n→∞

nd/2P{Sn = 0} =
1

(2π)d

∫

Rd

exp
{
− 1

2
〈λ,Γλ〉

}
dλ =

1

(2π)d/2
√

det(Γ)
.

It is easy to see that the aperiodicity is necessary in Lemma 5.1.1. In some
other situations, however, the result is first proved under aperiodicity and
then is extended to the general case by some method. Define, for example,

gn =

n∑

k=0

P{S(n) = 0} n = 0, 1, 2, · · · . (5.1.5)

We call gn the partial green’s function of the random walk.

Lemma 5.1.2 When n→ ∞,

gn ∼





1√
2πσ

√
n d = 1

1

2π
√

det(Γ)
logn d = 2

O(1) d ≥ 3.

(5.1.6)
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Proof. With aperiodicity, this lemma holds immediately from (5.1.3). We
now extend it to the general case. For similarity we only consider the case
d = 1 in the following argument.

The approach we shall adopt is called resolvent approximation . Let 0 <
θ < 1 be fixed and let {δn} be a Bernoulli sequence independent of {S(n)}
such that

P{δn = 1} = 1 − P{δn = 0} = θ.

Write τ0 = 0 and

τn = min{k > τn−1; δk = 1} n = 1, 2, · · · .

Then {τn − τn−1}n≥1 is an i.i.d. sequence with common (geometric) distri-
bution

P{τ1 = k} = θ(1 − θ)k−1 k = 1, 2, · · · .

Notice that {S(τn)} is a random walk whose increment has the distribu-
tion

P{S(τ1) = x} =

∞∑

k=1

θ(1 − θ)k−1P{S(k) = x}.

In particular,
Var

(
S(τ1)

)
= Eτ1 · σ2 = θ−1σ2

and, P{S(τ1) = 0} > 0 implies that {S(τn)} is aperiodic. {S(τn)} is called
resolvent random walk of {S(n)} in literature.

Apply what we know under aperiodicity to {S(τn)},
n∑

k=1

P{S(τk) = 0} ∼
√
θ√

2πσ

√
n (n→ ∞).

By definition one can see that

n∑

k=1

1{S(τk)=0} =

τn∑

k=1

δk1{S(k)=0} =

τn∑

k=1

θ1{S(k)=0} +

τn∑

k=1

(δk − θ)1{S(k)=0}.

By the classic law of large numbers, τn/n→ θ−1 in several ways (in moment,
in probability, with probability, etc.). In particular, one can see that the
expectation of the second term on the right hand side is of the order o(

√
n)

and is therefore negligible. As for the first term,

E

τn∑

k=1

θ1{S(k)=0} = Egτn ∼ g[nθ−1] (n→ ∞).
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Summarizing our argument,

g[nθ−1] ∼
√
θ√

2πσ

√
n (n→ ∞)

which leads to desired conclusion.

Write
Tx = inf{k ≥ 1; S(k) = x} x ∈ Zd. (5.1.7)

Then for each x, Tx is a stopping time and is called hitting time in literature.

Lemma 5.1.3 (The first entry formula). For any x ∈ Zd,

P{S(k) = x} =

k∑

j=1

P{Tx = j}P{S(k − j) = 0}. (5.1.8)

Consequently,
n∑

k=1

P{S(k) = x} =

n∑

k=1

P{Tx = k}gn−k (5.1.9)

where g0 = 0 and P{S(0) = 0} = 1.

Proof. The first identity follows from the following computation:

P{S(k) = x} = P{S(k) = x, Tx ≤ k} =
k∑

j=1

P{S(k) = x, Tx = j}

=

k∑

j=1

P{S(k) − S(j) = 0, Tx = j} =

k∑

j=1

P{Tx = j}P{S(k − j) = 0}.

Summing up on the both side of (5.1.8) gives (5.1.9).

Theorem 5.1.4

P{T0 <∞} =





1 d = 1, 2

∞∑

k=1

P{S(k) = 0}

1 +

∞∑

k=1

P{S(k) = 0}
d ≥ 3.

(5.1.10)
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In particular,

P{S(k) = 0 infinitely often} =

{
1 d ≤ 2
0 d ≥ 3.

(5.1.11)

Proof. Proof of (5.1.10). Due to similarity, we only consider the case d ≥ 3.
Taking x = 0 in (5.1.8) and summing up the both side

∞∑

k=1

P{S(k) = 0} =

∞∑

k=1

k∑

j=1

P{T0 = j}P{S(k − j) = 0}

=

∞∑

j=1

P{T0 = j}
∞∑

k=j

P{S(k − j) = 0}

= P{T0 <∞}
{

1 +

∞∑

k=1

P{S(k) = 0}
}
.

Proof of (5.1.11). As d ≥ 3, (5.1.11) follows from Borel-Cantelli lemma
and the fact

∞∑

k=1

P{S(k) = 0} <∞.

Let d ≤ 2. For each m ≥ 1, let T0(m) be the the time when {S(k)} is
having mth hit of 0. We take T0(m) = ∞ if the mth hit never come. Under
our notation, T0(1) = T0. Clearly

P

{ ∞∑

k=1

1{S(k)=0} ≥ m

}
= P

{
T0(m) <∞

}
.

By the conclusion from the first part

P{T0(m) <∞} = P
{
T0(m− 1) <∞, T0(m) <∞

}

=
∑

1≤j<k<∞
P{T0(m− 1) = j, T0(m) = k

}

=
∑

1≤j<k<∞
P{T0(m− 1) = j}P{T0 = k − j}

= P{T0 <∞}
∞∑

j=1

P{T0(m− 1) = j}

= P{T0(m− 1) <∞}.
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Repeating the procedure gives

P

{ ∞∑

k=1

1{S(k)=0} ≥ m

}
= P{T0(m) <∞} = P{T0 < 1} = 1

for m = 1, 2, · · · . Consequently,

P

{ ∞∑

k=1

1{S(k)=0} = ∞
}

= lim
m→∞

P

{ ∞∑

k=1

1{S(k)=0} ≥ m

}
= 1.

Theorem 5.1.4 shows that the random walk is recurrent when d = 1, 2 and
transient when d ≥ 3. A quantity we use very often later is the probability of
no returning γS defined as

γS = P
{
S(k) 6= 0 for all n ≥ 1

}

Another way to write (5.1.10) is

γS =





0 d = 1, 2( ∞∑

k=0

P{S(k) = 0}
)−1

d ≥ 3.
(5.1.12)

5.2 Intersection in 1-dimension

The local time of the random walk is given as

l(n, x) =

n∑

k=1

1{S(k)=x} x ∈ Zd. (5.2.1)

In the rest of the section we let d = 1 and p ≥ 2. By a combinatorial
argument,

∑

x∈Z

lp(n, x) =

n∑

k1,··· ,kp=1

1{S(k1)=···=S(kp)} (5.2.2)

= n+

p∑

j=2

(
p− 1

j − 1

)
j!

∑

1≤k1<···<kj≤n
1{S(k1)=···=S(kj)}.
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We shall see that the typical order of the left hand side is n
p+1
2 as n → ∞.

Consequently,

∑

x∈Z

lp(n, x) − p!
∑

1≤k1<···<kp≤n
1{S(k1)=···=S(kp)} (5.2.3)

= O
(
np/2

)
(n→ ∞)

in the sense of the weak convergence. Therefore, the weak law for the p-
multiple self-intersection is reduced to the study of the weak law for the
p-square ∑

x∈Z

lp(n, x).

Define

ζn(x) =





n−1/2l(n, k) x =
k√
n

for all k ∈ Z

linear else

or,

ζn(x) =
1√
n
l(n, k) +

(
x− k√

n

)[
l(n, k + 1) − l(n, k)

]

for x ∈
[ k√

n
,
k + 1√
n

]
and for all k ∈ Z.

Recall that for any t > 0, the local time L(t, x) of an 1-dimensional
Brownian motion W (t) is defined as the density of the occupation measure

µt(A) =

∫ t

0

1B
(
W (s)

)
ds.

Here we view ζn(·) and L(t, ·) random variables taking values in the Banach
space Lp(Rd).

Theorem 5.2.1 When n→ ∞,

ζn(·) d−→ σ−1L
(
1, σ−1(·)

)
(5.2.4)

where σ2 > 0 is the variance of the random walk {S(n)}.

The hard part of the proof is to show that the sequence {ζn} is uniformly
tight. For this we need the following moment estimate.
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Lemma 5.2.2 Assume that the random walk S(n) is aperiodic. There is a
C > 0 such that

E
∣∣l(n, x) − l(n, y)|2l ≤ (2l)!Cln

3l
4 |x− y|l/2 (5.2.5)

for any integers l, n ≥ 1 and for any x, y ∈ Z.

Let ζn(·) be defined as in Theorem 5.2.1. Then

E
∣∣ζn(x) − ζn(y)|2l ≤ (2l)!Cl|x− y|l/2 (5.2.6)

for any integers l, n ≥ 1 and for any x, y ∈ R.

Proof. We first establish the bound

n∑

k=1

|P{S(k) = x} − P{S(k) = 0}| ≤ Cn1/4|x|1/2 (5.2.7)

where C > 0 represents a constant independent of n and x ∈ Z (To simplify
the notation, we allow C to be different from place to place in our proof).
Indeed, by Lemma 5.1.1,

[
√
n]|x−y|∑

k=1

|P{S(k) = x} − P{S(k) = y}|

≤ C

[
√
n]|x−y|∑

k=1

k−1/2 = Cn1/4|x− y|1/2.

By (5.1.4),

n∑

k=[
√
n]|x−y|+1

|P{S(k) = x} − P{S(k) = y}|

≤ C
|x− y|

n1/4
√
|x− y|

n∑

k=1

k−1/2 ≤ Cn1/4|x− y|1/2.

Write η(z) = 1x(z) − 1y(z). Then

E
[
l(n, x) − l(n, y)]m = E

[ n∑

k=1

η
(
S(k)

)]m
=

n∑

l1,··· ,lm=1

E

m∏

k=1

η
(
S(lk)

)
.
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Break the summation on the right hand side into m! parts. In each part, the
index l1, · · · lm is in non-decreasing order. For fixed l1 ≤ · · · ≤ lm,

E

m∏

k=1

η
(
S(lk)

)

= E

{(m−2∏

k=1

η
(
S(lk)

))
1x
(
(S(lm−1)

)
η
(
S(lm) − S(lm−1) + x

)}

− E

{(m−2∏

k=1

η
(
S(lk)

))
1y
(
(S(lm−1)

)
η
(
S(lm) − S(lm−1) + y

)}
.

By Markov property, the right hand side is equal to

E

{(m−2∏

k=1

η
(
S(lk)

))
1x
(
(S(lm−1)

)}
Eη
(
S(lm − lm−1) + x

)

− E

{(m−2∏

k=1

η
(
S(lk)

))
1y
(
(S(lm−1)

)}
Eη
(
S(lm − lm−1) + y

)
.

Notice that

− Eη
(
S(lm − lm−1) + y

)
= Eη

(
S(lm − lm−1) + x

)

= P{S(lm − lm−1) = 0} − P{S(lm − lm−1) = x− y}.

Hence,

E

m∏

k=1

η
(
S(lk)

)
= Eη

(
S(lm − lm−1) + x

)
E

{(m−2∏

k=1

η
(
S(lk)

))
η̃(S(lm−1)

}

where η̃(z) = 1x(z) + 1y(z). Similarly,

E

{(m−2∏

k=1

η
(
S(lk)

))
η̃(S(lm−1)

}

= E

{(m−3∏

k=1

η
(
S(lk)

))
1x
(
(S(lm−2)

)}
Eη̃
(
S(lm−1 − lm−2) + x

)

− E

{(m−3∏

k=1

η
(
S(lk)

))
1y
(
(S(lm−2)

)}
Eη̃
(
S(lm−1 − lm−2) + y

)

= Eη̃
(
S(lm−1 − lm−2) + x

)
E

(m−2∏

k=1

η
(
S(lk)

))
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where the last step follows from the fact that

Eη̃
(
S(lm−1 − lm−2) + x

)
= Eη̃

(
S(lm−1 − lm−2) + y

)

= P{S(lm − lm−1) = 0} + P{S(lm − lm−1) = x− y}.

Summarizing our argument

E

m∏

k=1

η
(
S(lk)

)

= Eη̃
(
S(lm−1 − lm−2) + x

)
Eη
(
S(lm − lm−1) + x

)
E

(m−2∏

k=1

η
(
S(lk)

))
.

When m = 2l is even,

E

2l∏

k=1

η
(
S(lk)

)
=

l∏

k=1

Eη̃
(
S(l2k−1 − l2k−2) + x

)
Eη
(
S(l2k − l2k−1) + x

)
.

Therefore,

E
[
l(n, x) − l(n, y)]2l

≤ (2l)!

{ n∑

k=1

Eη̃
(
S(k) + x

)}l{ n∑

k=1

∣∣Eη
(
S(k) + x

)∣∣
}l

≤ (2l)!

{ n∑

k=1

(
P{S(k) = 0} + P{S(k) = x− y}

)}l

×
{ n∑

k=1

∣∣P{S(k) = 0} − P{S(k) = x− y}
∣∣
}l
.

Thus, (5.2.5) follows from Lemma 5.1.1 and (5.2.7).

By (5.2.5) we can easily see that for |x− y| ≥ 1/
√
n,

E

[
ζn(x) − ζn(y)

]2l
≤ (2l)!Cln−l/4|[√nx] − [

√
ny]|l/2.

Thus, (5.2.6) follows from the simple fact that

|[√nx] − [
√
ny]| ≤ 3

√
n|x− y|.

Assume that |x − y| < 1/
√
n. If x, y is in the same interval

[
k√
n
, k+1√

n

]
.

Then we have

ζn(x) − ζn(y) = (y − x)
[
l(n, k) − l(n, k + 1)

]
.
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By (5.2.5),

E

[
ζn(x) − ζn(y)

]2l
≤ |y − x|2l(2l)!Cln3l/4 ≤ (2l)!Cl|y − x|l/2.

If x, y is not in the same interval, we may assume that x < y. In this

case, there must have k such that x ∈
[
k−1√
n
, k√

n

]
and y ∈

[
k√
n
, k+1√

n

]
. By

definition of ζn,

ζn(y) − ζn(x) =
(
y − k√

n

)[
l(n, k + 1) − l(n, k)

]

+
( k√

n
− x
)[
l(n, k) − l(n, k − 1)

]
.

Notice that

0 ≤
(
y − k√

n

)
,
( k√

n
− x
)
. ≤ |x− y|

By (5.2.5),

E

[
ζn(x) − ζn(y)

]2l
≤ |y − x|2l(2l)!Cln3l/4 ≤ (2l)!Cl|y − x|l/2.

Proof of Theorem 5.2.1. By the method of resolvent approximation in-
troduced in Section 5.1, we may assume that the random walk {S(n)} is
aperiodic. Let q > 1 be the conjugate of p and let f ∈ Lq(R) be continuous.

∫

R

f(x)ζn(x)

=
∑

k∈Z

∫ k+1√
n

k√
n

f(x)

{
1√
n
l(n, k) +

(
x− k√

n

)[
l(n, k + 1) − l(n, k)

]}
dx

=
1

n

∑

k∈Z

∫ k+1

k

f
( x√

n

){
l(n, k) +

(x− k√
n

)[
l(n, k + 1) − l(n, k)

]}
dx

= o(1) +
1

n

∑

k∈Z

f
( k√

n

)
l(n, k) = o(1) +

1

n

n∑

l=1

f
(S(l)√

n

)
.

By invariance principle

∫

R

f(x)ζn(x)
d−→
∫ 1

0

f
(
σW (1)

)
dx

=

∫

R

f(σx)L(1, x)dx = σ−1

∫

R

f(x)L(1, σ−1x)dx.



164 5. Intersections on lattices: weak convergence

It remains to show that that ζn(·) is uniformly tight in Lp(R). Given
ǫ > 0 there is a a > 0 such that

P

{
max
k≤n

|S(k)| ≥ a
√
n
}
< ǫ/2.

Recall the classic fact that (Theorem 6.5, [23])

l(n, 0)/
√
n

d−→ σ−1|U |

where U is a standard normal random variable. In particular, the real ran-
dom sequence ζn(0) = l(n, 0)/

√
n is a uniformly tight in R. By (5.2.6) and

Kolmogorov continuity theorem (Theorem D.7, Appendix), conditioning on

the event
{

max
k≤n

|S(k)| ≤ a
√
n
}
, {ζn(·)} is uniformly tight in C[−a, a]. Con-

sequently there is a compact set K ⊂ C[−a, a] such that

P

{
ζn(·) 6∈ K, max

k≤n
|S(k)| ≥ a

√
n
}
< ǫ/2.

Viewing K as a subset of C(R) such that every f(·) ∈ K is supported on
[−a, a], we have that K is compact in C(R) and that

P

{
ζn(·) 6∈ K

}
< ǫ.

Notice that ∫

R

ζn(x)dx = 1 n = 1, 2, · · · .

Hence, P{ζn(·) 6∈ A} < ǫ, where

A ≡ K ∩
{
f ∈ C(R); f ≥ 0 and

∫

R

f(x)dx = 1

}

is relatively compact in Lp(R).

Take K̃ as the closure of A in Lp(R). Then K̃ is compact in Lp(R) and

P{ζn(·) 6∈ K̃} < ǫ.

Here is how we apply Theorem 5.2.1: By a straightforward computation:
∫

R

ζpn(x)dx

=
1

n
p+1
2

∑

k∈Z

∫ k+1

k

{
l(n, k) + (x− k)

[
l(n, k + 1) − l(n, k)

]}
dx

=
1

n
p+1
2

{
o(1) +

∑

x∈Z

lp(n, x)

}
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where the second step follows from (5.2.5). By Theorem 5.2.1 on the other
hand,

∫

R

ζpn(x)dx
d−→ σ−p

∫

R

Lp(1, σ−1x)dx = σ−(p−1)

∫

R

Lp(1, x)dx

Moreover, let S1(n), · · · , Sp(n) be independent copies of S(n) and consider
the mutual intersection local time

In = #
{
(k1, · · · , kp) ∈ [1, n]p; S1(k1) = · · · = Sp(kp)

}
.

Then we have

In =
∑

x∈Z

p∏

j=1

lj(n, x) = n
p+1
2

{
o(1) +

∫

R

p∏

j=1

ζ(j)(x)dx

}

where lj(n, x) is the local time of Sj(n) and the Lp(R)-valued random variable

ζ
(j)
n (·) is generated from lj(n, x) in the same way we generate ζn(·) (j =

1, · · · , p). By Theorem 5.2.1,

(
ζ(1)
n (·), · · · , ζ(p)

n (·)
)

d−→ σ−1
(
L1

(
1, σ−1(·)

)
, · · · , L1

(
1, σ−1(·)

))

in the product space
⊗p

j=1 Lp(R), where L1(t, x), · · · , Lp(t, x) are the lo-
cal times of independent 1-dimensional Brownian motions W1(t), · · · ,Wp(t),
respectively. This leads to

∫

R

p∏

j=1

ζ(j)(x)dx
d−→ σ−p

∫

R

p∏

j=1

Lj(1, σ
−1x)dx

= σ−(p−1)

∫

R

p∏

j=1

Lj(1, x)dx = α
(
[0, 1]p

)

where the equality follows from (2.2.16).

We summarize our discussion into the following theorem.

Theorem 5.2.3 When d = 1,

n− p+1
2

∑

x∈Z

lp(n, x)
d−→ σ−(p−1)

∫

R

Lp(1, x)dx (5.2.8)

n− p+1
2 In

d−→ σ−(p−1)α
(
[0, 1]p

)
(5.2.9)
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In the next section, the weak law in (5.2.9), together with its multi-
dimensional version, will be proved by an alternative approach.

We now come to the weak laws for

Rn = #
{
S[1, n]

}
and Jn = #

{
S1[1, n] ∩ · · · ∩ Sp[1, n]

}
.

Notice that in the special case of simple random walk in which

P{S(k) − S(k − 1) = ±1} =
1

2
k = 1, 2, · · ·

we have that
Rn = max

1≤k≤n
S(k) − min

1≤k≤n
S(k).

By the classic invariance principle we have that

Rn/
√
n

d−→ max
0≤t≤1

W (t) − min
0≤t≤1

W (t)

Things get a little complicated in the general case, because of the “holes”
of unvisited sites in the integer interval [ min

1≤k≤n
S(k), max

1≤k≤n
S(k)]. The fol-

lowing theorem indicates that these hole is asymptotically insignificant. We
include it without proof, for which the reader is referred to [117].

Theorem 5.2.4 When d = 1,

Rn/
√
n

d−→ σ
(

max
0≤t≤1

W (t) − min
0≤t≤1

W (t)
)

(5.2.10)

Jn/
√
n

d−→ σ
(

min
1≤j≤p

max
0≤t≤1

Wj(t) − max
0≤j≤p

min
0≤t≤1

Wj(t)
)
. (5.2.11)

Compared to the weak laws (Theorem 5.3.4, Theorem 5.4.3 below), the
behavior of Jn and Rn in d = 1 follows a completely different mechanism,
which is not the main focus of this book. In addition to [117], the interested
reader is referred to [27] for the large and small deviations established in this
case.

5.3 Mutual intersection in sub-critical dimen-

sions

The objectives of this section are the weak laws for the mutual intersection
local time

In = #
{
(k1, · · · , kp) ∈ [1, n]p; S1(k1) = · · · = Sp(kp)

}
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and for the intersection of independent ranges

Jn = #
{
S1[1, n] ∩ · · · ∩ Sp[1, n]

}

generated by the independent, identically distributed and symmetric random
walks S1(n), · · · , Sp(n) on Zd with d ≥ 2. It has been known for more than 50
years that (Dvoretsky-Erdös [63] and Dvoretsky-Erdös-Kakutani [64], [65])
that the trajectories of S1(n), · · · , Sp(n) intersect infinitely often, i.e.,

#
{
S1[1,∞) ∩ · · · ∩ Sp[1,∞)

}
= ∞ a.s.

if and only if p(d − 2) ≤ d. Among these cases, the sub-critical dimensions
defined by p(d − 2) < d and critical dimensions defined by p(d − 2) = d
are drastically different. Our discussion in this section is for the sub-critical
dimensions p(d− 2) < d.

The difference also appears between cases d = 1 and d ≥ 2. Indeed, the
limiting distribution in the form given in Theorem 5.2.1 is not well defined
in the case d ≥ 2.

Fix ǫ > 0 and define

In,ǫ = C−1
n,ǫ

∑

x∈Zd

p∏

j=1

n∑

k=1

pǫ

(Γ−1/2
(
Sj(k) − x

)
√
n

)
(5.3.1)

where the d × d positive matrix Γ−1/2 is a solution of the matrix equation
A2 = Γ−1 (the role of Γ−1/2 is to canonicalize the random walk), and where

Cn,ǫ =

( ∑

x∈Zd

pǫ

(Γ−1/2x√
n

))p
∼ n

dp
2 det(Γ)p/2 (n→ ∞).

Applying the invariance principle to the continuous function

Ψ̃(f1, · · · , fp) =

∫

Rd

[ p∏

j=1

∫ 1

0

pǫ

(
Γ−1/2fj(s) − x

)]
dx

on the functional space

p⊗

j=1

D
{
[0, 1],Rd

}
we obtain that

n−p
∫

Rd

[ p∏

j=1

n∑

k=1

pǫ

(Γ−1/2Sj(k)√
n

− x
)]
dx

d−→
∫

Rd

[ p∏

j=1

∫ 1

0

pǫ
(
Wj(s) − x

)
ds

]
dx

= αǫ
(
[0, 1]p

)
.
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as n → ∞. Here we recall that process αǫ
(
[0, t]p

)
is introduced in Section

2.2.

By continuity of pǫ(·), on the other hand,

∫

Rd

[ p∏

j=1

n∑

k=1

pǫ

(Γ−1/2Sj(k)√
n

− x
)]
dx

= n−d/2 det(Γ)−1

∫

Rd

[ p∏

j=1

n∑

k=1

pǫ

(Γ−1/2(Sj(k) − x)√
n

)]
dx

= n−d/2 det(Γ)−1

{
o(1) +

∑

x∈Zd

p∏

j=1

n∑

k=1

pǫ

(Γ−1/2(Sj(k) − x)√
n

)}
.

Therefore, for each ǫ > 0

n− 2p−d(p−1)
2 In,ǫ

d−→ det(Γ)−
p−1
2 αǫ

(
[0, 1]p

)
(5.3.2)

as n→ ∞.

The key step toward establishing the weak law for In is the following
lemma.

Lemma 5.3.1 Assume that p(d − 2) < d and that the random walks are
aperiodic.

lim
ǫ→0+

lim sup
n→∞

n−
(
2p−d(p−1)

)
E
[
In − In,ǫ

]2
= 0.

Proof. The main idea is Fourier transformation. Write

In(x1, · · · , xp−1) =

n∑

k1,··· ,kp=1

p−1∏

j=1

1{Sj(kj)−Sp(kp)=xj} x1, · · · , xp−1 ∈ Zd.

We have that

În(λ1, · · · , λp−1) (5.3.3)

≡
∑

x1,··· ,xp−1∈Zd

In(x1, · · · , xp−1) exp
{
i

p−1∑

j=1

λj · xj
}

=

n∑

k1,··· ,kp=1

p−1∏

j=1

exp
{
iλj ·

(
Sj(kj) − Sp(p)

)}

=

p−1∏

j=1

n∑

k=1

eiλj ·Sj(k).
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Here, and elsewhere in the proof, we adopt the convention that

λp = −(λ1 + · · · + λp−1).

Taking Fourier inversion ((B.4), Appendix),

In = In(0) =
1

(2π)d(p−1)

∫

([−π,π]d)p−1

p−1∏

j=1

n∑

k=1

eiλj ·Sj(k)dλ1 · · ·dλp−1. (5.3.4)

Write

gn,ǫ(x1, · · · , xp−1) = C−1
n,ǫ

∑

x∈Zd

pǫ

(Γ−1/2x√
n

) p−1∏

j=1

pǫ

(Γ−1/2(xj − x)√
n

)
(5.3.5)

where x1, · · · , xp−1 ∈ Zd and Cn,ǫ > 0 is given in (5.1.2). One can see that
gn,ǫ is a probability density on Zd(p−1) and that

In,ǫ =
∑

x1,··· ,xp∈Zd

gn,ǫ(x1, · · · , xp−1)In(x1, · · · , xp−1)

=
1

(2π)d(p−1)

∫

([−π,π]d)p−1

ĝn,ǫ(λ1, · · · , λp−1)

p−1∏

j=1

n∑

k=1

eiλ·Sj(k)dλ1 · · ·dλp−1

where the second step follows from (5.3.4) and Parseval identity ((B.3), Ap-
pendix).

Together with (5.3.4), this leads to

E
[
In − In,ǫ

]2

=
1

(2π)2d(p−1)

∫

([−π,π]d)2(p−1)

dλ1dγ1 · · · dλp−1dγp−1

× F (λ1, γ1, · · · , λp−1, γp−1)

p∏

j=1

Hn(λj , γj)

where
Fn,ǫ(λ1, γ1, · · · , λp−1, γp−1)

=
[
1 − ĝn,ǫ(λ1, · · · , λp−1)

][
1 − ĝn,ǫ(γ1, · · · , γp−1)

]
,

Hn(λ, γ) =

n∑

j,k=1

E exp
{
i(λ · S(j) + γ · S(k)

}
.

From the fact that ĝn,ǫ is real with |ĝn,ǫ| ≤ 1,

0 ≤ F (λ1, γ1, · · · , λp−1, γp−1) ≤ 4.
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Write
p∏

j=1

∣∣Hn(λj , γj)
∣∣ =

p∏

j=1

∏

1≤k≤p
k 6=j

∣∣Hn(λk, γk)
∣∣ 1

p−1 .

By Hölder inequality,

E
[
In − In,ǫ

]2

≤ 1

(2π)2d(p−1)

p∏

j=1

{∫

([−π,π]d)2(p−1)

dλ1dγ1 · · · dλp−1dγp−1

× F (λ1, γ1, · · · , λp−1, γp−1)
∏

1≤k≤p
k 6=j

∣∣Hn(λk, γk)
∣∣q
}1/p

where q = p(p− 1)−1 is the conjugate of p.

The factor with the index j = p is nice enough so we leave it along at this
step. As for 1 ≤ j ≤ p− 1,

∫

([−π,π]d)2(p−1)

dλ1dγ1 · · · dλp−1dγp−1

× F (λ1, γ1, · · · , λp−1, γp−1)
∏

1≤k≤p
k 6=j

∣∣Hn(λk, γk)
∣∣q

≤ 4

∫

([−π,π]d)2(p−1)

dλ1dγ1 · · · dλp−1dγp−1

∏

1≤k≤p
k 6=j

|Hn(λk, γk)
∣∣q

= 4

(∫

([−π,π]d)2

∣∣H(λ, γ)|qdλdγ
)p−1

where the last step follows from the translation invariance

∫

([−π,π]d)2
dλjdγj

∣∣Hn(λp, γp)
∣∣q

=

∫

([−π,π]d)2
dλjdγj

∣∣Hn(λ1 + · · · + λp−1, γ1 + · · · + γp−1)
∣∣q

=

∫

([−π,π]d)2
dλjdγj

∣∣H(λj , γj)
∣∣q

and Fubini theorem.



5.3 Mutual-intersections in sub-critical dimensions 171

Summarizing our argument,

E
[
In − In,ǫ

]2
(5.3.6)

≤ 4p−1

(2π)2d(p−1)

(∫

([−π,π]d)2

∣∣H(λ, γ)|qdλdγ
) (p−1)2

p

×
{∫

([−π,π]d)2(p−1)

dλ1dγ1 · · · dλp−1dγp−1

× Fn,ǫ(λ1, γ1, · · · , λp−1, γp−1)

p−1∏

j=1

∣∣Hn(λj , γj)
∣∣q
}1/p

.

We now bound Hn(λ, γ). Let ϕ(λ) be the characteristic function of the
i.i.d. increments of the random walks. For j ≤ k,

E exp
{
iλ · S(j) + iγ · S(k)

}

= E exp
{
i(λ− γ) · S(j) + iγ ·

(
S(k) − S(j)

)}

= ϕ(λ − γ)jϕ(γ)k−j .

Therefore,

∣∣Hn(λ, γ)
∣∣ ≤

( n∑

k=0

|ϕ(λ − γ)|k
)( n∑

l=0

|ϕ(γ)|l
)

(5.3.7)

+

( n∑

l=0

|ϕ(γ − λ)|l
)( n∑

k=0

|ϕ(λ)|l
)

= ξ1(λ, γ) + ξ2(λ, γ) (say).

Consequently, by triangular inequality and translation invariance,

∫

([−π,π]d)2

∣∣H(λ, γ)|qdλdγ ≤ 2q
{∫

[−π,π]d

( n∑

l=0

|ϕ(λ)|l
)q
dλ

}2

. (5.3.8)

To continue, we claim that there is a constant C > 0 such that for any
n ≥ 1,

n∑

k=0

∣∣∣ϕ
( λ√

n

)∣∣∣
k

≤ Cn(1 + |λ|2)−1 λ ∈ [−√
nπ,

√
nπ]d. (5.3.9)

Indeed, For |λ| ≤ 1, we use the obvious bound

n∑

k=0

∣∣∣ϕ
( λ√

n

)∣∣∣
k

≤ n ≤ 2n(1 + |λ|2)−1.
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For |λ| ≥ 1, by (5.1.1) in Lemma 5.1.1, 1

n∑

k=0

∣∣∣ϕ
( λ√

n

)∣∣∣
k

≤
{
1 −

∣∣∣ϕ
( λ√

n

)∣∣∣
}−1

≤
(

1 − exp
{
− δ|λ|2

n

})−1

≤ Cn|λ|−2 ≤ 2Cn(1 + |λ|2)−1.

Apply the variable substitution λ 7→ λ/
√
n to the integral on the right

hand side of (5.3.8). By (5.3.9) and by the fact that (1 + |λ|)−1 ∈ Lq(Rd),
∫

([−π,π]d)2

∣∣H(λ, γ)|qdλdγ = O
(
n2q−d

)
(n→ ∞). (5.3.10)

In view of (5.3.6), it remains to show that

lim
ǫ→∞

lim sup
n→∞

n−(2p−d(p−1))

∫

([−π,π]d)2(p−1)

dλ1 · · · dλp−1

× Fn,ǫ(λ1, γ1, · · · , λp−1, γp−1)

p−1∏

k=1

|Hn(λk, γk)|q = 0.

From (5.3.7),

p−1∏

k=1

|Hn(λk, γk)|q ≤ 2q
2∑

j1,··· ,jk=1

p−1∏

k=1

ξqjk (λk, γk).

Hence, it suffices to show that any (j1, · · · , jp−1) ∈ {1, 2}p−1,

lim
ǫ→∞

lim sup
n→∞

n−(2p−d(p−1))

∫

([−π,π]d)2(p−1)

dλ1 · · ·dλp−1 (5.3.11)

× Fn,ǫ(λ1, γ1, · · · , λp−1, γp−1)

p−1∏

j=1

ξqjk(λk, γk) = 0.

Indeed, by the periodicity of the integrand, and by the consequential
translation invariance,

∫

[−π,π]2d(p−1)

dλ1dγ1 · · · dλp−1dγp−1Fn,ǫ(λ1, γ1, · · · , λp−1, γp−1)

p−1∏

k=1

ξjk(λk, γk)

=

∫

[−π,π]2d(p−1)

dλ1dγ1 · · ·dλp−1dγp−1Fn,ǫ(λ
∗
1, γ

∗
1 , · · · , λ∗p−1, γ

∗
p−1)

×
p−1∏

k=1

( n∑

l=0

|ϕ(λk)|l
)( n∑

l=0

|ϕ(γk)|l
)

1This is the only place in the entire proof where we use aperiodicity



5.3 Mutual-intersections in sub-critical dimensions 173

where for each 1 ≤ k ≤ p − 1, λ∗k and γ∗k are linear combinations of λk and
γk. By the maps λk 7→ λk/

√
n and γk 7→ γk/

√
n (1 ≤ k ≤ p − 1), and by

(5.3.9), the right hand side is bounded by a constant multiple of

n2p−d(p−1)

∫

R2d(p−1)

dλ1dγ1 · · ·dλp−1dγp−1

× Fn,ǫ

( λ∗1√
n
,
γ∗1√
n
, · · · , λ

∗
p−1√
n
,
γ∗p−1√
n

) p−1∏

k=1

(1 + |λk|)−q(1 + |γk|)−q.

By the fact that

ĥn,ǫ

( λ1√
n
, · · · , λp−1√

n

)

−→
∫

Rd

dxpǫ(x)

p−1∏

j=1

∫

Rd

e−iλj ·ypt(x, y)ǫ(y − x)dy

= exp

{
− ǫ

2

( p−1∑

j=1

|λj |2 +
∣∣∣
p−1∑

j=1

λj

∣∣∣
2
}

(n→ ∞)

and by dominated convergence theorem,

lim
n→∞

∫

R2d(p−1)

dλ1dγ1 · · · dλp−1dγp−1

× Fn,ǫ

( λ∗1√
n
,
γ∗1√
n
, · · · , λ

∗
p−1√
n
,
γ∗p−1√
n

) p−1∏

k=1

(1 + |λk|)−q(1 + |γk|)−q

=

∫

R2d(p−1)

dλ1dγ1 · · · dλp−1dγp−1

[
1 − exp

{
− ǫ

2

( p−1∑

j=1

|λ∗j |2 +
∣∣∣
p−1∑

j=1

λ∗j

∣∣∣
2)}

]

×
[
1 − exp

{
− ǫ

2

( p−1∑

j=1

|γ∗j |2 +
∣∣∣
p−1∑

j=1

γ∗j

∣∣∣
2)}

]
p−1∏

k=1

(1 + |λk|)−q(1 + |γk|)−q.

Letting ǫ→ 0+ on the both side completes the proof of (5.3.11).

We are ready to state the weak law for In.

Theorem 5.3.2 Under p(d− 2) < d,

n− 2p−d(p−1)
2 In

d−→ det(Γ)−
p−1
2 α

(
[0, 1]p

)
, (5.3.12)

lim
n→∞

n−(2p−d(p−1))EI2
n = det(Γ)−(p−1)E

[
α
(
[0, 1]p

)2]
. (5.3.13)
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Proof. By Theorem 2.2.3, αǫ
(
[0, 1]p

)
converges to α

(
[0, 1]p

)
in all positive

moments. Therefore, (5.3.12) and (5.3.13) are direct consequences of (5.3.2)
and Lemma 5.3.1 under the extra assumption of aperiodicity.

We now drop the aperiodicity assumption by the method of resolvent
approximation. Due to similarity we only prove (5.3.12). We first recall our
construction given in Section 5.1: Let 0 < θ < 1 be fixed and recall that the
random sequence {δk} is a Bernoulli sequence independent of {S(k)} such
that

P{δk = 1} = 1 − P{δk = 0} = θ.

Write τ0 = 0 and

τn = min{k > τn−1; δk = 1} n = 1, 2, · · · .

Then {τn − τn−1}n≥1 is an i.i.d. sequence with common (geometric) distri-
bution

P{τ1 = k} = θ(1 − θ)k−1 k = 1, 2, · · · .

Let
{
{δ1k}, {τ1

k}
}
, · · · ,

{
{δpk}, {τ

p
k}
}

be p independent copies of the ran-

dom system
{
{δk}, {τk}

}
. Observe that

Īn ≡
n∑

k1,··· ,kp=1

1{S1(τ1
k1

)=···=Sp(τp
kp

)} (5.3.14)

=

τ1
n∑

k1=1

· · ·
τp

n∑

kp=1

δ1k1 · · · δ
p
kp

1{S1(k1)=···=Sp(kp)}.

Applying what we have proved to the aperiodic random walks

{S1(τ
1
k )}, · · · , {Sp(τpk )}

gives

n− 2p−d(p−1)
2 Īn

d−→ θ
d(p−1)

2 det(Γ)−
p−1
2 α

(
[0, 1]p

)
.

Write
tjn = δj1 + · · · + δjn n = 1, · · · j = 1, · · · , p

and
t′n = min{t1n, · · · , tpn}, t′′n = max{t1n, · · · , tpn}.

Notice that Īn is non-decreasing, and that by the law of large numbers

t′n/n
p→ θ, t′′n/n

p−→ θ.
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So we have

n− 2p−d(p−1)
2 Īt′n

d−→ θp det(Γ)−
p−1
2 α

(
[0, 1]p

)
.

n− 2p−d(p−1)
2 Īt′′n

d−→ θp det(Γ)−
p−1
2 α

(
[0, 1]p

)
.

By the fact that

tjn = max{k ≥ 0; τ jk ≤ n} j = 1, · · · , p

we have
τ1

t1n∑

k1=1

· · ·
τp

t
p
n∑

kp=1

δ1k1 · · · δ
p
kp

1{S1(k1)=···=Sp(kp)}

=
n∑

k1,··· ,kp=1

δ1k1 · · · δ
p
kp

1{S1(k1)=···=Sp(kp)}.

Consequently,

Īt′n ≤
n∑

k1,··· ,kp=1

δ1k1 · · · δ
p
kp

1{S1(k1)=···=Sp(kp)} ≤ Īt′′n .

Thus,

n− 2p−d(p−1)
2

n∑

k1,··· ,kp=1

δ1k1 · · · δ
p
kp

1{S1(k1)=···=Sp(kp)}

d−→ θp det(Γ)−
p−1
2 α

(
[0, 1]p

)
.

The rest of the proof follows from the fact

n∑

k1,··· ,kp=1

δ1k1 · · · δ
p
kp

1{S1(k1)=···=Sp(kp)} ≤ In

and the fact that

E
(
In
)

= θ−pE

( n∑

k1,··· ,kp=1

δ1k1 · · · δ
p
kp

1{S1(k1)=···=Sp(kp)}

)
.

where the θ can be arbitrarily close to 1.

We now establish the weak laws for the range intersection Jn. Our ap-
proach is to use In to approximate Jn.
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Lemma 5.3.3 .

When d = 2 and p ≥ 2,

lim
n→∞

1

n2
E

{
In −

( logn

2π
√

det(Γ)

)p
Jn

}2

= 0. (5.3.15)

When d = 3 and p = 2,

lim
n→∞

1

n
E

{
In − γ−2

S Jn

}2

= 0 (5.3.16)

where γS is the probability of no returning defined in Remark 5.1.12.

Proof. Due to similarity, we only prove (5.3.15). In view of (5.3.13), it is
sufficient to show that

lim sup
n→∞

( (logn)p

n

)2

EJ2
n ≤ (2π)2p det(Γ)E

[
α
(
[0, 1]p

)2]
, (5.3.17)

lim inf
n→∞

(logn)p

n2
E
(
InJn) ≥ (2π)p det(Γ)−

p−2
2 E

[
α
(
[0, 1]p

)2]
. (5.3.18)

Notice that

In =
∑

x∈Z2

p∏

j=1

lj(n, x), Jn =
∑

x∈Z2

p∏

j=1

1{T (j)
x ≤n}}. (5.3.19)

where lj(n, x) and T
(j)
x are local time and hitting time generated by {Sj(k)}k≥1

in a way same as (5.2.1) and (5.1.7), respectively. Thus

EJn =
∑

x,y∈Z2

[
P{Tx ≤ n, Ty ≤ n}

]p

=
∑

x∈Z2

[
P{Tx ≤ n}

]p
+
∑

x 6=y

[
P{Tx ≤ n, Ty ≤ n}

]p
.

Observe that ∑

x∈Z2

[
P{Tx ≤ n}

]p
= EJn ≤ EIn.

By (5.3.13), it is negligible. Thus, to prove (5.3.17) it is sufficient to show
that

lim sup
n→∞

((log n)p

n

)2∑

x 6=y

[
P{Tx ≤ n, Ty ≤ n}

]p
(5.3.20)

≤ (2π)2p det(Γ)E
[
α
(
[0, 1]p

)2]
.
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For x 6= y, write

P{Tx ≤ n, Ty ≤ n}
=

∑

1≤j<k≤n
P{Tx = j, Ty = k} +

∑

1≤k<j≤n
P{Tx = j, Ty = k}.

Notice that for j < k,

P{Tx = j, Ty = k}
≤ P

{
Tx = j, S(j + 1) 6= y, · · · , S(k − 1) 6= y, S(k) = y

}

= P{Tx = j}P{Ty−x = k − j}.
Therefore,

∑

1≤j<k≤n
P{Tx = j, Ty = k} ≤

n−1∑

j=1

P{Tx = j}P{Ty−x ≤ n− j}.

On the other hand, recall ( (5.1.5) and (5.1.6)),

gn ≡
n∑

k=0

P{S(k) = 0} ∼ 1

2π
√

det(Γ)
logn (n → ∞). (5.3.21)

The key observation is the slow varying property of gn: g[ǫn] ∼ gn for any
ǫ > 0.

Given ǫ > 0 and 1 ≤ j < [(1 + 2ǫ)n], by (5.1.9) in Lemma 5.1.3,

[(1+2ǫ)n]−j∑

k=1

P{S(k) = y − x} =

[(1+2ǫ)n]−j∑

k=1

P{Ty−x = k}g[(1+2ǫ)n]−k

≥ g[ǫn]P{Ty−x ≤ [(1 + ǫ)n] − j}.
Consequently,

∑

1≤j<k≤[(1+2ǫ)n]

P{S(j) = x}P{S(k − j) = y − x}

≥ g[nǫ]

[(1+2ǫ)n]−1∑

j=1

P{S(j) = x}P{Ty−x ≤ [(1 + ǫ)n] − j}

≥ g[nǫ]

[(1+ǫ)n]−1∑

j=1

P{Tx−y = j}
[(1+ǫ)n]−j∑

k=1

P{S(k) = x}

≥ g2
[nǫ]

n−j∑

k=1

P{Tx−y = j}P{Tx ≤ n− j}
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where the last step again follows from (5.1.9) in Lemma 5.1.3.

Summarizing our argument,
∑

1≤j<k≤n
P{Tx = j, Ty = k} (5.3.22)

≤ g−2
[nǫ]

∑

1≤j<k≤[(1+2ǫ)n]

P{S(j) = x}P{S(k − j) = y − x}

= g−2
[nǫ]

∑

1≤j<k≤[(1+2ǫ)n]

P{S(j) = x, S(k) = y}.

Therefore,
∑

x 6=y

[
P{Tx ≤ n, Ty ≤ n}

]p

≤ g−2
[ǫn]

∑

x,∈Z2

[ [(1+2ǫ)n]∑

j,k=1

P{S(j) = x, S(k) = y}
]p

= g−2
[ǫn]EI

2
[(1+2ǫ)n].

Hence, (5.3.20) follows from (5.3.13) in Theorem 5.3.2, (5.3.21) and the fact
that ǫ can be arbitrarily small.

We now prove (5.3.18). By (5.3.19)

E(InJn) =
∑

x,y∈Z2

[
E

{
1{Tx≤n}l(n, y)

}]p
(5.3.23)

≥
∑

x 6=y

[ n∑

j,k=1

P{Tx = j, S(k) = y}
]p
.

By independence of the random walk increments,
∑

1≤j<k≤n
P{Tx = j, S(k) = y}

=
∑

1≤j<k≤n
P{Tx = j}P{S(k − j) = y − x}

=

n−1∑

k=1

P{S(k) = y − x}P{Tx ≤ n− k}

≥ g−1
n

n−1∑

k=1

P{S(k) = y − x}
n−k∑

j=1

P{S(j) = x}

= g−1
n

∑

1≤j<k≤n
P{S(j) = x, S(k) = y}
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where the inequality follows from (5.1.9) in Lemma 5.1.3.

In addition,
∑

1≤k<j≤n
P{Tx = j, S(k) = y}

=
∑

1≤k<j≤n
P{Tx ≥ k, S(k) = y, S(k + 1) 6= x,

S(j − 1) 6= x, S(j) = x}
=

∑

1≤k<j≤n
P{Tx ≥ k, S(k) = y}P{Tx−y = j − k}

=
∑

1≤k<j≤n
P{S(k) = y}P{Tx−y = j − k}

−
∑

1≤k<j≤n
P{Tx < k, S(k) = y}P{Tx−y = j − k}.

Using (5.1.9) in Lemma 5.1.3 again, the first term on the right hand side is
bounded from below by

g−1
n

∑

1≤k<j≤n
P{S(j) = x, S(k) = y}.

Summarizing our estimate,
{∑

x 6=y

[ n∑

j,k=1

P{Tx = j, S(k) = y}
]p}1/p

≥ g−1
n

{∑

x 6=y

[ n∑

j,k=1

P{S(j) = x, S(k) = y}
]p}1/p

−
{∑

x 6=y

[ ∑

1≤k<j≤n
P{Tx < k, S(k) = y}P{Tx−y = j − k}

]p}1/p

.

Notice that

∑

x 6=y

[ n∑

j,k=1

P{S(j) = x, S(k) = y}
]p

= EI2
n − EIn.

By (5.3.13), (5.3.21) and (5.3.23) we will have (5.3.18) if

lim
n→∞

(log n)p

n2

∑

x 6=y

[ ∑

1≤k<j≤n
P{Tx < k, S(k) = y} (5.3.24)

× P{Tx−y = j − k}
]p

= 0.
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By independence of random walk increments,

∑

1≤k<j≤n
P{Tx < k, S(k) = y}P{Tx−y = j − k}

=
∑

1≤i<k<j≤n
P{Tx = i, S(k) = y}P{Tx−y = j − k}

=
∑

1≤i<k<j≤n
P{Tx = i}P{S(k − i) = y − x}P{Tx−y = j − k}

≤ P{Tx ≤ n}P{Tx−y ≤ n}
n∑

k=1

P{S(k) = y − x}.

Consequently,

∑

x 6=y

[ ∑

1≤k<j≤n
P{Tx < k, S(k) = y}P{Tx−y = j − k}

]p

≤
∑

x,y∈Z2

[
P{Tx ≤ n}

∑

1≤k<j≤n
P{S(k) = y − x}P{Tx−y = j − k}

]p

=

{ ∑

x∈Z2

[
P{Tx ≤ n}

]p} ∑

y∈Z2

[
P{Ty ≤ n}

n∑

k=1

P{S(k) = y}P{Ty = j − k}
]p
.

Observe that

∑

x∈Zd

[
P{Tx ≤ n}

]p
= EJn = O

( n

(log n)p

)
(5.3.25)

where the second step follows from (5.3.17). By Cauchy-Schwartz inequality

∑

y∈Z2

[
P{Ty ≤ n}

n∑

k=1

P{S(k) = y}P{Ty = j − k}
]p

≤
{ ∑

y∈Z2

[
P{Ty ≤ n}

]2p}1/2{ ∑

y∈Z2

[ n∑

k=1

P{S(k) = y}
]2p}1/2

.

Replacing p by 2p in (5.3.25) and in (5.3.13) gives, respectively, that

∑

y∈Z2

[
P{Ty ≤ n}

]2p
= O

( n

(logn)2p

)

and
∑

y∈Z2

[ n∑

k=1

P{S(k) = y}
]2p

= O(n).
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We have proved the requested conclusion.

In view of Theorem 5.3.2, an immediate consequence of Lemma 5.3.3 is
the following weak law for Jn.

Theorem 5.3.4 .

When d = 2 and p ≥ 2,

(logn)p

n
Jn

d−→ (2π)p
√

det(Γ)α
(
[0, 1]p

)
. (5.3.26)

When d = 3 and p = 2,

Jn/
√
n

d−→ det(Γ)−1/2γ2
Sα
(
[0, 1]p

)
. (5.3.27)

Proof. Obvious.

Write

F (p)
n =





∑

x∈Z2

p∏

j=1

[
lj(n, x) −

logn

2π
√

det(Γ)
1{x∈Sj[1,n]}

]
d = 2, p ≥ 2

∑

x∈Z3

2∏

j=1

[
lj(n, x) − γ−1

S 1{x∈Sj[1,n]}

]
d = 3, p = 2.

(5.3.28)

By a slight modification of the proof of Lemma 5.3.3, one can show that

lim
ǫ→0+

lim sup
n→∞

1

n2
E
[
F (p)
n

]2
= 0 (5.3.29)

when d = 2, p ≥ 2; and that

lim
ǫ→0+

lim sup
n→∞

1

n
E
[
F (2)
n

]2
= 0 (5.3.30)

when d = 3 and p = 2.

Conrrespondent to In,ǫ defined in (5.3.1), set

Jn,ǫ = C−1
n,ǫ

∑

x∈Zd

p∏

j=1

∑

y∈Sj[1,n]

pǫ

(Γ−1/2(y − x)√
n

)
. (5.3.31)
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A natural question is whether Jn can be approximated by Jn,ǫ in a manner
similar to Lemma 5.3.1. The answer is “Yes” and “No”. On the one hand,
the treatment for Lemma 5.3.1 fails when we move from In, and In,ǫ to
Jn and Jn,ǫ. On the other hand, given what we have known now, Jn is
approximatable by Jn,ǫ.

Set,

D(p)
n,ǫ =

∑

x∈Zd

p∏

j=1

[
1{x∈Sj[1,n]} − C1/p

n,ǫ

∑

z∈Sj[1,n]

pǫ

(Γ−1/2(z − x)√
n

)]
. (5.3.32)

The following lemma which will be used in Chapter 8.

Lemma 5.3.5 Assume that the random walks are aperiodic.

(1). When d = 2 and p ≥ 2,

lim
ǫ→0+

lim sup
n→∞

(logn)2p

n2
E
[
D(p)
n,ǫ

]2
= 0, (5.3.33)

lim
ǫ→0+

lim sup
n→∞

(logn)2p

n2
E
[
Jn − Jn,ǫ

]2
= 0. (5.3.34)

(2). When d = 3 and p = 2,

lim
ǫ→0+

lim sup
n→∞

1

n
E
[
D(2)
n,ǫ

]2
= 0, (5.3.35)

lim
ǫ→0+

lim sup
n→∞

1

n
E
[
Jn − Jn,ǫ

]2
= 0. (5.3.36)

Proof. Due to similarity, we only consider the case d = 2, p ≥ 2. Write

F (p)
n,ǫ = C−1

n,ǫ

∑

x∈Z2

p∏

j=1

[ n∑

k=1

pǫ

(Γ−1/2(Sj(k) − x)√
n

)
(5.3.37)

− logn

2π
√

det(Γ)

∑

z∈Sj [1,n]

pǫ

(Γ−1/2(z − x)√
n

)]
.

By Lemma 5.3.1 and Lemma 5.3.3 and (5.3.29), it suffice to show that

lim
ǫ→0+

lim sup
n→∞

1

n2
E
[
F (p)
n,ǫ

]2
= 0. (5.3.38)
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By independence,

E
[
F (p)
n,ǫ

]2

= C−2
n,ǫ

∑

x,y∈Z2

[
E

{ n∑

k=1

pǫ

(Γ−1/2(S(k) − x)√
n

)
− logn

2π
√

det(Γ)

×
∑

z∈S[1,n]

pǫ

(Γ−1/2(z − x)√
n

)}{ n∑

k=1

pǫ

(Γ−1/2(S(k) − x)√
n

)

− logn

2π
√

det(Γ)

∑

z∈S[1,n]

pǫ

(Γ−1/2(z − y)√
n

)}]p

= C−2
n,ǫ

∑

x,y∈Z2

[ ∑

z1,z2∈Z2

pǫ

(Γ−1/2(z1 − x)√
n

)
pǫ

(Γ−1/2(z2 − y)√
n

)

× E

{
l(n, z1) −

logn

2π
√

det(Γ)
1{Tz1≤n}

}{
l(n, z2) −

logn

2π
√

det(Γ)
1{Tz2≤n}

}]p
.

By Jensen inequality,

E

[
In,ǫ −

( logn

2π
√

det(Γ)

)p
Jn,ǫ

]2

≤ C−2/p
n,ǫ

∑

x,y∈Z2

∑

z1,z2∈Z2

pǫ

(Γ−1/2(z1 − x)√
n

)
pǫ

(Γ−1/2(z2 − y)√
n

)

×
∣∣∣∣E
{
l(n, z1) −

logn

2π
√

det(Γ)
1{Tz1≤n}

}{
l(n, z2) −

logn

2π
√

det(Γ)
1{Tz2≤n}

}∣∣∣∣
p

.

By translation invariance, the right hand side is equal to

∑

z1,z2∈Z2

∣∣∣∣E
{
l(n, z1)−

log n

2π
√

det(Γ)
1{Tz1≤n}

}{
l(n, z2)−

logn

2π
√

det(Γ)
1{Tz2≤n}

}∣∣∣∣
p

.

When p is even, this is equal to E
[
F

(p)
n

]2
. Consequently, (5.3.38) follows from

(5.3.29).

When p is odd, by the inequality

∑

z1,z2∈Z2

| · · · |p ≤
{ ∑

z1,z2∈Z2

[· · · ]p−1
}1/2{ ∑

z1,z2∈Z2

[· · · ]p+1
}1/2

we obtain

E
[
F (p)
n,ǫ

]2 ≤
{

E
[
F (p−1)
n

]2}1/2{
E
[
F (p+1)
n

]2}1/2
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Again, (5.3.38) follows from (5.3.29).

In the rest of the section, S(k) is a symmetric readom walk on Zd and we
view S1(k), · · · , Sp(k) as its independent copies. Recall our notation Rn =
#
{
S(1), · · · , S(n)

}
.

By (5.1.9) in Lemma 5.1.3 and by (5.1.6), (5.1.10), when d ≥ 2 (in which
case gn is slowly increasing),

ERn =
∑

x∈Z2

P{Tx ≤ n} ∼ g−1
n

∑

x∈Z2

n∑

k=1

P{S(k) = x} (5.3.39)

= g−1
n n =





2π
√

det(Γ)
n

logn
d = 2

γSn d ≥ 3.

Theorem 5.3.6 Let f(x) be a bounded continuous function on Rd.

(1). When d = 2

1

n

{ n∑

k=1

f
(S(k)√

n

)
− log n

2π
√

det(Γ)

∑

x∈S[1,n]

f
( x√

n

)}
P−→ 0. (5.3.40)

Consequently,

(
logn

2πn
√

det(Γ)

∑

x∈S[1,n]

f
( x√

n

)
,
S(n)√
n

)
(5.3.41)

d−→
(∫ 1

0

f
(
Γ1/2W (t)

)
dt, W (1)

)
(n → ∞).

(2). When d = 3,

1

n

{ n∑

k=1

f
(S(k)√

n

)
− γ−1

S

∑

x∈S[1,n]

f
( x√

n

)}
P−→ 0. (5.3.42)

Consequently,

(
1

γSn

∑

x∈S[1,n]

f
( x√

n

)
,
S(n)√
n

)
d−→
(∫ 1

0

f
(
Γ1/2W (t)

)
dt, W (1)

)
(5.3.43)

as n→ ∞.
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Proof. Due to similarity we only deal with d = 2. By invariance principle,
(5.3.41) is a direct consequence of (5.3.40).

For each M > 0, define fM (x) = f(x) if |x| ≤ M , and 0 if |x| > M .
By the classic fact that the random sequence max

1≤k≤n
|S(k)|/√n is bounded in

probability, all we need is to show that for any fixed M > 0

lim
n→∞

1

n2
E

[ n∑

k=1

fM

(S(k)√
n

)
− logn

2π
√

det(Γ)

∑

x∈S[1,n]

fM

( x√
n

)]2
= 0. (5.3.44)

Take d = p = 2 and let F
(2)
n be defined in (5.3.28).

E
[
F (2)
n

]2

=
∑

x,y∈Z2

[
E

{
l(n, x) − logn

2π
√

det(Γ)
1{Tx≤n}

}{
l(n, y) − logn

2π
√

det(Γ)
1{Ty≤n}

}]2
.

By Cauchy-Schwartz inequality,

{ ∑

x∈Z2

∣∣∣fM
( x√

n

)∣∣∣
2
}{

E
[
F (2)
n

]2}1/2

≥
∑

x,y∈Z2

fM

( x√
n

)
fM

( y√
n

)
E

{
l(n, x) − logn

2π
√

det(Γ)
1{Tx≤n}

}

×
{
l(n, y)− logn

2π
√

det(Γ)
1{Ty≤n}

}

= E

[ ∑

x∈Z2

fM

( x√
n

)
l(n, x) − logn

2π
√

det(Γ)

∑

x∈Z2

fM

( x√
n

)
1{Ty≤n}

]2

= E

[ n∑

k=1

fM

(S(k)√
n

)
− logn

2π
√

det(Γ)

∑

x∈S[1,n]

fM

( x√
n

)]2
.

Therefore, the requested (5.3.44) follows from (5.3.29) (with p = 2) and the
fact that

∑

x∈Z2

∣∣∣fM
( x√

n

)∣∣∣
2

∼ n

∫

R2

|fM (x)|2dx

as n→ ∞.

Theorem 5.3.6 will play an important role in Chapter 7.
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5.4 Self-intersection in dimension two

The goal of this section is to establish the weak laws for the double self-
intersection local time

Qn =
∑

1≤j<k≤n
1{S(j)=S(k)}

and for the range

Rn = #
{
S[1, n]

}
= #

{
S(1), · · · , S(n)

}

of the planar symmetric random walk S(k).

By (5.1.6), it is straightforward to see that

EQn =
∑

1≤j<k≤n
P{S(k − j) = 0} ∼ 1

2π
√

det(Γ)
n logn. (5.4.1)

The asymptotical expansion of Rn is given in (5.3.39). Taking f ≡ 1 in
Theorem 5.3.6 leads to

lim
n→∞

Rn/ERn = 1.

in probability.

This type of concentration pehnomenon happens also to Qn in multi-
dimensions. The right question is to ask what can be said about the limit
laws forQn−EQn and for Rn−ERn. We start our investigation by estimating
the variance of Qn and Rn.

Lemma 5.4.1

Var (Qn) = O(n2) (n → ∞), (5.4.2)

Var (Rn) = O
( n2

(logn)4

)
(n→ ∞). (5.4.3)

Proof. Due to similarity, we only prove (5.4.3). For each integer k ≥ 1,
write

ak = sup
{
Var (Rn)1/2; 2k < n ≤ 2k+1

}
.

For each n ∈ (2k, 2k+1] let n1 = [n/2] and n2 = n − n1. Consider the
decomposition

Rn = Rn1 + R̃n2 − #
{
S[1, n1] ∩ S[n1 + 1, n]

}
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where R̃n2 = #
{
S[n1 + 1, n]

}
is independent of Rn1 and of the distribution

same as Rn2 , and

#
{
S[1, n1] ∩ S[n1, n]

} d
= #

{
S[0, n1 − 1] ∩ S̃[1, n2]

}

where S̃(n) is an independent copy of S(n). By Cauchy-Schwartz inequality,

Var (Rn)
1/2

≤
(
Var (Rn1) + Var (Rn2)

)1/2

+ Var
(
#
{
S[0, n1 − 1] ∩ S̃[1, n2]

})1/2

.

Taking p = 2 in (5.3.17) gives that the second term on the right hand side is
bounded by C1k

−22k for some constant independent of k. Thus,

ak ≤ 21/2ak−1 + C1k
−22k k = 2, 3, · · · .

Write bk = k22−kak. Then

bk ≤ θbk−1 + C1

for any θ > 2−1/2 and sufficiently large k. Consequently, the sequence bk is
bounded.

Recall that γt is the renormalized self-intersection local time

γ
(
[0, t]2<

)
=

∫ ∫

{0≤r<s≤t}
δ0
(
W (r) −W (s)

)
drds

− E

∫ ∫

{0≤r<s≤t}
δ0
(
W (r) −W (s)

)
drds

run by a planar Brownian motion W (t).

Theorem 5.4.2

n−1
{
Qn − EQn

}
d−→ det(Γ)−1/2γ

(
[0, 1]2<

)
.

Proof. By the method of resolvent approximation, we may assume that the
random walk is aperiodic.

The proof is based on a same type of triangular approximation used in
Theorem 2.4.1.

Let N ≥ 1 be a large integer and write

Ak
l (n) =

( 2l

2k+1
n,

2l+ 1

2k+1
n
]
×
(2l+ 1

2k+1
n,

2l + 2

2k+1
n
]

l = 0, 1, · · · , 2k − 1 k = 0, 1, · · ·N − 1.
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Bl(n) =
{

(i, j);
l− 1

2N
n < i < j ≤ l

2N
n
}

l = 1, · · · , 2N .

It is helpful for the reader to check Figure 2.1 in Section 2.4 for visualization
of these sets.

We have

Qn =

N−1∑

k=1

2k−1∑

l=1

∑

(i,j)∈Ak
l (n)

1{S(i)=S(j)} +

2N∑

l=1

∑

(i,j)∈Bl(n)

1{S(i)=S(j)}. (5.4.4)

Observe that the sequence
∑

(i,j)∈Bl(n)

1{S(i)=S(j)} l = 1, · · · , 2N

is independent. Therefore,

Var

{ 2N∑

l=1

∑

(i,j)∈Bl(n)

1{S(i)=S(j)}

}

=

2N∑

l=1

Var

{ ∑

(i,j)∈Bl(n)

1{S(i)=S(j)}

}

= O
(
2−Nn2

)
.

In particular,

lim
N→∞

lim sup
n→∞

n−2Var

{ 2N∑

l=1

∑

(i,j)∈Bl(n)

1{S(i)=S(j)}

}
= 0. (5.4.5)

Suppose that we can prove that as n→ ∞,

1

n

N−1∑

k=1

2k−1∑

l=1

∑

(i,j)∈Ak
l
(n)

1{S(i)=S(j)}
d−→ det(Γ)−1/2β(DN ) (5.4.6)

lim
n→∞

1

n
E

{N−1∑

k=1

2k−1∑

l=1

∑

(i,j)∈Ak
l (n)

1{S(i)=S(j)}

}
= det(Γ)−1/2Eβ(DN ). (5.4.7)

for every N , where β(·) is the self-intersection local time (without being
renormalization)

β(A) =

∫ ∫

A

δ0
(
W (r) −W (s)

)
drds A ⊂ (R+)2<
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discussed in Section 2.3,

DN =

N−1⋃

k=1

2k−1⋃

l=1

Akl

and the sets Akl are defined in (2.4.2). By Theorem 2.4.1, β(DN ) − Eβ(DN )
converges to γ1 as N → ∞. Therefore the desired conclusion holds.

It remains to prove (5.4.6) and (5.4.7). Due to similarity in proof, we
only deal with (5.4.6). Fix ǫ > 0 and apply the invariance principle to the
continuous functional

Ψ(f) =

∫ ∫

DN

p2ǫ

(
Γ−1//2

(
f(r) − f(s)

))
drds

on D
{
[0, 1],R2

}
gives that

1

n2

N−1∑

k=1

2k−1∑

l=1

∑

(i,j)∈Ak
l (n)

p2ǫ

(Γ−1/2
(
S(i) − S(j)

)
√
n

)

d−→
∫ ∫

DN

p2ǫ

(
W (r) −W (s)

)
drds = βǫ(DN )

as n→ ∞, where the random measure

βǫ(A) =

∫

Rd

[ ∫ ∫

A

pǫ
(
W (r) − x

)
pǫ
(
W (s) − x

)
drds

]
dx A ⊂ (R+)2<

was constructed and discussed (in a more general form) in Section 2.3 and,
it was shown that βǫ(A) converges to the double self intersection β(A) at
A = DN in L2-moment as ǫ→ 0+.

From above discussion, the proof of (5.4.6) has been reduced to show that
for any fixed 1 ≤ k ≤ N − 1 and l = 0, 1, · · ·2k − 1,

lim
ǫ→0+

lim sup
n→∞

1

n2
E

{ ∑

(i,j)∈Ak
l (n)

1{S(i)=S(j)} (5.4.8)

− 1√
det(Γ)n

∑

(i,j)∈Ak
l (n)

p2ǫ

(Γ−1/2
(
S(i) − S(j)

)
√
n

)}2

= 0.

Indeed, there are tn, t̃n = n
2k ± 1 such that

∑

(i,j)∈Ak
l (n)

1{S(i)=S(j)} −
1√

det(Γ)n

∑

(i,j)∈Ak
l (n)

p2ǫ

(Γ−1/2
(
S(i) − S(j)

)
√
n

)

d
=

tn∑

i=0

t̃n∑

j=1

1{S(i)=eS(j)} −
1√

det(Γ)n

tn∑

i=0

t̃n∑

j=1

p2ǫ

(Γ−1/2
(
S(i) − S̃(j)

)
√
n

)
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where S̃(n) is an independent copy of S(n). By the continuity of pt(x) with
respect to both t and x, the right hand side has the expansion, in the notation
used in (5.3.1) (with d = p = 2),

o(n) + Itn − Itn,2kǫ (n→ ∞)

Hence, (5.4.8) follows from Lemma 5.3.1.

Theorem 5.4.3 .

E

{
(Qn − EQn) +

( logn

2π
√

det(Γ)

)2

(Rn − ERn)
}2

= o(n2) (5.4.9)

as n→ ∞. In particular,

(logn)2

n
(Rn − ERn)

d−→ −(2π)2
√

det(Γ)γ1. (5.4.10)

Proof. Correspondent to (5.4.4)

Rn =
2N∑

l=1

#
{
S
( l − 1

2N
n,

l

2N
n
]}

−
N−1∑

k=1

2k−1∑

l=1

#
{
S
( 2l

2k+1
n,

2l + 1

2k+1
n
]
∩ S
(2l+ 1

2k+1
n,

2l + 2

2k+1
n
]}
.

By an argument similar to the one used for (5.4.5),

lim
N→∞

lim sup
n→∞

(log n)4

n2
Var

{ 2N∑

l=1

#
{
S
( l − 1

2N
n,

l

2N
n
]}}

= 0.

To prove (5.4.9), therefore, it is sufficient to prove that for fixed k, l,

lim
n→∞

1

n2
E

{ ∑

(i,j)∈Ak
l (n)

1{S(i)=S(j)}

−
( logn

2π
√

det(Γ)

)2

#
{
S
( 2l

2k+1
n,

2l + 1

2k+1
n
]
∩ S
(2l+ 1

2k+1
n,

2l+ 2

2k+1
n
]}}2

= 0.

This clearly follows from (5.3.15) in Lemma 5.3.3 with d = p = 2.

The statement (5.4.10) is a direct consequence of Theorem 5.4.2 and
(5.4.9).
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5.5 Self-intersection in high dimensions

For the mutual intersection, the words “high dimensional” here really mean
the critical dimensions consists of the case d = 4, p = 2 and the case d =
p = 3. In these cases, the Brownian intersection local time does not exist.
Naturally, the weak law for In and Jn, if any, will take a form different
from those given in Theorem 5.3.2 and Theorem 5.3.4. Here we include,
without giving the proof, the following theorem of Le Gall [118] on the weak
convergence for In and Jn.

Theorem 5.5.1 (1) When d = 4 and p = 2,

(log n)−1In
d−→ (2π)−2 det(Γ)−1/2U2 (5.5.1)

(logn)−1Jn
d−→ γ2

S(2π)−2 det(Γ)−1/2U2 (5.5.2)

where U is a N(0, 1) random variable.

(2) When d = p = 3,

(log n)−1In
d−→ (2π)−2 1

det(Γ)
V (5.5.3)

(logn)−1Jn
d−→ (2π)−2 γ3

S

det(Γ)
V (5.5.4)

where the random variable V has the gamma distribution with parameter 1/4.

As for the self-intersection, “high dimension” means that d ≥ 3, partially
because the Brownian self-intersection local time does not exist (even by
renormalization). To establish the weak laws for Qn − EQn and Rn − ERn,
we first investigate the asymptotic orders of their variances.

Lemma 5.5.2 When d = 3,

Var (Qn) ∼
1

2π2 det(Γ)
n logn (n→ ∞), (5.5.5)

Var (Rn) ∼ γ2
S

2π2 det(Γ)
n logn (n→ ∞). (5.5.6)
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When d ≥ 4

Var (Qn) ∼ D
2n (n → ∞) (5.5.7)

Var (Rn) ∼ γ2
SD

2n (n→ ∞) (5.5.8)

where the limiting variance D2 is given by

D
2 = 3A2 +A+ 2B

and

A =

∞∑

k=1

P{Sk = 0} and B =
∑

x∈Zd

[ ∞∑

k=1

P{Sk = x}
]3

Proof. First, we have to show that B < ∞ so that the statement for d ≥ 4
is well posted. More generally, we show that in the super-critical dimensions
defined by p(d− 2) > d,

∑

x∈Z3

∑

x∈Zd

[ ∞∑

k=1

P{Sk = x}
]p
<∞ (5.5.9)

By the argument of resolvent approximation we may do it under aperiodicity.
Indeed, under aperiodicity, it is known ((1.4), [151]) that

∞∑

k=1

P{Sk = x} ≤
∑

z∈Zd

π(z)

1 + |z − x|d−2
Zd

where π(x) is a summable non-negative function on Zd. By triangular in-
equality, { ∑

x∈Z3

∑

x∈Zd

[ ∞∑

k=1

P{Sk = x}
]p}1/p

≤
∑

z∈Zd

π(z)

{ ∑

x∈Zd

1

(1 + |z − x|d−2)p

}1/p

=

{ ∑

z∈Zd

π(z)

}{ ∑

x∈Zd

1

(1 + |x|d−2)p

}1/p

<∞

Due to similarity, we only compute the variance for Qn. That is, we
prove (5.5.5) and (5.5.6). We introduce the following notations: We write

Pk(x) = P{S(k) = x} and set {S̃(k)} for an independent copy of {S(k)}. Let

G(x) =

∞∑

k=1

Pk(x) and Gk(x) =

k∑

j=1

Pj(x)
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be the Green’s function and partial Green’s function, respectively.

We begin with the decomposition

Qn =

n−1∑

j=1

∞∑

k=j+1

1{Sk=Sj} −
n−1∑

j=1

∞∑

k=n+1

1{Sk=Sj} (5.5.10)

=

n−1∑

j=1

Zj −
n−1∑

j=1

Wn
j (say).

For any 1 ≤ i ≤ j ≤ k ≤ n,

EWn
i W

n
j =

∞∑

k,l=n+1

P{Sl − Sj = 0, Sk − Sj = Si − Sj}

=

∞∑

k,l=n−j+1

P{Sl = 0, Sk = S̃j−i}

=
∑

x∈Zd

Pj−i(x)
∞∑

k,l=n−j+1

P{Sl = 0, Sk = x}

≤
∑

x∈Zd

Pj−i(x)
∑

n−j+1≤k≤l<∞
P{Sl = 0, Sk = x}

+
∑

x∈Zd

Pj−i(x)
∑

n−j+1≤l≤k<∞
P{Sl = 0, Sk = x}.

For the first term on the right hand side,
∑

x∈Zd

Pj−i(x)
∑

n−j+1≤k≤l<∞
P{Sl = 0, Sk = x}

=
∑

x∈Zd

Pj−i(x)
∑

n−j+1≤k≤l<∞
P{Sl−k = x}P{Sk = x}

≤ C
∑

x∈Zd

Pj−i(x)
∑

n−j+1≤k≤l<∞
Pl−k(x)

1

kd/2

= C
∑

n−j+1≤k≤l<∞
Pl−k+j−i(0)

1

kd/2

where the second step follows from classic fact that supx∈Zd Pk(x) = O(k−d/2).

As for the second term, a similar estimate yields that
∑

x∈Zd

Pj−i(x)
∑

n−j+1≤l≤k<∞
P{Sl = 0, Sk = −x}

≤ C
∑

n−j+1≤l≤k<∞
Pk−l+j−i(0)

1

ld/2
.
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Hence,

EWn
i W

n
j ≤ 2C

∑

n−j+1≤k≤l<∞
pl−k+j−i(0)

1

ld/2

= 2

( ∞∑

k=n−j+1

pk(0)

)( ∞∑

l=j−i

1

ld/2

)
= O

(
(n− j)1−

d
2 (j − i)1−

d
2

)
.

Therefore, as n→ ∞,

n∑

j=1

j∑

i=1

EWn
i W

n
j =





O(n) d = 3

O
(
(logn)2

)
d = 4

O(1) d ≥ 5.

(5.5.11)

For 1 ≤ i ≤ j ≤ n,

Cov (Zi, Zj) = Cov

( ∞∑

k=1

1{Sk=eSj−i},
∞∑

k=1

1{Sk=0}

)
(5.5.12)

=

∞∑

k,l=1

{
P{Sk = S̃j−i, Sl = 0} − Pk+j−i(0)Pl(0)

}

=
∑

x∈Zd

Pj−i(x)
∞∑

k,l=1

P{Sk = −x, Sl = 0} −G(0)

∞∑

k=j−i+1

Pk(0).

Write
∑

x∈Zd

Pj−i(x)
∞∑

k,l=1

P{Sk = x, Sl = 0}

=
∑

x∈Zd

Pj−i(x)
∑

1≤k≤l<∞
P{Sk = x Sl = 0}

+
∑

x∈Zd

Pj−i(x)
∑

1≤l<k<∞
P{Sk = x Sl = 0}.

The first term on the right hand side is equal to

∑

x∈Zd

Pj−i(x)
∑

1≤k≤l<∞
Pk(x)pl−k(x)

=
∑

x∈Zd

Pj−i(x)G(x)
∞∑

l=0

Pl(x)

= pj−i(0)G(0)
(
1 + G(0)

)
+
∑

x 6=0

Pj−i(x)G
2(x).
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As for the second term, it is equal to
∑

x∈Zd

Pj−i(x)
∑

1≤l<k<∞
Pk−l(x)Pl(0)

=
∑

1≤l<k<∞
Pk−l+j−i(0)Pl(0) = G(0)

∞∑

k=j−i+1

Pk(0).

In summary of the argument since (5.5.12),

Cov (Zi, Zj) = Pj−i(0)G(0)
(
1 + G(0)

)
+
∑

x 6=0

Pj−i(x)G
2(x).

Consequently,

Var
( n∑

i=1

Zi

)
=

n∑

i=1

V ar(Zi) + 2
∑

1≤i<j≤n
Cov(Zi, Zj) (5.5.13)

= nG(0)
(
1 + G(0)

)
+ 2G(0)

(
1 + G(0)

) n−1∑

j=1

Gn−j(0)

+ 2
∑

x 6=0

G
2(x)

n−1∑

i=1

Gn−i(x)

= nG(0)
(
1 + G(0)

)
+ 2G(0)

n−1∑

j=1

Gj(0) + 2
∑

x∈Zd

G
2(x)

n−1∑

j=1

Gj(x).

When d ≥ 4, by (5.5.9
∑

x∈Zd

G
3(x) <∞.

By (5.5.13),

Var
( n∑

i=1

Zi

)
∼ n

{
G(0)

(
1 + G(0)

)
+ 2G

2(0) + 2
∑

x∈Zd

G
3(x)

}

as n→ ∞. By (5.5.10) and (5.5.11), this implies (5.5.7).

We now consider the case d = 3. We use the fact that (p. 308, [147])

G(x) ∼ (2π)−1 det(Γ)−1/2〈x,Γ−1x〉−1/2 (|x| → ∞).

Thus,

∑

〈x,Γ−1x〉>j
G

2(x)Gj(x) = O

(
1

j

∑

x∈Zd

Gj(x)

)
= O(1) (j → ∞). (5.5.14)
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In addition,
∑

〈x,Γ−1x〉≤j
G

2(x)
(
G(x) − Gj(x)

)
(5.5.15)

≤
(
G(0) − Gj(0)

) ∑

〈x,Γ−1x〉≤j
G

2(x)

≤ C
(
G(0) − Gj(0)

) ∑

〈x,Γ−1x〉≤j

1

1 + |x|2 = O(1) (j → ∞)

and

∑

〈x,Γ−1x〉≤j
G

3(x) ∼ 1

(2π)3 det(Γ)3

∫

{1≤〈x,Γ−1x〉≤j}
〈x,Γ−1x〉−3/2dx (5.5.16)

=
1

(2π)3 det(Γ)

∫

{1≤|y|≤√
j}
|y|−3dy =

1

(2π)2 det(Γ)
log j (j → ∞).

Combining (5.5.14), (5.5.15) and (5.5.16) gives

∑

x∈Zd

G
2(x)Gj(x) ∼

1

(2π)2 det(Γ)
log j (j → ∞).

By (5.5.12),

Var
( n∑

i=1

Zi

)
∼ 2

(2π)2 det(Γ)
n logn (n→ ∞)

which, together with (5.5.10) and (5.5.11), implies (5.5.5).

The following theorem shows that Qn−EQn and Rn−ERn are attracted
by normal distributions as d ≥ 3.

Theorem 5.5.3 (1). When d = 3,

1√
n logn

(
Qn − EQn

)
d−→ N

(
0,

1

2π2 det(Γ)

)
, (5.5.17)

1√
n logn

(
Rn − ERn

)
d−→ N

(
0,

γ2
S

2π2 det(Γ)

)
. (5.5.18)

(2). When d ≥ 4,

1√
n

(
Qn − EQn

)
d−→ N(0,D2), (5.5.19)
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1√
n

(
Rn − ERn

)
d−→ N(0, γ2

SD
2), (5.5.20)

where D2 is defined in Lemma 5.5.2.

Proof. Due to similarity we only prove (5.5.17). Let {γn} be a positive
sequence such that

γn −→ ∞ and γn = o
(√

logn
)

(n→ ∞).

Let 0 = n0 < n1 < · · · < nγn = n be an integer partition of [0, n] such that
for each 1 ≤ i ≤ γn, n− i− ni−1 = [nγ−1

n ] or [nγ−1
n ] + 1. Then

Qn =

γn∑

i=1

∑

ni−1<j<k≤ni

1{S(j)=S(k)} +

γn−1∑

i=1

ni∑

j=ni−1+1

n∑

k=ni+1

1{S(j)=S(k)}.

(5.5.21)

For each 1 ≤ i ≤ γn − 1,

ni∑

j=ni−1+1

n∑

k=ni+1

1{S(j)=S(k)}
d
=

ni−ni−1∑

j=1

n−ni∑

k=1

1{Sj=eS(k)} ≤
n∑

j=1

n∑

k=1

1{S(j)=eS(k)}

where {S̃(k)} is an independent copy of {S(k)}. By (5.3.13) in Theorem
5.3.2 (with d = 2 and p = 2),

E

( γn−1∑

i=1

ni∑

j=ni−1+1

n∑

k=ni+1

1{S(j)=S(k)}

)2

(5.5.22)

≤ γ2
nE

( n∑

j=1

n∑

k=1

1{S(j)=eS(k)}

)2

= o(n logn).

In addition, notice that the random variables

∑

ni−1<j<k≤ni

1{S(j)=S(k)} i = 1, 2, · · · , γn

are independent with

∑

ni−1<j<k≤ni

1{Sj=Sk}
d
= Qni−ni−1 i = 1, 2, · · · , γn.
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Comparing (5.5.5) and (5.5.22)

Var

( γn∑

i=1

∑

ni−1<j<k≤ni

1{Sj=Sk}

)
∼ D

2n logn.

From Theorem 6.4.1 in the next chapter, we can check Lindbergh condition.
Hence,

γn∑

i=1

{ ∑

ni−1<j<k≤ni

1{Sj=Sk} − E

( ∑

ni−1<j<k≤ni

1{Sj=Sk}
)}/

n logn

d−→ N
(
0,

1

2π2 det(Γ)

)
.

Finally, (5.5.17) follows from (5.5.21) and (5.5.22).

From the argument we put for Theorem 5.5.3, we see that as d ≥ 3, the
short range self-intersection dominates the long-range self-intersection. Con-
sequently, Qn−EQn (as well as Rn−ERn) is approximated by independent
sums. That is the reason we have Gaussian laws here.

5.6 Notes and comments

Section 5.1

We refer the reader to the book by Spitzer [147] for the collection of
general theory on random walks. The terminology used by Spitzer is slightly
different from what we use here: What we call aperiodic is strongly aperiodic
in Spitzer [147].

Section 5.2

Theorem 5.2.1, Theorem 5.2.3 and the argument used to their establish-
ment come from the paper by Chen and Li ([31]). The proof of Lemma 5.2.2
is essentially adopted from Jain and Pruitt [97].

Section 5.3

The weak laws for In and Jn was first studied by Le Gall [117] in the
sub-critical dimensions. He shows that every integral moment of properly
normalized In and Jn converges to the same moment of α

(
[0, 1]p

)
. Prior to

[117], Le Gall had obtained a analogue for the intersection of two indepen-
dent Brownian sausages ([116]). The idea of using Fourier transformation in
proving the weak law for In (Theorem 5.3.2) can be found in the paper by
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Rosen [143]. The idea of approximating Jn by In (proof of Lemma 5.3.3) can
be seen in the paper by Le Gall and Rosen ([124]).

Exercise 1. This exercise is related to Theorem 5.3.2. Take p = 2 and
d ≤ 3.

1. Directly prove that EIn ∼ cn
4−d
2 and find out the constant c.

2. Give a shorter proof of Theorem 5.3.2 (That is, to simplify the proof
of Lemma 5.3.1 or establish something else instead) in this special case.

Section 5.4.

The weak laws for Qn − EQn and Rn − ERn in the case d = 2 was first
investigated by Le Gall [117] and his results were essentially what we state in
Theorem 5.4.2 and in Theorem 5.4.3. Le Gall’s work was later extended by
Rosen [143] and by Le Gall and Rosen [124] to more general random walks,
for example, to the stable random walks.

The study of the range in d = 2 has been a sensetional and a lot of

interesting things happen in this dimension. Let, for example, R
(p)
n be the

number of distinct sites visited exactly p (p ≥ 1) times by S(k) in the first n
steps. Hamana ([83]) points out that

(logn)3

n

[
R(p)
n − ER(p)

n

]
d−→ −16π3 det(Γ)2γ1.

If R̂
(p)
n is the number of distinct sites visited at least p (p ≥ 1) times by

S(k) in the first n steps, then

(logn)3

n

[
R̂(p)
n − ER̂(p)

n

]
d−→ −4π2 det(Γ)2γ1.

A stricking fact is that these limit laws does not depend on p at all! This
seems to suggest that once being visited, then it costs almost nothing to be
visited again.

When p increases with n, the points in R̂
(p)
n are called thick points. A

remarkable progress in recent years is the investigation of thick points led by
Dembo, Peres, Rosen and Zeitouni ([45]) claiming that as pn ∼ a(log n)2,

lim
n→∞

(logn)−1 log R̂(pn)
n = 1 − πa a.s.

A direct consequence of their work is the final solution of the long standing
Erdös-Taylor conjecture.
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Other related models are the time needed for the random walk to cover a
big disk (Cover-time problem) and the waiting time for visiting a fresh site
after first n steps. These models were investigated by Dembo, Peres and
Rosen ([46]).

Section 5.5.

Theorem 5.3.6 was established in [25].

Section 5.6.

Due to some historic reasons, much of the focus is on the Rn − ERn as
d ≥ 3. The central limit theorem given in (5.5.20) was first obtained by Jain
and Orey ([94]) in the special case d ≥ 5. Later by Jain and Pruitt ([95]),
(5.5.20) was established for d = 4 and (5.5.18) was established for d = 3.
Similar results were obtained by Yor ([164]) and by Calais and Yor ([20]) in
the setting of Brownian sausages. The central limit theorem for Qn − EQn
(given in Theorem 5.5.3) was much later established in Chen ([30]). The
argument used in Lemma 5.5.2 goes back at least to Jain and Orey ([94]).

The following exercise appears as an application of the weak laws for Qn
stated in Theorem 5.2.3 (with p = 2), Theorem 5.4.2 and Theorem 5.5.3. The
reader is referred to Kesten and Spitzer ([100]), Bolthausen ([13]), Khosh-
nevisan and Lewis ([104]).

Exercise 2. Let {ξ(x); x ∈ Zd} be a family of i.i.d. random variables
independent of the random walk {S(k)}k≥1 such that Eξ(0) = 0 and Eξ2(0) =
1. The random sequence

ζn =

n∑

k=1

ξ
(
S(k)

)
n = 1, 2, · · · (5.6.1)

is called random walk in random scenery in literature, where the random
scenery is referred to {ξ(x); x ∈ Zd}.

(1). When d = 1,

n−3/4ζn
d−→ U

√
1

σ

∫ ∞

−∞
L2(1, x)dx (5.6.2)

where U ∼ N(0, 1) independent of W (t).

(2) When d = 2,

(n logn)−1/2ζn
d−→ 1√

2π 4
√

det(Γ)
U. (5.6.3)
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(3) When d ≥ 3,

(n logn)−1/2ζn
d−→ U

√√√√
∞∑

k=1

P{S(k) = 0}. (5.6.4)

Hint: ζn =
∑

x∈Zd

l(n, x)ξ(x).
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Chapter 6

Inequalities and

integrabilities

-

The large deviation principle appears as asymptotically sharp inequalities
for the underline probabilities. On the other hand, sharp inequalities are
usually important tools for studying large deviation principle. When such
inequalities take a clean and symmetric form, themselves become a focus of
interest. Our first goal of this chapter is to establish such inequalities for
additive and sub-additive functionals associated with mutual intersections.
The key idea in these inequalities is to separate the (mutual) intersections
happening in different time periods.

It is hard to image that a practically interesting model satisfying large
deviation principle does not have some basic exponential integrabilities. The
second goal of this chapter is to establish the exponential integrabilities for
the intersection local times In, Qn, the range Rn and the intersection Jn of
independent ranges.

The argument by sub-additivity has been an effective approach of estab-
lishing large deviations integrabilities.. The multi-nomial inequalities estab-
lished in Section 6.1 provide an environment that allows such argument. In
Section 6.2, they are applied directly to the problem of maximal integrabili-
ties for In and Jn.

In Section 6.3 and Section 6.4, the integrabilities established for In and
Jn are extended to the renormalized self-intersection local time Qn − EQn
and to the renormalized range Rn − ERn.

203
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6.1 Multi-nomial inequalities

Let S1(k), · · · , Sp(k) be independent symmetric random walks in Zd. For
convenience, we view S1(k), · · · , Sp(k) as independent copies of the random
walk {S(k)}.

Let the integer a ≥ 2 and the increasing integers 1 ≤ n1 < · · · < na be
fixed. We use the notations Fx

k (S) and Gxk (S) (x ∈ Zd, k = 1, · · · , a) for two
measurable functionals of a random walk S = {S(k)} on Zd. The following
assumptions are assumed throughout this section.

(1). Adaptivity of Fx
k (S): Fx

k (S) ∈ σ{S(j); 1 ≤ j ≤ nk} for any x ∈ Zd,
k = 1, · · · , a.

(2) Spatial homogeneity of Gxk (S): Gxk (z + S) = Gx−zk
1 for any x, z ∈ Zd,

k = 1, · · · , a.
The functional Fx

k (S) (k = 1, · · · , a) is said to be sub-additive on the in-
creasing sequence n1 < n2 < · < na with respect to the increment functional
Gxk , if

F1(S)x = Gx1 (S) and Fx
k (S) ≤ Fx

k−1(S) + Gxk (S ◦ θnk−1) (6.1.1)

x ∈ Zd, k = 1, · · · , a, where θ is the usual shift operator of the Markov chain
{S(k)}: S(n) ◦ θ = S(n+ 1), so that

S ◦ θnk−1 =
{
S(nk−1), S(nk−1 + 1), · · ·

}
.

Further, Fx
k (S) is said to be additive if the inequality in (6.1.1) is replaced

by equality.

Theorem 6.1.1 . Assume the sub-additivity defined in (6.1.1) and assume
that Fx

k (S) ≥ 0, Gxk (S) ≥ 0 for x ∈ Zd, k = 1, · · · , a. For any integer m ≥ 1,

{
E

[ ∑

x∈Zd

p∏

j=1

Fx
a (Sj)

]m}1/p

(6.1.2)

≤
∑

l1+···+la=m
l1,··· ,la≥0

m!

l1! · · · la!
a∏

k=1

{
E

[ ∑

x∈Zd

p∏

j=1

Gxk (Sj)

]lk}1/p

.

1Here we allow the random walk to start at non-zero point. In this way, z+S constitutes
a random walk for any z ∈ Z

d.
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Consequently, for any u > 0,

∞∑

m=0

um

m!

{
E

[ ∑

x∈Zd

p∏

j=1

Fx
a (Sj)

]m}1/p

(6.1.3)

≤
a∏

k=1

∞∑

m=0

um

m!

{
E

[ ∑

x∈Zd

p∏

j=1

Gxk (Sj)

]m}1/p

.

Proof. Obviously, (6.1.3) follows directly from (6.1.2). By an induction
procedure, we need only to show that for k = 2, · · · , a,
{

E

[ ∑

x∈Zd

p∏

j=1

Fx
k (Sj)

]m}1/p

(6.1.4)

≤
m∑

l=0

(
m

l

){
E

[ ∑

x∈Zd

p∏

j=1

Fx
k−1(Sj)

]l}1/p{
E

[ ∑

x∈Zd

p∏

j=1

Gxk (Sj)

]m−l}1/p

Let k be fixed. and write

∆1(x) = Fx
k−1(S) and ∆2(x) = Gxk (S ◦ θnk−1).

We have

E

[ ∑

x∈Zd

p∏

j=1

Fx
k (Sj)

]m
=

∑

x1,··· ,xm∈Zd

[
E

m∏

l=1

Fxl

k (S)

]p

=
∑

x1,··· ,xm∈Zd

[ 2∑

i1,··· ,im=1

E

(
∆i1 (x1) · · ·∆im(xm)

)]p
.

By triangular inequality,

{
E

[ ∑

x∈Zd

p∏

j=1

Fx
k (Sj)

]m}1/p

≤
2∑

i1,··· ,im=1

{ ∑

x1,··· ,xm∈Zd

[
E

(
∆i1(x1) · · ·∆im(xm)

)]p}1/p

=

m∑

l=0

(
m

l

){ ∑

x1,··· ,xm∈Zd

[
E

(
∆1(x1) · · ·∆1(xl)

)

×
(
∆2(xl+1) · · ·∆2(xm)

)]p}1/p

.
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All we need is to prove that

∑

x1,··· ,xm∈Zd

[
E

(
∆1(x1) · · ·∆1(xl)

)(
∆2(xl+1) · · ·∆2(xm)

)]p
(6.1.5)

≤ E

[ ∑

x∈Zd

p∏

j=1

Fx
k−1(Sj)

]l
E

[ ∑

x∈Zd

p∏

j=1

Gxk (Sj)

]m−l
.

For fixed (x1, · · · , xl),

∑

xl+1,··· ,xm∈Zd

[
E

(
∆1(x1) · · ·∆1(xl)

)(
∆2(xl+1) · · ·∆2(xm)

)]p

= E

{(
∆1(x1) · · ·∆1(xl)

) ∑

xl+1,··· ,xm∈Zd

(
∆2(xl+1) · · ·∆2(xm)

)

×
[
E

(
∆1(x1) · · ·∆1(xl)

)(
∆2(xl+1) · · ·∆2(xm)

)]p−1}

= E

{( l∏

j=1

Fxj

k−1(S)
) ∑

xl+1,··· ,xm∈Zd

m∏

j=l+1

Gxj

k (S ◦ θnk−1)

×
[
E

(
∆1(x1) · · ·∆1(xl)

)(
∆2(xl+1) · · ·∆2(xm)

)]p−1}
.

By spatial homogeneity of Gxk (S),

m∏

j=l+1

Gxj

k (S ◦ θnk−1) =

m∏

j=l+1

Gxj−S(nk−1

k (S(k))

where the random walk

S(k)(n) = S(nk−1 + n) − S(n) n = 1, 2, · · ·

is independent of {S(1), · · · , S(nk−1)}.
Write

ξ(xl+1, · · · , xm) = E

m∏

j=l+1

Gxj

k (S).
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We have that

∑

xl+1,··· ,xm∈Zd

[
E

(
∆1(x1) · · ·∆1(xl)

)(
∆2(xl+1) · · ·∆2(xm)

)]p

= E

{
(
( l∏

j=1

Fxj

k−1(S)
) ∑

xl+1,··· ,xm∈Zd

ξ
(
xl+1 − S(nk−1), · · · , xm − S(nk−1)

)

×
[
E

(
∆1(x1) · · ·∆1(xl)

)(
∆2(xl+1) · · ·∆2(xm)

)]p−1}
.

By Hölder inequality,

∑

xl+1,··· ,xm∈Zd

ξ
(
xl+1 − S(nk−1), · · · , xm − S(nk−1)

)

×
[
E

(
∆1(x1) · · ·∆1(xl)

)(
∆2(xl+1) · · ·∆2(xm)

)]p−1

≤
{ ∑

xl+1,··· ,xm∈Zd

ξp
(
xl+1 − S(nk−1), · · · , xm − S(nk−1)

)}1/p

×
{ ∑

xl+1,··· ,xm∈Zd

[
E

(
∆1(x1) · · ·∆1(xl)

)(
∆2(xl+1) · · ·∆2(xm)

)]p} p−1
p

.

By translation invariance,

∑

xl+1,··· ,xm∈Zd

ξp
(
xl+1 − S(nk−1), · · · , xm − S(nk−1)

)

=
∑

xl+1,··· ,xm∈Zd

ξp
(
xl+1, · · · , xm

)
= E

[ ∑

x∈Zd

p∏

j=1

Gxk (Sj)

]m−l
.

Summarizing our argument, for any x1, · · · , xl ∈ Zd

∑

xl+1,··· ,xm∈Zd

[
E

(
∆1(x1) · · ·∆1(xl)

)(
∆2(xl+1) · · ·∆2(xm)

)]p

≤
{

E

[ ∑

x∈Zd

p∏

j=1

Gxk (Sj)

]m−l}1/p(
E

l∏

j=1

Fxj

k−1(S)
)

×
{ ∑

xl+1,··· ,xm∈Zd

[
E

(
∆1(x1) · · ·∆1(xl)

)(
∆2(xl+1) · · ·∆2(xm)

)]p} p−1
p

.
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Hence, we conclude that

∑

xl+1,··· ,xm∈Zd

[
E

(
∆1(x1) · · ·∆1(xl)

)(
∆2(xl+1) · · ·∆2(xm)

)]p

≤ E

[ ∑

x∈Zd

p∏

j=1

Gxk (Sj)

]m−l[
E

l∏

j=1

Fxj

k−1(S)

]p

at least for x1, · · · , xl ∈ Zd with

E

l∏

j=1

Fxj

k−1(S) > 0.

In another case, the left hand side is equal to 0. Therefore, above inequality
holds for every (x1, · · · , xl).

Finally, the requested (6.1.5) follows from the fact that

∑

x1,··· ,xl∈Zd

[
E

l∏

j=1

Fxj

k−1(S)

]p
= E

[ ∑

x∈Zd

p∏

j=1

Fx
k−1(Sj)

]l
.

The inequality given in (6.1.2) (and the inequalities in (6.1.13) and (6.1.14)
in the next theorem) is called multi-nomial inequality due to the multi-nomial
form on its right hand side. In this book, the inequalities established in The-
orem 6.1.1 are mainly applied to the following three spacial cases.

Case 1. Recall that l(n, x) is the local time of {S(k)}. The functional
Fx
k (S) = l(nk, x) (k = 1, · · · , a) is additive on n1 < · · · < na with incre-

ment functional Gxk (S) = l(nk − nk−1, x) (k = 1, · · · , a). Here we follow the
convention n0 = 0.

Case 2. The functional Fx
k (S) = 1{x∈S[1,nk]} (k = 1, · · · , a) is sub-

additive on n1 < · · · < na with the increment functional

Gxk (S) = 1{x∈S[1,nk−nk−1]} k = 1, · · · , a.

Case 3. An additive version of Case 2 is defined by

Fx
k (S) =

k∑

j=1

1{x∈S(nj−1,nj]} k = 1, · · · , a. (6.1.6)

it is additive on n1 < · · · < na with the same increment functional Gxk (S) =
1{x∈S[1,nk−nk−1]}.
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Applying Theorem 6.1.1 to these three case we obtain the following in-
equalities.

{
EImna

}1/p

≤
∑

l1+···+la=m
l1,··· ,la≥0

m!

l1! · · · la!

a∏

k=1

{
EI lknk−nk−1

}1/p

, (6.1.7)

∞∑

m=0

um

m!

(
EImna

)1/p ≤
a∏

k=1

∞∑

m=0

θm

m!

(
EImnk−nk−1

)1/p
; (6.1.8)

{
EJmna

}1/p

≤
∑

l1+···+la=m
l1,··· ,la≥0

m!

l1! · · · la!
a∏

k=1

{
EJ lknk−nk−1

}1/p

, (6.1.9)

∞∑

m=0

um

m!

(
EJmna

)1/p ≤
a∏

k=1

∞∑

m=0

θm

m!

(
EJmnk−nk−1

)1/p
; (6.1.10)

{
EJm

na

}1/p

≤
∑

l1+···+la=m
l1,··· ,la≥0

m!

l1! · · · la!

a∏

k=1

{
EJ lknk−nk−1

}1/p

, (6.1.11)

∞∑

m=0

um

m!

(
EJm

na

)1/p ≤
a∏

k=1

∞∑

m=0

θm

m!

(
EJmnk−nk−1

)1/p
. (6.1.12)

Here we recall that

In =
∑

x∈Zd

p∏

j=1

lj(n, x) and Jn =
∑

x∈Zd

p∏

j=1

1{x∈Sj[1,n]}

and we define

Jna =
∑

x∈Zd

p∏

j=1

a∑

k=1

1{x∈Sj(nk−1,nk]}.

The argument for Theorem 6.1.1 does not work if Fk(S)x and Gk(S)x are
allowed to take negative values. On the other hand, there are some practical
cases in which one has to deal with the additive functional with sign flapping.
As seen in Section 5.3, an important way to study the limit behavior of the
quantity

∑

x∈Zd

p∏

j=1

Fx
k (Sj)
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is to approximate it by its smoothed version

∑

x∈Zd

p∏

j=1

(h ∗ F)xk(Sj)

where h(x) is a suitably chosen density function on Zd and

(h ∗ F)xk(S) =
∑

y∈Zd

h(x− y)Fy
k (S).

In this scenario, it is desirable to provide inequalities to bound the error
term. In this case, the additive (or, sub-additive in general) functional one
has to deal with may take form as

Fx
k (S) − (h ∗ F)xk(S)

which is not constantly non-negative.

In the following discussion, we focus our attention to the case of two
independent random walks.

Theorem 6.1.2 Let Fx
k (S) (k = 1, · · · , a) be additive on the increasing se-

quence 1 < n1 < · · · < na with the increment Gxk . For any probability density
function h(x) on Zd and any integer m ≥ 1,

{
E

[ ∑

x∈Zd

2∏

j=1

Fx
a (Sj) −

∑

x∈Zd

2∏

j=1

(h ∗ F)xa(Sj)

]m}1/2

(6.1.13)

≤
∑

l1+···+la=m
l1,··· ,la≥0

m!

l1! · · · la!

a∏

k=1

{
E

∣∣∣∣
∑

x∈Zd

2∏

j=1

Gxk (Sj) −
∑

x∈Zd

2∏

j=1

(h ∗ G)xk(Sj)

∣∣∣∣
lk}1/2

,

{
E

[ ∑

x∈Zd

2∏

j=1

(
Fx
a (Sj) − (h ∗ F)xa(Sj)

)]m}1/2

(6.1.14)

≤
∑

l1+···+la=m
l1,··· ,la≥0

m!

l1! · · · la!

a∏

k=1

{
E

∣∣∣∣
∑

x∈Zd

2∏

j=1

(
Gxk (Sj) − (h ∗ G)xk(Sj)

)∣∣∣∣
lk}1/2

.

Consequently, for any u > 0,

∞∑

m=0

um

m!

{
E

[ ∑

x∈Zd

2∏

j=1

Fx
a (Sj) −

∑

x∈Zd

2∏

j=1

(h ∗ F)xa(Sj)

]m}1/2

(6.1.15)

≤
a∏

k=1

∞∑

m=0

um

m!

{
E

∣∣∣∣
∑

x∈Zd

2∏

j=1

Gxk (Sj) −
∑

x∈Zd

2∏

j=1

(h ∗ G)xk(Sj)

∣∣∣∣
m}1/2

,
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∞∑

m=0

um

m!

{
E

[ ∑

x∈Zd

2∏

j=1

(
Fx
a (Sj) − (h ∗ F)xa(Sj)

)]m}1/2

(6.1.16)

≤
a∏

k=1

∞∑

m=0

um

m!

{
E

∣∣∣∣
∑

x∈Zd

2∏

j=1

(
Gxk (Sj) − (h ∗ G)xk(Sj)

)∣∣∣∣
m}1/2

.

Proof. Clearly, (6.1.15) and (6.1.16) are direct consequences of (6.1.13) and
(6.1.14), respectively.

By additivity (Recall the convention n0 = 0)

Fx
a (S) =

a−1∑

k=1

Gxk (S ◦ θnk−1).

To prove (6.1.15), by induction procedure, it suffices to show that

{
E

[ ∑

x∈Zd

2∏

j=1

Fx
k (Sj) −

∑

x∈Zd

2∏

j=1

(h ∗ F)xk(Sj)

]m}1/2

(6.1.17)

≤
m∑

l=0

(
m

l

){
E

∣∣∣∣
∑

x∈Zd

2∏

j=1

Gx1 (Sj) −
∑

x∈Zd

2∏

j=1

(h ∗ G)x1(Sj)

∣∣∣∣
l}1/2

×
{

E

[ ∑

x∈Zd

2∏

j=1

J x
a−1(Sj) −

∑

x∈Zd

2∏

j=1

(h ∗ Ja−1)
x(Sj)

]m−l}1/2

where J x
a−1(S) =

a−1∑

k=2

Gxk (S ◦ θnk−1−n1) is an additive functional on the in-

creasing sequence 1 ≤ n2 − n1 < · · · < na − n1.

The approach here relies on Fourier transformation. By Parseval identity,

∑

x∈Zd

2∏

j=1

Fx
a (Sj) −

∑

x∈Zd

2∏

j=1

(h ∗ F)xa(Sj)

=
1

(2π)d

∫

[−π,π]d

[
1 − |ĥ(λ)|2

][ ∑

x∈Zd

eiλ·xFx
a (S1)

][ ∑

x∈Zd

eiλ·xFx
a (S1)

]
dλ

where

ĥ(λ) =
∑

x∈Zd

h(x)eiλ·x.
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By independence,

E

[ ∑

x∈Zd

2∏

j=1

Fx
a (Sj) −

∑

x∈Zd

2∏

j=1

(h ∗ F)xa(Sj)

]m
(6.1.18)

=
1

(2π)md

∫

(Rd)m

µ(dλ1) · · ·µ(dλm)

∣∣∣∣
m∏

k=1

∑

x∈Zd

eiλk·xFx
a (S)

∣∣∣∣
2

where the measure µ(dλ) is given by

µ(dλ) =
[
1 − |ĥ(λ)|2

]
dλ.

In particular, the m-th moment is non-negative. Similarly, one can see that
all moments appearing in the statement of Theorem 6.1.2 are non-negative.
Consequently, everything we have talked about is well defined.

Write

∆1(λ) =
∑

x∈Zd

eiλk·xGx1 (S), ∆2(λ) =
∑

x∈Zd

eiλk·xJ x
a−1(S) ◦ θn1 .

By definition of J x
a−1(S)
∑

x∈Zd

eiλ·xFx
a (S) = ∆1(λ) + ∆2(λ).

By triangular inequality,
{∫

(Rd)m

µ(dλ1) · · ·µ(dλm)

∣∣∣∣
m∏

k=1

∑

x∈Zd

eiλk·xFx
a (S)

∣∣∣∣
2}1/2

≤
2∑

j1,··· ,jm=1

{∫

(Rd)m

µ(dλ1) · · ·µ(dλm)
∣∣∣E∆j1(λ1) · · ·∆jm(λm)

∣∣∣
2
}1/2

=

m∑

l=0

(
m

l

){∫

(Rd)m

µ(dλ1) · · ·µ(dλm)
∣∣∣E
( l∏

k=1

∆1(λk)
)( m∏

k=l+1

∆2(λk)
)∣∣∣

2
}1/2

.

For (6.1.17) to hold, therefore, it suffices to show that for any 0 ≤ l ≤ m,

∫

(Rd)m

µ(dλ1) · · ·µ(dλm)
∣∣∣E
( l∏

k=1

∆1(λk)
)( m∏

k=l+1

∆2(λk)
)∣∣∣

2

(6.1.19)

≤ (2π)md
{

E

∣∣∣∣
∑

x∈Zd

2∏

j=1

Gx1 (Sj) −
∑

x∈Zd

2∏

j=1

(h ∗ G)x1(Sj)

∣∣∣∣
l}

×
{

E

[ ∑

x∈Zd

2∏

j=1

J x
a−1(Sj) −

∑

x∈Zd

2∏

j=1

(h ∗ Ja−1)
x(Sj)

]m−l}
.
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By spatial homogeneity,

∆2(λ) =
∑

x∈Zd

eiλk·xJ x−S(n1)
a−1 (S(n1)

= e−iλ·S(n1)
∑

x∈Zd

eiλk·xJ x
a−1(S

(n1)

= e−iλ·S(n1)Ĵa−1(S
(n1)(λ)

where S(n1 is the random walk

S(n1)(n) = S(n1 + n) − S(n1) n = 1, 2, · · · .

By increment independence,

E

( l∏

k=1

∆1(λk)
)( m∏

k=l+1

∆2(λm)
)

= E

[
exp

{
− i
( m∑

l+1

λk

)
· S(n1)

} l∏

k=1

∆1(λk)

]
E

m∏

k=l+1

Ĵa−1(S)(λk)

= E

[
exp

{
− i
( m∑

l+1

λk

)
· S(n1)

} l∏

k=1

Ĝ1(S)(λk)

]
E

m∏

k=l+1

Ĵa−1(S)(λk).

So we have the equality

∣∣∣∣E
( l∏

k=1

∆1(λk)
)( m∏

k=l+1

∆2(λm)
)∣∣∣∣

2

=

∣∣∣∣E
m∏

k=l+1

Ĵa−1(S)(λk)

∣∣∣∣
2

E

{
exp

{
i
( m∑

l+1

λk

)
·
(
S2(n1) − S1(n1)

)}

×
l∏

k=1

Ĝ1(S1)(λk)Ĝ1(S2)(λk)

}
.

Fix (λl+1, · · · , λm) for a moment and take integration against µ(dλ1) · · ·µ(dλl)
on the both side.

∫

([−π,π]d)l

µ(dλ1) · · ·µ(dλl)

∣∣∣∣E
( l∏

k=1

∆1(λk)
)( m∏

k=l+1

∆2(λm)
)∣∣∣∣

2

=

∣∣∣∣E
m∏

k=l+1

Ĵa−1(S)(λk)

∣∣∣∣
2

E

{
exp

{
i
( m∑

l+1

λk

)
·
(
S2(n1) − S1(n1)

)}

×
[ ∫

[−π,π]d
Ĝ1(S1)(λ)Ĝ1(S2)(λ)dλ

]l}
.
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By Parseval identity,
∫

[−π,π]d
Ĝ1(S1)(λ)Ĝ1(S2)(λ)dλ = (2π)ld

∑

x∈Zd

2∏

j=1

Gx1 (Sj)−
∑

x∈Zd

2∏

j=1

(h∗G)x1(Sj).

Using the fact that
∣∣∣∣ exp

{
i(λb+1 + · · · + λm) ·

(
S̃(n1) − S(n1)

)}∣∣∣∣ = 1

we conclude that
∫

([−π,π]d)m

dλ1 · · · dλm
( m∏

k=1

[
1 − ĥ(λk)

])∣∣∣∣E
m∏

k=b+1

D2(λk)

∣∣∣∣
2

≤ (2π)ldE

∣∣∣∣
∑

x∈Zd

2∏

j=1

Gx1 (Sj) −
∑

x∈Zd

2∏

j=1

(h ∗ G)x1(Sj)

∣∣∣∣
l∣∣∣∣E

m∏

k=l+1

Ĵa−1(S)(λk)

∣∣∣∣
2

.

Take integration against µ(dλl+1) · · ·µ(dλm) on the both sides. The re-
quested (6.1.19) follows from the equality

∫

([−π,π]d)m−l

∣∣∣∣E
m∏

k=l+1

Ĵa−1(λk)

∣∣∣∣
2

µ(dλl+1) · · ·µ(dλm)

= (2π)(m−l)dE

∣∣∣∣
∑

x∈Zd

2∏

j=1

J x
a−1(Sj) −

∑

x∈Zd

2∏

j=1

(h ∗ Ja−1)
x(Sj)

∣∣∣∣
m−l

.

As for the proof of (6.1.14), observe that correspondent to (6.1.18), we
have

E

[ ∑

x∈Zd

2∏

j=1

(
Fx
k (Sj) − (h ∗ F)xk(Sj)

)]m

=
1

(2π)md

∫

(Rd)m

ν(dλ1) · · · ν(dλm)

∣∣∣∣
m∏

k=1

∑

x∈Zd

eiλk·xFx
k (S)

∣∣∣∣
2

where the measure ν(dλ) is given by

ν(dλ) = |1 − ĥ(λ)|2dλ.
The rest follows an essentially same argument.

The additivity becomes an important issue in order to apply Theorem
6.1.2. As a consequence in the special models discussed previously, Theorem
6.1.2 applies to the case when Fx

k = l(nk, x), but not to the case when Fx
k =

1{x∈S[1,nk]}. The problem existing in the later case creates some difficulties
in approximating Jn by its smoothed versions. That is a major reason why
we introduce the additive version defined in (6.1.6).
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6.2 Integrability of In and Jn

In this section, we apply Theorem 6.1.1 to establish the maximal integrability
for the mutual intersection local time

In =

n∑

k1,··· ,kp=1

1{S1(k1)=···=Sp(kp)}

and intersection of independent ranges

Jn = #
{
S1[1, n] × · · · × Sp[1, n]

}

run by the independent, identically distributed symmetric random walks
S1(k), · · · , Sp(k). We assume S1(k), · · · , Sp(k) are square integrable with
covariance matrix Γ and the smallest sub-group of Zd that supports the ran-
dom walks is Zd itself. Throughout the section, we assume that p(d−2) < d.

Theorem 6.2.1 Under p(d− 2) < d, there is a constant C > 0 such that

EImn ≤ (m!)
d(p−1)

2 Cmn
2p−d(p−1)

2 m,n = 1, 2, · · · . (6.2.1)

Consequently, there is a θ > 0 such that

sup
n≥1

E exp
{
θn− 2p−d(p−1)

d(p−1) I
2

d(p−1)
n

}
<∞. (6.2.2)

For the combinations of d and p with constraint p(d− 2) < d,

(1) When d = 1 and p ≥ 1 (That’s right, we include the case p = 1 here)

EJmn ≤ (m!)1/2Cmnm/2 (6.2.3)

Consequently, there is a θ > 0 such that

sup
n≥1

E exp
{
θn−1J2

n

}
<∞. (6.2.4)

(2) When d = 2 and p ≥ 2,

EJmn ≤ (m!)p−1Cm
( n

(logn)p

)m
(6.2.5)

Consequently, there is a θ > 0 such that

sup
n≥1

E exp
{
θn− 1

p−1 (logn)
p

p−1J
1

p−1
n

}
<∞. (6.2.6)
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(3) When d = 3 and p = 2,

EJmn ≤ (m!)3/2Cmnm/2 (6.2.7)

Consequently, there is a θ > 0 such that

sup
n≥1

E exp
{
θn−1/3J2/3

n

}
<∞. (6.2.8)

As the first step of the proof, we establish the following weak version of
Theorem 6.1.1.

Lemma 6.2.2 Under p(d− 2) < d, there is a constant C > 0 such that

EImn ≤ (m!)pCmn
2p−d(p−1)

2 m,n = 1, 2, · · · . (6.2.9)

For the combinations of d and p with constraint p(d−2) < d, the moments
of Jn yield the following bounds.

(1) When d = 1 and p ≥ 2,

EJmn ≤ (m!)pCmnm/2. (6.2.10)

(2) When d = 2 and p ≥ 2,

EJmn ≤ (m!)pCm
( n

(logn)p

)m
. (6.2.11)

(3) When d = 3 and p = 2,

EJmn ≤ (m!)2Cmnm/2. (6.2.12)

Proof. For similarity we estimate the moments of Jn. The discussion on
the weak convergence in the last chapter gives the asymptotic orders of Jn
in the above three situations. By that it is sufficient to prove that

EJmn ≤ (m!)pCm
(
p+ EJn

)m
m,n = 1, 2, · · · . (6.2.13)

By the representation

Jn =
∑

x∈Zd

p∏

j=1

1{T (j)
x ≤n}
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where T
(j)
x = inf{k ≥ 1; Sj(k) = x}, and by Independence

EJmn =
∑

x1,··· ,xm∈Zd

[
P{Tx1 ≤ n, · · · , Txm ≤ n}

]p

=
∑

x1,··· ,xm∈Zd

[ ∑

σ∈Σm

P
{
Txσ(1)

≤ · · · ≤ Txσ(m)
≤ n

}]p
.

Notice that

P
{
Txσ(1)

≤ · · · ≤ Txσ(m)
≤ n

}

=
∑

1≤j≤k≤n
P
{
Txσ(1)

≤ · · · ≤ Txσ(m−1)
, Txσ(m−1)

= j, Txσ(m)
= k

}

≤
∑

1≤j≤k≤n
P
{
Txσ(1)

≤ · · · ≤ Txσ(m−1)
, Txσ(m−1)

= j,

S(j + 1) 6= xσ(m), · · · , S(k − 1) 6= xσ(m), S(k) = xσ(m)

}

=
∑

1≤j≤k≤n
P
{
Txσ(1)

≤ · · · ≤ Txσ(m−1)
, Txσ(m−1)

= j
}
P
{
T̃xσ(m)−xσ(m−1)

= k − j
}

where (note that the time starts at 0)

T̃x = inf{k ≥ 0; S(k) = x} x ∈ Zd.

Thus,

P
{
Txσ(1)

≤ · · · ≤ Txσ(m)
≤ n

}

≤
{ n∑

j=1

P
{
Txσ(1)

≤ · · · ≤ Txσ(m−1)
, Txσ(m−1)

= j
}}

×
{ n∑

k=0

P
{
T̃xσ(m)−xσ(m−1)

= k
}}

= P
{
Txσ(1)

≤ · · · ≤ Txσ(m−1)
≤ n}P

{
T̃xσ(m)−xσ(m−1)

≤ n
}
.

Repeating above procedure,

P
{
Txσ(1)

≤ · · · ≤ Txσ(m)
≤ n

}
≤

m∏

k=1

P
{
T̃xσ(k)−xσ(k−1)

≤ n
}
.

where we follow the convention xσ(0) = 0.
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Therefore, by Jensen’s inequality

EJmn ≤
∑

x1,··· ,xm∈Zd

[ ∑

σ∈Σm

m∏

k=1

P
{
T̃xσ(k)−xσ(k−1)

≤ n
}]p

≤ (m!)p−1
∑

x1,··· ,xm∈Zd

∑

σ∈Σm

m∏

k=1

(
P
{
T̃xσ(k)−xσ(k−1)

≤ n
})p

= (m!)p
{ ∑

x∈Zd

(
P
{
T̃x ≤ n

})p}m
.

Finally, (6.2.13) follows from the fact that

∑

x∈Zd

(
P
{
T̃x ≤ n

})p
= E

[
#
{
S1[0, n] ∩ · · · ∩ Sp[0, n]

}}
≤ p+ EJn.

Proof of Theorem 6.2.1. By Taylor expansion, the exponential integra-
bilities stated in (6.2.2), (6.2.4), (6.2.6) and (6.2.8) are the consequences of
the bounds given in (6.2.1), (6.2.3), (6.2.5) and (6.2.7), respectively. Among
these bounds we only prove (6.2.1) for the reason of similarity. A striking
feature in our argument is that we improve the bound (6.2.9) based on (6.2.9)
itself.

We first deal with the case m ≤ n. By (6.2.9) and by the fact m ≤ n,
there is a constant C > 0 (which is allows to be different from place to place
in our proof) such that

EIki

[n/m]+1 ≤ Cki(ki!)
p
( n
m

) 2p−d(p−1)
2 ki

i = 1, · · · ,m.

Taking a = m and nk − nk−1 = [n/m] + 1 in the moment inequality (6.1.7),

(
EImn

)1/p

≤
∑

k1+···+km=m
k1,··· ,km≥0

m!

k1! · · · km!
Cm/pk1! · · · km!

( n
m

) 2p−d(p−1)
2p m

= m!Cm/p(mm)−
2p−d(p−1)

2p n
2p−d(p−1)

2p m

(
2m− 1

m

)
.

Therefore, (6.2.1) follows from the easy bounds mm ≥ m! and

(
2m− 1

m

)
≤

2m−1∑

k=0

(
2m− 1

k

)
= 22m−1.
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As for the case m > n, by the fact that In ≤ np we have the trivial bound

EImn ≤ npm ≤ m
d(p−1)

2 mn
2p−d(p−1)

2 m ≤ Cm(m!)
d(p−1)

2 n
2p−d(p−1)

2 m

where the last step follows from Stirling formula.

Remark 6.2.3 The integrability established for In and Jn are best possible
in the sense that there is a θ0 > 0 such that left hand sides of (6.2.2), (6.2.4),
(6.2.6) and (6.2.8) become infinity if θ > θ0. For example, the weak conver-
gence stated in Theorem 5.3.2 and the critical integrability stated in Remark
3.3.5 imply that

lim
n→∞

E exp
{
θn− 2p−d(p−1)

d(p−1) I
2

d(p−1)
n

}
= ∞

for any θ >
p

2
det(Γ)

p−1
2 κ(d, p)−

4p
d(p−1) .

6.3 Integrability of Qn and Rn in low dimen-

sions

We mainly consider the case d = 2 (with a few exceptions where d = 3 or
higher), in which Qn and Rn concentrate around their means. Our first result
is on the exponential integrability of Rn.

Theorem 6.3.1 When d = 2,

sup
n≥1

E exp
{
θ
logn

n
Rn

}
<∞ ∀θ > 0. (6.3.1)

When d ≥ 3,

sup
n≥1

E exp
{ θ
n
Rn

}
<∞ ∀θ > 0. (6.3.2)

Proof. We apply Theorem 1.3.3 here. First notice that the process Rn is
sub-additive in the sense that for any integers m,n ≥ 1,

Rn+m ≤ Rn + R̃m (6.3.3)

where R̃m = #
{
Sn+1, · · · , Sn+m

}
is independent of {S(1), · · · , S(n)} and

has a distribution same as Rm.
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Second, by the known fact that ERn = O
( n

logn

)
when d = 2 and ERn =

O(n) when d ≥ 3, and by the fact that the sub-additive sequence Rn is non-
decreasing, so the assumption on stochastic boundedness posted in Theorem

1.3.3 holds with cn =
n

logn
when d = 2 and cn = n when d ≥ 3.

Due to the concentration phenomena in the case d ≥ 2, we are more
interested in the integrability of Qn −EQn and Rn −ERn. Here is the main
result of this section.

Theorem 6.3.2 . There is a θ > 0 such that

(1). As d = 2,

sup
n≥1

E exp
{
θ
(log n)2

n

∣∣Rn − ERn
∣∣
}
<∞, (6.3.4)

sup
n≥1

E exp
{
θ
1

n

∣∣Qn − EQn
∣∣
}
<∞. (6.3.5)

(2). As d = 3,

sup
n≥1

E exp
{
θ

1

n2/3

∣∣Rn − ERn
∣∣
}
<∞. (6.3.6)

Proof. We first consider the case d = 2 and prove (6.3.4) with n being
replaced by 2n. To this end, all we need is to show that there is a θ > 0 such
that

sup
n≥1

E exp
{
θ
(log 2n)2

2n
(
Rn − ERn

)}
, <∞ (6.3.7)

sup
n≥1

E exp
{
− θ

(log 2n)2

2n
(
Rn − ERn

)}
<∞. (6.3.8)

We only prove (6.3.7) for similarity.

The proof is based on the procedure of triangular approximation used
for (2.4.7) in Theorem 2.4.2 and the reader may compare the decomposition
(6.3.9) with Figure 2.1 in Section 2.4 for some geometric insight.

Let
N = [2(log 2)−1 logn].
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It is easy to see that 2N ∼ n2. Set

βk = #
{
S((k − 1)2n−N , k2n−N ]

}

αj,k = #
{
S
(
(2k − 2)2n−j, (2k − 1)2n−j

]
∩ S
(
(2k − 1)2n−j, (2k)2n−j

]}
.

By inclusion-exclusion rule we have the decomposition

R2n − ER2n =

2N∑

k=1

βk −
N∑

j=1

2j−1∑

k=1

αj,k (6.3.9)

where βk = βk − Eβk and αj,k = αj,k − Eαj,k. By Theorem 6.3.1,

sup
n

E exp
{
λ

log 2n−N

2n−N
|β1|

}
<∞ ∀λ > 0.

By Taylor expansion, there is a C > 0 and λ0 > 0 independent of n such that

E exp
{
λ

log 2n−N

2n−N
β1

}
≤ exp

{
Cλ2

}
∀0 ≤ λ ≤ λ0.

Notice that β1, · · · , β2N is an i.i.d. sequence with Eβ1 = 0. Thus,

E exp
{
θ2−N/2

log 2n−N

2n−N

2N∑

k=1

βk

}

=

(
E exp

{
θ2−N/2

log 2n−N

2n−N
βk

})2N

≤ exp
{
Cθ2

}
.

Consequently, there is a θ > 0 such that

sup
n

E exp
{
θ2−N/2

log 2n−N

2n−N

2N∑

k=1

βk

}
<∞.

By the choice of N one can see that there is a c > 0 independent of n such
that

2−N/2
log 2n−N

2n−N
≥ c

(log 2n)2

2n
.

Therefore, there is some θ > 0 such that

sup
n

E exp
{
θ
(log 2n)2

2n

2N∑

k=1

βk

}
<∞. (6.3.10)
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We need to show that for some θ > 0,

sup
n

E exp

{
− θ

(log 2n)2

2n

N∑

j=1

2j−1∑

k=1

αj,k

}
<∞. (6.3.11)

Set
J̃n = #

{
S[1, n] ∩ S̃[1, n]

}
n = 1, 2, · · · ,

where S̃ is an independent copy of the random walk S. In our notation,
for each 1 ≤ j ≤ N , {αj,1, · · · , αj,2j−1} is an i.i.d. sequence with the same

distribution as J̃2n−j . By (6.2.2) in Theorem 6.2.1 (with d = p = 2), there is
a δ > 0 such that

sup
n

sup
j≤N

E exp
{
δ
(log 2n−j)2

2n−j
∣∣αj,1

∣∣
}
<∞.

By the argument used for (6.3.10), there is a θ̄ > 0 such that

sup
n

sup
j≤N

E exp

{
− θ̄2−j/2

(log 2n)2

2n−j

2j−1∑

k=1

αj,k

}
<∞.

Hence for some θ > 0

C(θ) ≡ sup
n

sup
j≤N

E exp

{
− θ2j/2

(log 2n)2

2n

2j−1∑

k=1

αj,k

}
<∞.

Write

λN =

N∏

j=1

(
1 − 2−j/2

)
and λ∞ =

∞∏

j=1

(
1 − 2−j/2

)
.

Using Hölder’s inequality with 1/p = 1 − 2−N/2, 1/q = 2−N/2 we have

E exp

{
− λNθ

(log 2n)2

2n

N∑

j=1

2j−1∑

k=1

αj,k

}

≤
(

E exp

{
− λN−1θ

(log 2n)2

2n

N−1∑

j=1

2j−1∑

k=1

αj,k

})1−2−N/2

×
(

E exp

{
− λN2N/2

(log 2n)2

2n

2N−1∑

k=1

αN,k

})2−N/2

≤ E exp

{
− λN−1θ

(log 2n)2

2n

N−1∑

j=1

2j−1∑

k=1

αj,k

}
· C(θ)2

−N/2



6.3. INTEGRABILITY OF QN AND RN IN LOW DIMENSIONS 223

where the last step partially follows from the fact (by Jensen inequality) that

E exp

{
− λN−1θ

(log 2n)2

2n

N−1∑

j=1

2j−1∑

k=1

αj,k

}
≥ 1.

Repeating this procedure,

E exp

{
λNθ

(log 2n)2

2n

∣∣∣
N∑

j=1

2j−1∑

k=1

αj,k

∣∣∣
}

≤ C(θ)2
−1/2+···+2−N/2 ≤ C(θ)2

−1/2(1−2−1/2)−1

.

Thus,

sup
n

E exp

{
λ∞θ

(log 2n)2

2n

∣∣∣
N∑

j=1

2j−1∑

k=1

αj,k

∣∣∣
}

≤ C(θ)2
−1/2(1−2−1/2)−1

.

So we have (6.3.11).

Hence, (6.3.7) follows from (6.3.9), (6.3.10) and (6.3.11). By (6.3.7) and
(6.3.8), there is θ > 0 such that

sup
n≥1

E exp

{
θ
(log 2n)2

2n

∣∣Rn − ERn
∣∣
}
<∞. (6.3.12)

We now extend (6.3.12) to (6.3.4). Given an integer n ≥ 2, we have the
following unique binary representation:

n = 2m1 + 2m2 + · · · + 2ml

where m1 > m2 > · · ·ml ≥ 0 are integers. Write

n0 = 0 and ni = 2m1 + · · · + 2mi i = 1, · · · , l.

By inclusion-exclusion,

Rn =

l∑

i=1

#
{
S(ni−1, ni]

}
−

l−1∑

i=1

#
{
S(ni−1, ni] ∩ S(ni, n]

}
(6.3.13)

=

l∑

i=1

Bi −
l−1∑

i=1

Ai (say).

Write
l∑

i=1

Bi =
∑

i

′
Bi +

∑

i

′′
Bi
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where
∑

i
′ is the summation over i with 2mi ≥ √

n and
∑
i
′′ is the summation

over i with 2mi <
√
n. We also define the products

∏
i
′
and

∏
i
′′

in a similar
manner. Notice that

Bi
d
= R2mi i = 1, · · · , l.

By Hölder inequality,

E exp
{
θ
(logn)2

n

∣∣∣
∑

i

′
(Bi − EBi)

∣∣∣
}

≤
∏

i

′
(

E exp
{
θ
(logn)2

n
2−mi

(∑

j

′
2mj

)∣∣R2mi − ER2mi

∣∣
})2mi

(
P

j
′2mj

)−1

≤
∏

i

′
(

E exp
{

4θ
(log 2mi)2

2mi

∣∣R2mi − ER2mi

∣∣
})2mi

(
P

j
′2mj

)−1

≤ sup
m

E exp
{
4θ

(log 2m)2

2m

∣∣Rn − ERn
∣∣
}
.

By (6.3.12), the right hand side is finite for some θ > 0.

Assume that the set {1 ≤ i ≤ l; 2mi <
√
n} is non-empty. We have

∑

i

′′
2mi ≤ 2

√
n.

So we have

(log n)2

n
≤ 1√

n
≤ 2
(∑

i

′′
2mi

)−1

.

Hence

E exp
{
θ
(log n)2

n

∣∣∣
∑

i

′′
(Bi − EBi)

∣∣∣
}

≤
∏

i

′′
(

E exp
{
θ
(log n)2

n
2−mi

(∑

j

′′
2mj

)
|R2mi − ER2mi |

})2mi

(
P

j
′′2mj

)−1

≤
∏

i

′′
(

E exp
{
2θ

1

2mi

∣∣R2mi − ER2mi

∣∣
})2mi

(
P

j
′′2mj

)−1

≤ sup
m

E exp
{
2θ

1

2m
∣∣R2m − ER2m

∣∣
}
.
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By Cauchy-Schwartz inequality, therefore, there exists θ > 0 such that

sup
n≥1

E exp
{
θ
(log n)2

n

∣∣∣
l∑

i=1

(Bi − EBi)
∣∣∣
}
<∞. (6.3.14)

By the fact that

n− ni = 2mi+1 + · · · + 2ml ≤ 2mi

we have

Ai
d
= #

{
S[1, 2mi] ∩ S′[1, n− ni]

}
≤ J2mi . (6.3.15)

Notice that ((6.2.11) in Lemma 6.2.2, m = 1, p = 2)

EJn = O
( n

(logn)2

)
(n→ ∞).

There is a constant C > 0 independent of n such that

l−1∑

i=1

EAi ≤
l−1∑

i=1

EJ2mi ≤ C

l∑

i=1

2mi

m2
i

≤ C
∑

mi<l/2

2mi

m2
i

+ C

l∑

mi≥l/2

2mi

m2
i

≤ C2l/2 + C
n

(logn)2
≤ C

n

(log n)2
.

By (6.3.13) and (6.3.14), therefore, we will have (6.3.4) if we can prove

sup
n

E exp
{
θ
(logn)2

n

l−1∑

i=1

Ai

}
<∞.

Thanks to (6.2.6) in Theorem 6.2.1 (with p = 2) and (6.3.15), this requested
conclusion follows from an argument similar to the one used for (6.3.14).

The proof of (6.3.5) is similar and easier (for having no “logn” part)
Indeed, applying the decomposition

Q2n = 2n +

n∑

j=1

2j−1∑

k=1

(2k−1)2n−j∑

i=(2k−2)2n−j+1

(2k)2n−j∑

l=(2k−1)2n−j+1

1{S(i)=S(l)} (6.3.16)

and (6.2.2) (with d = p = 2) in a similar way gives that for some θ > 0,

sup
n≥1

E exp
{
2−nθ

∣∣Q2n − EQ2n

∣∣∣
}
<∞.
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The argument of binary expansion used above extends the above conclusion
into (6.3.5).

To prove (6.3.6) we first claim that as d = 3 and p = 2,

sup
n≥1

E exp
{
θ

1

n2/3
Jn

}
<∞ (6.3.17)

for some θ > 0.

Indeed, by the fact that Jn ≤ n,

E exp
{
θ

1

n2/3
Jn

}
≤ E exp

{
θ

1

n1/3
J2/3
n

}
.

Hence, (6.3.17) follows from (6.2.8).

Therefore, (6.3.6) can be proved in almost same way as (6.3.4) is proved,
except that we use (6.3.17) instead of (6.2.6) in the proof.2

By the fact (Theorem 5.4.3) that Qn − EQn and ERn − Rn converge, if
properly normalized, to the remormalized self-intersection local time γ

(
[0, 1]2<

)
,

and by the fact (Theorem 4.3.1 and Theorem 4.3.2) that γ
(
[0, 1]2<

)
has asym-

metric tails, we expect that EQn−Qn and Rn−ERn have tails lighter than
the tails of Qn − EQn and ERn −Rn do. Indeed, we have

Theorem 6.3.3 . The following statements hold for every θ > 0:

(1). As d = 2,

sup
n≥1

E exp
{
θ
(logn)2

n

(
Rn − ERn

)}
<∞, (6.3.18)

sup
n≥1

E exp
{
− θ

1

n

(
Qn − EQn

)}
<∞. (6.3.19)

(2). As d = 3,

sup
n≥1

E exp
{
θ

1

n2/3

(
Rn − ERn

)}
<∞. (6.3.20)

Proof. Due to similarity, we only consider (6.3.18). By (6.3.4) in Theorem
6.3.2, there is a θo > 0 such that(6.3.18) holds for θ ≤ θo.

2A fact crucial to our argument given in the above proof is that the normalizing expo-
nent, which is 1 in (6.3.4), (6.3.5) and is 2/3 in (6.3.6), is always greater than 1/2.
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Assume that θ > θ0. Take a > 0 such that θ < aθo. Write n = n1+· · ·+na
such that n1 ∼ a−1n.

Rn ≤
a∑

k=1

R̃nk

where R̃nk
(k = 1, · · · , a) are independent and R̃nk

d
= Rnk

. In addition,
write m0 = 1 and mk = n1 + · · · + nk.

ERn ≥
a∑

k=1

ERnk
−
a−1∑

k=1

#
{
S[mk,mk+1] ∩ S[mk, n]

}
.

It is easy to see that the second term is bounded by a (universal) constant
multiple of n/(logn)2. Consequently,

E exp
{
θ
(log n)2

n

(
Rn − ERn

)}
≤ C

a∏

k=1

E exp
{
θ
(logn)2

n

(
Rnk

− ERnk

)}

where C > 0 is independent of n. By the choice of nk, the right hand side is
bounded uniformly in n.

We now comment on the integrabilities established by far. By the weak
laws stated in Theorem 5.4.2 and Theorem 5.4.3, and by the critical integra-
bility given in (4.3.3), the integrabilities stated in the case d = 2 ( (6.3.4)
and (6.3.5)) are best possible in the sense that they are no longer hold if θ is
too large. More precisely, we can see that

lim
n→∞

E exp
{
− θ

(log n)2

n
(Rn − ERn)

}
= ∞ (6.3.21)

if θ > (2π)−2 det(Γ)−1/2κ(2, 2)−4; and that

lim
n→∞

E exp
{
θ

1

n
(Qn − EQn)

}
= ∞ (6.3.22)

if θ >
√

det(Γ)κ(2, 2)−4.

A natural question is to find the critical exponents θR and θQ, such that

sup
n≥1

E exp
{
− θ

(logn)2

n
(Rn − ERn)

}{
<∞ θ < θR
= ∞ θ > θR,

(6.3.23)

sup
n≥1

E exp
{
θ
1

n
(Qn − EQn)

}{
<∞ θ < θQ
= ∞ θ > θQ.

(6.3.24)
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We may ask, in view of the weak laws stated in Theorem 5.4.2, The-
orem 5.4.3, and of the critical exponent given by Theorem 4.3.1, if θR =
(2π)−2 det(Γ)−1/2κ(2, 2)−4 and θQ =

√
det(Γ)κ(2, 2)−4. The following ex-

ample gives a negative answer to our conjecture on θQ.

Example 6.3.4 . Let N be an arbitrarily large integer. Let the random walk
{S(n)} is the partial sum of the i.i.d sequence of random vectors in Zd that
take the values (N, 0), (−N, 0), (0, N), (0,−N) with probability (2N2)−1 for
each, and take the value (0, 0) with probability 1− (2/N2). Then Γ is identity
matrix. The event that S(k) = 0 for all k ≤ n has probability

(
1− (2/N2)

)n
.

On this event Qn = n(n− 1)/2. Hence,

E exp
{
θ

1

n

(
Qn − EQn

)}
≥ exp

{
− θ

EQn
n

}(
1 − 2

N2

)n
exp

{
θ
n− 1

2

}
.

By (5.4.1) EQn = O(n log n). Thus,

θQ ≤ 2 log
(
1 − 2

N2

)−1

.

Since N can be arbitrarily large, so critical exponent θQ can be smaller
that any previously given positive number.

This example shows that the critical exponent in the continuous setting
does not necessarily pass to the discrete setting through weak convergence.

The identification of θQ and θR remains open.

6.4 Integrability of Qn and Rn in high dimen-

sions

In an obvious way, the exponential integrabilities for Qn−EQn and Rn−ERn
given in Theorem 6.3.2 and Theorem 6.3.3 are closely related to the weak
laws stated in Theorem 5.4.2 and Theorem 5.4.3 in the case d = 2. In this sec-
tion, we consider the high dimensional setting d ≥ 3 and control exponential
moments for the normalized sequence appearing in Theorem 5.5.3.

Theorem 6.4.1 As d = 3,

sup
n

E exp
{ θ

3
√
n logn

|Qn − EQn|2/3
}
<∞ for every θ > 0. (6.4.1)
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As d ≥ 4,

sup
n

E exp
{ θ

3
√
n
|Qn − EQn|2/3

}
<∞ for some θ > 0. (6.4.2)

Proof. We first consider the case d = 3. The argument used in the proof
of Theorem 6.3.2, applicable only when the normalizing sequence is of the
growth rate greater than nb for some b > 1/2, is broken in our setting where
the normalizing sequence (of Qn − EQn) is

√
n logn.

We first prove that for any integer m ≥ 1,

E|Qn − EQn|m = O
(
(n logn)m/2

)
(n→ ∞). (6.4.3)

We carry out induction on m. By (5.5.5), (6.4.3) holds as m = 1, 2. We
let m ≥ 3, assume that it is true for all 1 ≤ j ≤ m − 1 and prove it is true
for m.

Given n, write n1 = [n/2], n2 = n− n1,

Q′
n2

=
∑

n1+1≤j<k≤n
1{Sj=Sk} and Kn =

n1∑

j=1

n∑

k=n1+1

1{Sj=Sk}.

We have that

Kn
d
=

n1−1∑

j=0

n−n1∑

k=1

1{Sj=eSk}

where {S̃(k)
}

is an independent copy of {S(k)
}
. Taking d = 3 and p = 2 in

(6.2.1) one can see that there is C0 > 0 such that

E|Kn − EKn|m ≤ Cm0 (m!)3/2nm/2 m,n = 1, 2, · · · . (6.4.4)

By independence between Qn1 and Q′
n2

,

(
E|Qn − EQn|m

)1/m

(6.4.5)

≤
{

E

(
|Qn1 − EQn1 | + |Q′

n2
− EQ′

n2
|
)m}1/m

+
{

E|Kn − EKn|m
}1/m

≤
{ m∑

j=0

(
m

j

)
E|Qn1 − EQn1 |j · E|Q′

n2
− EQ′

n2
|m−j

}1/m

+ C0(m!)3/(2m)√n.
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Combining this with the induction assumption,
(
E|Qn − EQn|m

)1/m

≤
{
O
(
(n logn)m/2

)
+ E|Qn1 − EQn1 |m + E|Q′

n2
− EQ′

n2
|m
}1/m

+O
(√
n
)
.

Write, for each k ≥ 1,

αk = sup
{
(2k log 2k)−1/2

(
E|Qn − EQn|m

)1/m

; 2k ≤ n ≤ 2k+1
}
.

Then,

αk+1 ≤
{
O(1) + 2−

m−2
2 αmk

}1/m

+ o(1) ≤ 2−
m−2
2m αk +O(1) (k → ∞).

By the fact that m ≥ 3 one can see that the sequence αk is bounded. We
have proved (6.4.3).

We now claim that there is C > 0 such that

E|Qn − EQn|m ≤ Cm(m!)3/2(n logn)m/2 m,n = 1, 2, · · · . (6.4.6)

Indeed, take m0 sufficiently large so that

(
1 − 2−

m−2
2m

)−1 (m− 1)1/m√
2

≤ 1

2
, 1 − 2−

m−2
2m ≥ 1

4

for all m ≥ m0. By (6.4.3), there is a constant C > 0 such that for all
j = 1, · · · ,m0,

E|Qn − EQn|j ≤ Cj(j!)3/2(n logn)j/2 n = 1, 2, · · · .
We may assume that C ≥ 8C0 (Recall that C0 is given in (6.4.4)). By
induction (on m), all we have to prove is that for any m ≥ m0, if

E|Qn − EQn|j ≤ Cj(j!)3/2(n logn)j/2 n = 1, 2, · · · (6.4.7)

for every j = 1, · · · ,m− 1 then

E|Qn − EQn|m ≤ Cm(m!)3/2(n logn)m/2 n = 1, 2, · · · . (6.4.8)

From (6.4.5) and (6.4.7) we have
(

E|Qn − EQn|m
)1/m

≤
{

2−m/2Cm(n logn)m/2
m−1∑

j=1

(
m

j

)
(j!)3/2((m− j)!)3/2

+ E|Qn1 − EQn1 |m + E|Q′
n2

− EQ′
n2
|m
}1/m

+ C0

√
n(m!)3/(2m).
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Notice that

m−1∑

j=1

(
m

j

)
(j!)3/2((m− j)!)3/2 = m!

m−1∑

j=1

(j!)1/2((m− j)!)1/2 ≤ (m!)3/2(m− 1)

and that by (6.4.3)

βm ≡ sup
n≥1

{
(n logn)−m/2E|Qn − EQn|m

}
<∞.

for every m ≥ 1. We have

β1/m
m ≤

{m− 1

2m/2
(m!)3/2Cm + 2−

m−2
2 βm

}1/m

+ C0(m!)3/(2m)

≤ C
(m− 1)1/m√

2
(m!)3/(2m) + 2−

m−2
2m β1/m

m + C0(m!)3/(2m).

Hence,

β1/m
m ≤

(
1 − 2−

m−2
2m

)−1{(m− 1)1/m√
2

C + C0

}
(m!)3/(2m)

≤
(1

2
C + 4C0

)
(m!)3/(2m) ≤ C(m!)3/(2m).

Therefore, (6.4.3) holds.

By (6.4.3) and Taylor expansion there is θ0 > 0 such that

sup
n

E exp
{ θ0

3
√
n logn

|Qn − EQn|2/3
}
<∞. (6.4.9)

It remains to extend (6.4.9) to any θ > 0. Indeed, for any θ > θ0, one can
find an integer l such that for any n there is an integer partition 0 = n0 <
n1, · · · , < nl = n such that ni − ni−1 < n(θ0/θ)

3 (i = 1, · · · , l). Write

Qn =

l∑

i=1

∑

ni−1<j,k≤ni

1{Sj=Sk} +

l∑

i=2

ni−1∑

j=1

ni∑

k=ni−1+1

1{Sj=Sk}. (6.4.10)

Observe that for each 2 ≤ i ≤ l,

ni−1∑

j=1

ni∑

k=ni−1+1

1{Sj=Sk}
d
=

ni−1∑

j=1

ni−ni−1∑

k=1

1{Sj=S′
k} ≤ In.

By (6.2.1) (with d = 3 and p = 2) and Taylor expansion there is λ > 0 such
that

sup
n≥1

E exp

{
λ
3
√
n

( ni−1∑

j=1

ni∑

k=ni−1+1

1{Sj=Sk}

)2/3}
<∞.
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By triangular inequality and Hölder inequality, therefore,

sup
n≥1

E exp

{
λ

3
√
n logn

( l∑

i=2

ni−1∑

j=1

ni∑

k=ni−1+1

1{Sj=Sk}

)2/3}
<∞

for every λ > 0.

By independence and by triangular inequality

E exp

{
θ

3
√
n logn

( l∑

i=1

∣∣∣∣
∑

ni−1<j,k≤ni

1{Sj=Sk} − E
∑

ni−1<j,k≤ni

1{Sj=Sk}

∣∣∣∣
)2/3}

≤
l∏

i=1

E exp
{ θ

3
√
n logn

∣∣Qni−ni−1 − EQni−ni−1 |2/3
}

≤
l∏

i=1

E exp
{ θ0

3
√

(ni − ni−1) log(ni − ni−1)

∣∣Qni−ni−1 − EQni−ni−1 |2/3
}
.

Hence, the desired (6.4.1) follows from (6.4.9) and (6.4.10).

The proof of (6.4.2) can be carried out in a similar way, for the fact that
the inequality

E

[ n∑

j,k=1

1{S(j)=eS(k)}

]m
≤ Cm(m!)3/2nm/2 m,n = 1, · · · (6.4.11)

can be extended to the case d ≥ 4 (Consequently, we have (6.4.4)). Indeed,
similar to (6.2.9),

E

[ n∑

j,k=1

1{S(j)=eS(k)}

]m
≤ Cm(m!)2

[ n∑

j,k=1

P{S(j) = S̃(k)}
]m
.

By (5.1.6) one can show that as n→ ∞,

n∑

j,k=1

P{S(j) = S̃(k)} =

n∑

j,k=1

P{S(k + j) = 0} =





O(log n) d = 4

O(1) d ≥ 5.

In particular, if we replace the right hand side by O(
√
n) we obtain the

estimate

E

[ n∑

j,k=1

1{S(j)=eS(k)}

]m
≤ Cm(m!)2nm/2
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By the argument used in the proof of Theorem 6.2.1, the above bound can
be strengthened into (6.4.11).

By slightly modifying our argument, Theorem 6.4.1 can be extended to
the renormalized range Rn − ERn. We give the following theorem without
proof.

Theorem 6.4.2 As d = 3,

sup
n

E exp
{ θ

3
√
n logn

|Rn − ERn|2/3
}
<∞ for every θ > 0. (6.4.12)

As d ≥ 4,

sup
n

E exp
{ θ

3
√
n
|Rn − ERn|2/3

}
<∞ for some θ > 0. (6.4.13)

We now address integrabilities of max1≤k≤n |Qk−EQk| and max1≤k≤n |Rk−
ERk|. On the one hand, we are not able to provide some sharp maximal
inequality in this context so the the integrabilities max1≤k≤n |Qk − EQk|
and max1≤k≤n |Rk − ERk| immediately follow from those of |Qn − EQn|
and |Rn − ERn|. On the other hand, by using entropy method in Sec-
tion D of Appendix, we are able to prove that max1≤k≤n |Qk − EQk| and
max1≤k≤n |Rk−ERk| have essentially same integrabilities as their marginals.

Theorem 6.4.3 As d = 3,

sup
n

E exp
{ θ

3
√
n logn

max
1≤k≤n

|Qn − EQn|2/3
}
<∞ ∀θ > 0, (6.4.14)

sup
n

E exp
{ θ

3
√
n logn

max
1≤k≤n

|Rn − ERn|2/3
}
<∞ ∀θ > 0. (6.4.15)

As d ≥ 4,

sup
n

E exp
{ θ

3
√
n

max
1≤k≤n

|Qn − EQn|2/3
}
<∞ for some θ > 0, (6.4.16)

sup
n

E exp
{ θ

3
√
n

max
1≤k≤n

|Rn − ERn|2/3
}
<∞ for some θ > 0. (6.4.17)
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Proof. For similarity we only prove (6.4.14). We first claim that there is a
C > 0 such that for any n1, n2, any m ≥ 1,

E|(Qn2 − EQn2) − (Qn1 − EQn1)|m (6.4.18)

≤ (m!)3/2Cm max{n1, n2}m/4(log max{n1, n2})m/2|n2 − n1|m/4.

Assume n1 < n2.

Qn2 −Qn1 =
∑

n1<j<k≤n2

1{S(j)=S(k)} +

n1∑

j=1

n2∑

k=n1+1

1{S(j)=S(k)}

and observe that

n1∑

j=1

n2∑

k=n1+1

1{S(j)=S(k)}
d
=

n1−1∑

j=0

n2−n1∑

k=1

1{S(j)=eS(k)}

=
∑

x∈Z3

l0(n1 − 1, x)l̃(n2 − n1, x)

where {S̃(k)} is an independent copy of {S(k)} and

l0(n, x) =

n∑

k=0

1{S(k)=x}, l̃(n, x) =

n∑

k=1

1{eS(k)=x}.

By Cauchy-Schwartz inequality,

E

[ ∑

x∈Z3

l0(n1 − 1, x)l̃(n2 − n1, x)

]m

=
∑

x1,··· ,xm∈Z3

[
E

m∏

k=1

l0(n1 − 1, xk)

][
E

m∏

k=1

l(n2 − n1, xk)

]

≤
{ ∑

x1,··· ,xm∈Z3

[
E

m∏

k=1

l0(n1 − 1, xk)

]2}1/2

×
{ ∑

x1,··· ,xm∈Z3

[
E

m∏

k=1

l(n2 − n1, xk)

]2}1/2

=
{

EĪmn1−1

}1/2{
EImn2−n1

}1/2

where

Īn =

n∑

j=0

n∑

k=1

1{S(j)=eS(k)}, In =

n∑

j=1

n∑

k=1

1{S(j)=eS(k)}.
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By the moment bound given in (6.2.1) of Theorem 6.2.1 (with d = 3 and
p = 2), therefore, there is a constant c1 > 0 independent of n1, n2, such that
for any m ≥ 1,

E

[ ∑

x∈Z3

l0(n1 − 1, x)l̃(n2 − n1, x)

]m
≤ (m!)3/2cm1 n

m/4
1 (n2 − n1)

m/4.

Notice that ∑

n1<j<k≤n2

1{S(j)=S(k)}
d
= Qn2−n1 .

By Theorem 6.4.1, there is a constant c2 > 0 independent of n1, n2 andm ≥ 1
such that

E

∣∣∣∣
∑

n1<j<k≤n2

1{S(j)=S(k)} − E
∑

n1<j<k≤n2

1{S(j)=S(k)}

∣∣∣∣
m

≤ (m!)3/2cm2 (n2 − n1)
m/2(log(n2 − n1)

m/2.

Summarizing our argument, we have proved (6.4.18).

Define the random variable Zn(·) in C[0, 1] by

Zn(t) =
Qk − EQk√
n logn

+ (nt− k)
(Qk+1 − EQk+1) − (Qk − EQk)√

n logn

if t ∈
[
k
n ,

k+1
n

]
for some 0 ≤ k ≤ n − 1. We claim that there is a constant

C > 0 such that

E|Zn(s) −Zn(t)|m ≤ Cm(m!)3/2|s− t|m/4 (6.4.19)

for every m,n ≥ 1 and for any s, t ∈ [0, 1].

Assume that |s− t| ≥ 1/n. By (6.4.18)

E|Zn(s) −Zn(t)|m ≤ Cm(m!)3/2n−m/4∣∣[ns] − [nt]
∣∣m/4.

Hence, (6.4.19) follows from the fact that as |s− t| ≥ 1/n,

∣∣[ns] − [nt]
∣∣ ≤ 3n|s− t|.

We now consider the case |s − t| < 1/n. If s, t is in the same interval[
k
n ,

k+1
n

]
, then

Zn(s) −Zn(t) = n(s− t)
(Qk+1 − EQk+1) − (Qk − EQk)√

n logn
.
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By (6.4.18),

E|Zn(s) −Zn(t)|m

= |s− t|m
( n

logn

)m/2
E
∣∣(Qk+1 − EQk+1) − (Qk − EQk)

∣∣m

≤ |s− t|m
( n

logn

)m/2
(m!)3/2Cmnm/4(log n)m/2

≤ Cm(m!)3/2|s− t|m/4.

Assume that |s − t| < 1/n and s, t are in two consecutive intervals. We

may only consider the case s < t. Let s ∈
[
k−1
n , kn

]
and t ∈

[
k
n ,

k+1
n

]
. We

have

Zn(t) −Zn(s) = (nt− k)
(Qk+1 − EQk+1) − (Qk − EQk)√

n logn

+ (k − ns)
(Qk − EQk) − (Qk−1 − EQk−1)√

n logn
.

Observe that 0 ≤ (nt− k), (k − ns) ≤ n(t− s). Applying (6.4.18) to each of
the two parts on the right hand side gives (6.4.19).

By (6.4.19) and Taylor expansion,

sup
n≥1

sup
s,t∈[0,1]
s6=t

E exp

{
c
|Z(s) −Z(t)|2/3

|s− t|1/6
}
<∞.

By Theorem D.6 in Appendix, there is a θ > 0 such that

sup
n≥1

E exp
{
θ sup
s,t∈[0,1]

|Z(s) −Z(t)|2/3
}
<∞.

Taking s = 0 we conclude that (6.4.14) holds for some θ > 0. By the same
argument used near the end of the proof for (6.4.1), we can extend (6.4.14)
to all θ > 0.

6.5 Notes and comments

Section 6.1.

The continuous and discrete settings are quite different when it comes
to exponential integrability. The multi-nomial inequalities in Theorem 6.1.1
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was established for In in [24] and later extended to Jn in [25]. Despite of
similarity in multi-nomial form, the argument for Theorem 6.1.2 is quite
different. The idea first appeared in Bass, Chen and Rosen [7].

Section 6.2.

The idea of using the moment inequalities to establish exponential in-
tegrabilities (Theorem 6.2.1) for In and Jn was first appear in Bass, Chen
and Rosen [6]. Prior to [6], the exponential integrability of intersection local
times was investigated by Brydges and Slade [17] in a different approach.

Section 6.3.

The part “d = 2” in Theorem 6.3.2 appears as a discrete version of expo-
nential integrability described in (4.3.3) and was obtained in two papers by
Bass, Chen and Rosen ([6], [7]). Prior to that, Brydges and Slade ([17]) had
established (6.3.5) in the setting of random walks with continuous time.

Section 6.4.

The main results of this section was established in [30].

Exercise 1. Prove an early result established the following result by
Brydges and Slade ([17]): For d ≥ 3, there is a θd > 0 such that

sup
n≥1

E exp
{ θ
n
Qn

}
<∞ ∀θ < θd.

Hint: This is same as

sup
n≥1

E exp
{ θ
n

(Qn − EQn)
}
<∞ ∀θ < θd.
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Chapter 7

Large deviations:

independent random walks

Our goal in this chapter is to establish the large deviations for the mutual
intersection local times run by p independent random walks in Zd, and for
the intersection of the ranges of these random walks. We consider three very
different situations: sub-critical dimensions (p(d−2) < d), critical-dimensions
(p(d− 2) = d) and super-critical dimensions (p(d− 2) > d).

The large deviations for In and Jn we shall establish in the case p(d −
2) < d are also called moderate deviations, since they are essentially discrete
version of the large deviation principle for α

(
[0, 1]p

)
(Theorem 3.3.2).

In the case p(d − 2) = d, In and Jn are attracted by Γ-distributions
(Theorem 5.5.1). Therefore, the moderate deviations for In and Jn should
yield Γ-tails. On the other hand, the Gagliardo-Nirenberg inequality still
holds (and is called Sobolev inequality) in the critical dimensions. This raises
the possibility that in addition to the moderate deviations of Γ-tails, In
and Jn might obey a large deviation principle associated with the Sobolev
constant κ(d, p).

The independent trajectories intersect at most finitely many times when
p(d − 2) > d. Consequently, the random variables I∞ and J∞ are well
defined for measuring the intersections in a whole life time. The problem in
the super-critical dimensions is to study the large deviations for I∞ and J∞.

239
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7.1 Feynman-Kac minorations

Despite of their close relation to the large deviation stated in Theorem 3.3.2,
the method of high moment minoration developed in Chapter 3 does not
apply directly to the moderate deviations for In and Jn for lack of the scaling
property in the discrete setting. In our treatment for the moderate deviations
given in the next section, the upper bounds rely on the moment inequalities
established in (6.1.7) and in (6.1.8) and the laws of weak convergence stated
in Theorem 5.3.2 and in Theorem 5.3.4. For the lower bounds, we need
to extend the Feynman-Kac large deviation given in Theorem 4.1.6 to the
discrete setting. That is the major goal of this section 1.

As usual, {S(n)} is a symmetric, square integrable random walk in Zd

with the smallest supporting group being Zd.

Theorem 7.1.1 For any bounded, continuous function f on Rd,

lim inf
n→∞

1

bn
log E exp

{
bn
n

n∑

k=1

f
(√bn

n
S(k)

)}

≥ sup
g∈Fd

{∫

Rd

f(Γ1/2x)g2(x)dx − 1

2

∫

Rd

|∇g(x)|2dx
}

where Fd is the set of the functions g on Rd with
∫

Rd

|g(x)|2dx = 1 and

∫

Rd

|∇g(x)|2dx <∞.

Proof. We first prove Lemma 7.2 under the aperiodicity assumption on
the random walks. Let γn be a sequence of odd integers such that γn ∼ bn
(n → ∞) and write tn = [n/γn] Then tnγn ≤ n ≤ (tn + 1)γn. By the
boundedness of f ,

n∑

k=1

f
(√bn

n
S(k)

)
=

γn−1∑

j=1

(j+1)tn−1∑

k=jtn+1

f
(√bn

n
S(k)

)
+O(γn + tn).

Hence, we need only to show that

lim inf
n→∞

1

bn
log E exp

{
bn
n

γn−1∑

j=1

(j+1)tn−1∑

k=jtn+1

f
(√bn

n
S(k)

)}
(7.1.1)

≥ sup
g∈Fd

{∫

Rd

f(Γ1/2x)g2(x)dx − 1

2

∫

Rd

|∇g(x)|2dx
}
.

1Only the lower bounds are installed here. On the other hand, it is very likely that
correspondent upper bounds hold.



7.1. FEYNMAN-KAC MINORATIONS 241

For each n, define the linear operator An on L2(Zd) as

Anξ(x) = E

(
exp

{
bn
n

tn−1∑

k=1

f
(√bn

n

(
x+ S(k)

))}
ξ
(
x+ S(tn)

)
)

where x ∈ Zd and ξ ∈ L2(Zd). We claim that An is symmetric:

〈ξ,Anη〉 = 〈Anξ, η〉 ξ, η ∈ L2(Zd). (7.1.2)

Indeed,

〈ξ,Anη〉

=
∑

x∈Zd

ξ(x)E

(
exp

{
bn
n

tn−1∑

k=1

f
(√bn

n

(
x+ S(k)

))}
η
(
x+ S(tn)

)
)

= E

( ∑

x∈Zd

ξ(x) exp

{
bn
n

tn−1∑

k=1

f
(√bn

n

(
x+ S(k)

))}
η
(
x+ S(tn)

)
)

= E

( ∑

x∈Zd

ξ
(
x− S(tn)

)
exp

{
bn
n

tn−1∑

k=1

f
(√bn

n

(
x+ S(k) − S(tn)

))}
η(x)

)

=
∑

x∈Zd

η(x)E

(
exp

{
bn
n

tn−1∑

k=1

f
(√bn

n

(
x+ S(k) − S(tn)

))
ξ
(
x− S(tn)

)
)

where the third equality follows from translation invariance.

Observe that

tn−1∑

k=1

f
(√bn

n

(
x+ S(k) − S(tn)

))
=

tn−1∑

k=1

f
(√bn

n

(
x+ S(tn − k) − S(tn)

))
.

If we write

S̄(k) = S(tn − k) − S(tn) k = 1, · · · , tn − 1

by symmetry of the random walk we have

{S̄(k)}1≤k≤tn−1
d
= {S(k)}1≤k≤tn−1.

Consequently,

E

(
exp

{
bn
n

tn−1∑

k=1

f
(√bn

n

(
x+ S(k) − S(tn)

))}
ξ
(
x− S(tn)

)
)

= E

(
exp

{
bn
n

tn−1∑

k=1

f
(√bn

n

(
x+ S(k)

))}
ξ
(
x+ S(tn)

)
)
.
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Summarizing what we have proved,

〈ξ,Anη〉 =
∑

x∈Zd

η(x)E

(
exp

{
bn
n

tn−1∑

k=1

f
(√bn

n

(
x+ S(k)

))}
ξ
(
x+ S(tn)

)
)

which is (7.1.2).

By the boundedness of f , it is easy to see that for each n, An is bounded.
Consequently, An is self-adjoint.

Let g ∈ S(Rd) be supported by a finite box [−M,M ]d and assume that

∫

Rd

|g(x)|2dx = 1.

Write

ξn(x) =

( ∑

y∈Zd

g2
(√bn

n
y
))−1/2

g
(√bn

n
x
)

x ∈ Zd.

By increment independence,

E exp

{
bn
n

γn−1∑

j=1

(j+1)tn−1∑

k=jtn+1

f
(√bn

n
S(k)

)}

=
∑

x∈Zd

P{S(tn) = x}E exp

{
bn
n

γn−1∑

j=1

jtn−1∑

k=(j−1)tn+1

f
(√bn

n

(
x+ S(k)

))}

≥ 1 + o(1)

||g||∞

( ∑

y∈Zd

g2
(√bn

n
y
)) ∑

x∈Zd

P{S(tn) = x}ξn(x)

× E

(
exp

{
bn
n

γn−1∑

j=1

jtn−1∑

k=(j−1)tn+1

f
(√bn

n

(
x+ S(k)

))}

× ξn
(
x+ S((γn − 1)tn)

)
)

=
1 + o(1)

||g||∞

( ∑

y∈Zd

g2
(√bn

n
y
)) ∑

x∈Zd

P{S(tn) = x}ξn(x)Aγn−1
n (ξn)(x).

Notice that

lim
n→∞

(bn
n

)d/2 ∑

y∈Zd

g2
(√bn

n
y
)

=

∫

Rd

g2(x)dx = 1.
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By (5.1.2) (with n being replaced by tn) in Theorem 5.1.12

P{S(tn) = x} ≥ c
(bn
n

)d/2
x ∈

[
−M

√
n

bn
, M

√
n

bn

]d
.

Since ξn(x) = 0 outside the box

[
−M

√
n

bn
, M

√
n

bn

]d

there is a δ > 0 such that

E exp

{
bn
n

γn−1∑

j=1

(j+1)tn−1∑

k=jtn+1

f
(√bn

n
S(k)

)}

≥ δ
∑

x∈Zd

ξn(x)T γn−1
n (ξn)(x) = δ〈ξn,Aγn−1

n ξn〉.

By Theorem E.1 in Appendix, the self-adjoint operator An admits the
spectral integral representation

An =

∫ ∞

−∞
λE(dλ).

By Corollary E.4 in Appendix,

A
γn−1
n =

∫ ∞

−∞
λγn−1E(dλ).

By (E.15) in Appendix, the above representations lead to

〈ξn,Anξn〉 =

∫ ∞

−∞
λµξn(dλ),

〈ξn,Aγn−1
n , ξn〉 =

∫ ∞

−∞
λγn−1.µξn(dλ)

Notice ((E.5), Appendix) that µξn(R) = 1. That means that the spectral
measure µξn is a probability measure on R. By, Jensen inequality

〈ξn,Aγn−1
n ξn〉 ≥

(∫ ∞

−∞
λµξn(dλ)

)γn−1

= 〈ξn,Anξn〉γn−1

Thus,

lim inf
n→∞

1

bn
log E exp

{
bn
n

γntn∑

k=tn+1

f
(√bn

n
S(k)

)}
≥ lim inf

n→∞
log〈ξn,Anξn〉.

2This is where we use the extra assumption on aperiodicity
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Notice that

〈ξn,Anξn〉

=
∑

x∈Zd

ξn(x)E

(
exp

{
bn
n

tn−1∑

k=1

f
(√bn

n

(
x+ S(k)

))}
ξn
(
x+ S(tn)

)
)

=
(
1 + o(1)

) ∫

Rd

dxg(x)

× E

(
exp

{
bn
n

tn−1∑

k=1

f
(
x+

√
bn
n
S(k)

)}
g
(
x+

√
bn
n
S(tn)

))

−→
∫

Rd

g(x)E

(
exp

{∫ 1

0

f
(
x+ Γ1/2W (t)

)
dt

}
g
(
x+ Γ1/2W (1)

)
)
dx

as n→ ∞, where the last step partially follows from invariant principle.

By the variable substitution x 7→ Γ1/2x, the integral on the right hand
side is equal to

∫

Rd

g̃(x)E

(
exp

{∫ 1

0

f̄
(
x+W (t)

)
dt

}
g̃
(
x+W (1)

)
)
dx

≥ exp

{∫

Rd

f̄(x)g̃2(x)dx − 1

2

∫

Rd

|∇g̃(x)|2dx
}

where
f̄(x) = f

(
Γ1/2x), g̃(x) = det(Γ)1/4g(Γ1/2x)

and where the inequality follows from (4.1.25) (with t = 1; and with f and g
being replaced by f̄ and g̃, respectively.).

Summarizing our argument,

lim inf
n→∞

1

bn
log E exp

{
bn
n

γn−1∑

j=1

(j+1)tn−1∑

k=jtn+1

f
(√bn

n
S(k)

)}

≥
∫

Rd

f(Γ1/2x)g̃2(x)dx − 1

2

∫

Rd

|∇g̃(x)|2dx.

Notice that the set of g̃ is dense in Fd. Taking supremum over g̃ on the right
hand side leads to the desired conclusion (7.1.1) and therefore to Theorem
7.1.1.

We now drop the aperiodicity condition by performing resolvent approx-
imation. Recall that 0 < θ < 1 be fixed and let {δn} is a Bernoulli sequence
independent of {S(n)} such that

P{δn = 1} = 1 − P{δn = 0} = θ.
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Write τ0 = 0 and

τn = min{k > τn−1; δk = 1} n = 1, 2, · · · .

Then {τn − τn−1}n≥1 is an i.i.d. sequence with common (geometric) distri-
bution

P{τ1 = k} = θ(1 − θ)k−1 k = 1, 2, · · · .

Notice that {S(τn)} is a random walk whose increment has the distribu-
tion

P{S(τ1) = x} =

∞∑

k=1

θ(1 − θ)k−1P{S(k) = x}.

In particular,

Cov
(
S(τ1), S(τ1)

)
= Eτ1 · Γ = θ−1Γ

and, P{S(τ1) = 0} > 0 implies that {S(τn)} is aperiodic. {S(τn)} is called
resolvent random walk of {S(n)} in literature.

Applying what we have proved to the aperiodic random walk {S(τn)},

lim inf
n→∞

1

bn
log E exp

{
bn
n

n∑

k=1

f
(√bn

n
S(τk)

)}
(7.1.3)

≥ sup
g∈Fd

{∫

Rd

f(θ−1/2Γ1/2x)g2(x)dx − 1

2

∫

Rd

|∇g(x)|2dx
}
.

On the other hand, observe that

n∑

k=1

f
(√bn

n
S(τk)

)
=

τn∑

k=1

δkf
(√bn

n
S(k)

)
≤

τn∑

k=1

f
(√bn

n
S(k)

)
.

Let λ > θ−1 be fixed for a moment. We have

E exp

{
bn
n

n∑

k=1

f
(√bn

n
S(τk)

)}

≤ E exp

{
bn
n

[λn]∑

k=1

f
(√bn

n
S(k)

)}

+ E

(
exp

{
bn
n

n∑

k=1

f
(√bn

n
S(τk)

)}
1{τn≥λn}

)
.

Notice that the second term on the right hand side is bounded by

exp
{
||f ||∞bn

}
P{τn ≥ λn}.



246 7. Large deviations: independent random walks

By Cramér theorem (Theorem 1.1.5) there is δ > 0 such that

P{τn ≥ λn} ≤ e−δn

for large n. By (7.1.3), therefore,

lim inf
n→∞

1

bn
log E exp

{
bn
n

[λn]∑

k=1

f
(√bn

n
S(k)

)}

≥ sup
g∈Fd

{∫

Rd

f(θ−1/2Γ1/2x)g2(x)dx − 1

2

∫

Rd

|∇g(x)|2dx
}
.

Letting θ → 1 on the right hand side gives

lim inf
n→∞

1

bn
log E exp

{
bn
n

[λn]∑

k=1

f
(√bn

n
S(k)

)}

≥ sup
g∈Fd

{∫

Rd

f(Γ1/2x)g2(x)dx − 1

2

∫

Rd

|∇g(x)|2dx
}
.

Replacing [λn] by n, and f by λ−1f gives,

lim inf
n→∞

1

bn
log E exp

{
bn
n

n∑

k=1

f
(√bn

n
S(k)

)}

≥ sup
g∈Fd

{
λ−1

∫

Rd

f(Γ1/2x)g2(x)dx − 1

2

∫

Rd

|∇g(x)|2dx
}
.

Finally, letting λ→ 1+ on the right hand side proves Theorem 7.1.1.

In our next major theorem, we establish the Feynman-Kac minoration for
the sum over the range.

Theorem 7.1.2 Let f be a bounded, continuous function on Rd.

(1) When d = 2,

lim inf
n→∞

1

bn
log E exp

{
bn logn

n

∑

x∈S[1,n]

f
(√bn

n
x
)}

(7.1.4)

≥ sup
g∈F2

{
2π
√

det(Γ)

∫

R2

f(Γ1/2x)g2(x)dx − 1

2

∫

R2

|∇g(x)|2dx
}

for any positive sequence {bn} satisfying

bn −→ ∞ and bn = o(logn) (n → ∞).
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(2) When d = 3,

lim inf
n→∞

1

bn
log E exp

{
bn
n

∑

x∈S[1,n]

f
(√bn

n
x
)}

(7.1.5)

≥ sup
g∈F3

{
γS

∫

R3

f(Γ1/2x)g2(x)dx − 1

2

∫

R3

|∇g(x)|2dx
}

for any positive sequence {bn} satisfying

bn −→ ∞ and bn = o
(
n1/3

)
(n→ ∞).

Compared to Theorem 7.1.1, the proof of Theorem 7.1.2 is much harder:
The occupation time we work with in Theorem 7.1.1 satisfies the additivity

j+k∑

i=1

f
(√bn

n
S(i)

)
=

j∑

i=1

f
(√bn

n
S(i)

)
+

j+k∑

i=j+1

f
(√bn

n
S(i)

)
j, k ≥ 1.

On the other hand, this is no longer the case for the sum over the range.
Instead, we have only the sub-additivity in the sense

∑

x∈S[1,j+k]

f
(√bn

n
x
)
≤

∑

x∈S[1,j]

f
(√bn

n
x
)

+
∑

x∈S[j+1,j+k]

f
(√bn

n
x
)

j, k ≥ 1

which is against our interest as we try to work on the lower bound.

The proof of Theorem 7.1.2 consists of two steps. As the first step we
work on the quantity

γn−1∑

j=1

∑

x∈S(jtn,(j+1)tn]

f
(√bn

n
x
)

instead on
∑

x∈S[1,n]

f
(√bn

n
x
)
.

where γn is a sequence of odd integers such that γn ∼ bn (n → ∞) and
tn = [n/γn].

Lemma 7.1.3 (1) When d = 2,

lim inf
n→∞

1

bn
log E exp

{
bn log n

n

γn−1∑

j=0

∑

x∈S(jtn,(j+1)tn]

f
(√bn

n
x
)}

(7.1.6)

≥ sup
g∈F2

{
2π
√

det(Γ)

∫

R2

f(Γ1/2x)g2(x)dx − 1

2

∫

R2

|∇g(x)|2dx
}
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if log bn = o(log n).

(2) When d ≥ 3,

lim inf
n→∞

1

bn
log E exp

{
bn
n

γn−1∑

j=0

∑

x∈S(jtn,(j+1)tn]

f
(√bn

n
x
)}

(7.1.7)

≥ sup
g∈F3

{
γS

∫

R3

f(Γ1/2x)g2(x)dx − 1

2

∫

R3

|∇g(x)|2dx
}

if bn = o(n).

Proof. Due to similarity we only consider the case d = 2. The approach
is very close to the one used in the proof of Theorem 7.1.1. By resolvent
approximation performed in the proof of Theorem 7.1.1, we may assume the
aperiodicity of the random walks. Observe that

∣∣∣∣
γn−1∑

j=0

∑

x∈S(jtn,(j+1)tn]

f
(√bn

n
x
)
−
γn−1∑

j=0

∑

x∈S(jtn,(j+1)tn)

∣∣∣∣

≤ ||f ||∞#
{
S(tn), S(2tn), · · · , S(γntn)

}
≤ ||f ||∞γn.

So the right hand side is negligible here. Thus, we need only to establish

lim inf
n→∞

1

bn
log E exp

{
bn logn

n

γn−1∑

j=1

∑

x∈S(jtn,(j+1)tn)

f
(√ bn

n
x
)}

(7.1.8)

≥ sup
g∈F2

{
2π
√

det(Γ)

∫

R2

f(Γ1/2x)g2(x)dx − 1

2

∫

R2

|∇g(x)|2dx.
}
.

Define the continuous linear operator Bn on L2(Zd) as

Bnξ(x) = E

(
exp

{
bn logn

n

∑

y−x∈S[1,tn−1]

f
(√bn

n
y
)}

ξ
(
x+ S(tn)

)
)
.

Similar to (7.1.2), Bn is self-adjoint. Let g be a bounded function on Rd

and assume that g is infinitely differentiable, supported by a finite square
[−M,M ]2 with ∫

R2

|g(x)|2dx = 1

and write

ξn(x) =

( ∑

y∈Z2

g2
(√bn

n
y
))−1/2

g
(√bn

n
x
)

x ∈ Z2.
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An estimate used in the proof of Theorem 7.1.1 leads to

E exp

{
θ
bn logn

n

γn−1∑

j=1

∑

x∈S(jtn,(j+1)tn)

f
(√bn

n
x
)}

≥ δ
∑

x∈Z2

ξn(x)E

(
exp

{
θ
bn logn

n

γn−1∑

j=1

∑

y−x∈S((j−1)tn,jtn)

f
(√bn

n
y
)}

× ξn

(
x+ S

(
(γn − 1)tn

))
)

= δ〈ξn,Bγn−1
n ξn〉 ≥ δ〈ξn,Bnξn〉γn−1

where the last step follows from the argument based on spectral representa-
tion and Jensen inequality.

In addition,

〈ξn,Bnξn〉

=
(
1 + o(1)

) ∫

R2

dxg(x)

× E

(
exp

{
bn logn

n

∑

x∈S[1,tn−1]

f
(
x+

√
bn
n
y
)}

g
(
x+

√
bn
n
S(tn)

))

−→
∫

R2

g(x)E

(
exp

{
(2π)

√
det(Γ)

∫ 1

0

f
(
x+ Γ1/2W (t)

)
dt

}

× g
(
x+ Γ1/2W (1)

)
)
dx (n→ ∞)

where the last step follows (5.3.41) in Theorem 5.3.6 with n being replacing
by tn − 1 3.

By (4.1.25) and by integration variable substitution, therefore,

lim inf
n→∞

1

bn
log E exp

{
bn log n

n

γn−1∑

j=1

∑

x∈S(jtn,(j+1)tn)

f
(√bn

n
x
)}

≥ 2π
√

det(Γ)

∫

R2

f(Γ1/2x)g̃2(x)dx − 1

2

∫

R2

|∇g̃(x)|2dx

where g̃(x) = det(Γ)1/4g(Γ1/2x). Taking supremum over g on the right hand
side leads to (7.1.8).

3Our assumption on bn implies that log n ∼ log(tn − 1)
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Observe that

γn−1∑

j=0

∑

x∈S(jtn,(j+1)tn]

f
(√bn

n
x
)
−

∑

x∈S[1,γntn]

f
(√bn

n
x
)

=
∑

x∈Zd

f
(√bn

n
x
){ γn−1∑

j=0

1{x∈S(jtn,(j+1)tn]} − 1{x∈S[1,γntn]}

}
.

By the fact that

γn−1∑

j=0

1{x∈S(jtn,(j+1)tn]} − 1{x∈S[1,γntn]} ≥ 0 x ∈ Zd

∣∣∣∣
γn−1∑

j=0

∑

x∈S(jtn,(j+1)tn]

f
(√bn

n
x
)
−

∑

x∈S[1,γntn]

f
(√bn

n
x
)∣∣∣∣

≤ ||f ||∞
{ γn−1∑

j=0

#
{
S(jtn, (j + 1)tn] − #

{
S[1, γntn]

}}

Therefore, as the second (and the last step) of the proof of Theorem 7.1.2,
we establish the following lemma.

Lemma 7.1.4 Let bn be a positive sequence with bn → ∞ and bn = o(n).
For each n, let 1 = n0 < n1 < · · · < nγn = n be an integer partition of [1, n]
such that γn ∼ bn and nj − nj−1 ∼ n/bn uniformly over 1 ≤ j ≤ γn.

(1). When d = 2,

lim sup
n→∞

1

bn
log E exp

{
θ
bn logn

n

( γn∑

j=1

#
{
S(nj−1, nj ]

}
− #

{
S[1, n]

})}
= 0

for any θ > 0, if bn = o(log n) (n→ ∞).

(2). When d = 3,

lim sup
n→∞

1

bn
log E exp

{
θ
bn
n

( γn∑

j=1

#
{
S(nj−1, nj]

}
− #

{
S[1, n]

})}
= 0

for any θ > 0, if bn = o(n1/3) (n→ ∞).

Proof. Due to similarity, we only deal with the case d = 2. We start with
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the decomposition

γn∑

j=1

#
{
S(nj−1, nj]

}
− #

{
S[1, n]

}

=

γn∑

j=1

(
#
{
S(nj−1, nj ]

}
− E#

{
S(nj−1, nj]

})

+
(

E#
{
S[1, n]

}
− #

{
S[1, n]

})

+

γn∑

j=1

(
E#
{
S(nj−1, nj ]

}
− E#

{
S[1, n]

})
.

By (5.3.39)

γn∑

j=1

(
E#
{
S(nj−1, nj ]

}
− E#

{
S[1, n]

})
= o
( n

logn

)
(n→ ∞).

By (6.3.4) in Theorem 6.3.2 there is a c > 0 such that

sup
n

E exp

{
c
(logn)2

n

(
E#
{
S[1, n]

}
− #

{
S[1, n]

})}
<∞.

It remains to show

lim
n→∞

1

bn
log E exp

{
θ
bn logn

n

[ γn∑

j=1

(
#
{
S(nj−1, nj ]

}

− E#
{
S(nj−1, nj ]

})]}
= 0.

This follows from independence

E exp

{
θ
bn logn

n

[ γn∑

j=1

(
#
{
S(nj−1, nj ]

}
− E#

{
S(nj−1, nj]

})]}

=

γn∏

j=1

E exp

{
θ
bn logn

n

(
#
{
S[1, nj − nj−1]

}
− E#

{
S[1, nj − nj−1]

})}

and from the fact (implied by (6.3.18) in Theorem 6.3.3) that

lim
n→∞

E exp

{
θ
bn logn

n

(
#
{
S[1, nj − nj−1]

}
− E#

{
S[1, nj − nj−1]

})}
= 1

uniformly over 1 ≤ j ≤ γn.
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7.2 Moderate deviations in sub-critical dimen-

sions

Recall that

In = #
{
(k1, · · · , kp); S1(k1) = · · · = Sp(kp)

}

Jn = #
{
S1[1, n] ∩ · · · ∩ Sp[1, n]

}
.

Historically, the phrase “moderate deviation” is often used for the large
deviation principle associated with some weak law of convergence. Recall,
for example, that (Theorem 5.3.2) under p(d− 2) < d,

n− 2p−d(p−1)
2 In

d−→ det(Γ)−
p−1
2 α

(
[0, 1]p

)

where

α
(
[0, t]p

)
=

∫

Rd

[ p∏

j=1

∫ t

0

δx
(
Wj(s)

)
ds

]
dx

is the mutual intersection local time run by independent d-dimensional Brow-
nian motions W1(t), · · · ,Wp(t).

Consequently, for each large but fixed b > 0,

P

{
In ≥ λn

2p−d(p−1)
2 b

d(p−1)
2

}
n→∞−→ P

{
α
(
[0, 1]p

)
≥ λdet(Γ)

p−1
2 b

d(p−1)
2

}

or,

lim
n→∞

1

b
log P

{
In ≥ λn

2p−d(p−1)
2 b

d(p−1)
2

}
(7.2.1)

=
1

b
log P

{
α
(
[0, 1]p

)
≥ λdet(Γ)

p−1
2 b

d(p−1)
2

}
.

By Theorem 3.3.2 (or its version in (3.3.4)),

lim
t→∞

1

t
log P

{
α
(
[0, 1]p

)
≥ t

d(p−1)
2

}
= −p

2
κ(d, p)−

dp
d(p−1) . (7.2.2)

Here we recall that κ(d, p) > 0 is the best constant of Gagliardo-Nirenberg
inequality

||f ||2p ≤ C||∇f ||
d(p−1)

2p

2 ||f ||1−
d(p−1)

2p

2 f ∈W 1,2(Rd)

and
W 1,2(Rd) =

{
f ∈ L2(Rd); ∇f ∈ L2(Rd)

}
.
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Let b→ ∞ in (7.2.1). By (7.2.2), the right hand side of (7.2.1) converges
to

−p
2

det(Γ)1/dκ(d, p)
4p

d(p−1)λ
2

d(p−1) .

Therefore, it is not hard to believe ( probably not hard to even prove) that

lim
n→∞

1

bn
log P

{
In ≥ λn

2p−d(p−1)
2 b

d(p−1)
2

n

}

= −p
2

det(Γ)1/dκ(d, p)−
4p

d(p−1)λ
2

d(p−1)

if bn increases to infinity with sufficiently slow rate.

The general observation we made here does not have any practical value
if we can not say anything about the rate of bn except the words “sufficiently
slow”. In the direction of moderate deviations, the concern is whether the
result includes all “right” sequences bn or, at least those crucial to applica-
tions (such as bn = log logn to the law of the iterated logarithm). Our main
results in this section are the moderate deviations for In and Jn associated
to the weak laws given in Theorem 5.3.2 and in Theorem 5.3.4, respectively.

Theorem 7.2.1 Under p(d− 2) < d,

lim
n→∞

1

bn
log P

{
In ≥ λn

2p−d(p−1)
2 b

d(p−1)
2

n

}

= −p
2

det(Γ)1/dκ(d, p)−
4p

d(p−1)λ
2

d(p−1)

for any λ > 0 and for any positive sequence {bn} satisfying

bn −→ ∞ and bn = o(n) (n → ∞).

Proof. By Theorem 1.2.6, we need only to show that for any θ > 0,

lim
n→∞

1

bn
log

∞∑

m=0

θm

m!

(bn
n

) 2p−d(p−1)
2p m(

EImn

)1/p

= Ψ(θ) (7.2.3)

where

Ψ(θ) =
2p− d(p− 1)

2p

(d(p− 1)

p

) d(p−1)
2p−d(p−1)

(7.2.4)

× det(Γ)−
p−1

2p−d(p−1)κ(d, p)
4p

2p−d(p−1) θ
2p

2p−d(p−1) .

We now work on the upper bound of (7.2.3). Let t > 0 be fixed and let
tn = [tn/bn] and γn = [n/tn]. Then n ≤ tn(γn + 1). By taking a = γn + 1 in
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inequality (6.1.8) we have

∞∑

m=0

1

m!
θm
(bn
n

) 2p−d(p−1)
2p m(

EImn
)1/p

≤
( ∞∑

m=0

1

m!
θm
(bn
n

) 2p−d(p−1)
2p m(

EImtn
)1/p

)γn+1

.

From Theorem 5.3.2,

(bn
n

) 2p−d(p−1)
2

Itn
d−→ t

2p−d(p−1)
2 det(Γ)−

p−1
2 α

(
[0, 1]p

)

as n→ ∞. By (6.2.1) in Theorem 6.2.1 and by dominated convergence,

∞∑

m=0

1

m!
θm
(bn
n

) 2p−d(p−1)
2p m(

EImtn
)1/p

−→
∞∑

m=0

1

m!
θmt

2p−d(p−1)
2p m det(Γ)−

p−1
2p m

(
Eα
(
[0, 1]p

)m)1/p
.

Summarizing our argument

lim sup
n→∞

1

bn
log

( ∞∑

m=0

1

m!
θm
(bn
n

) 2p−d(p−1)
2p m(

EImn
)1/p

)

≤ 1

t
log

( ∞∑

m=0

1

m!
θmt

2p−d(p−1)
2p m det(Γ)−

p−1
2p m

(
Eα
(
[0, 1]p

)m)1/p
)
.

By (7.2.2) and Theorem 1.2.8,

lim
t→∞

1

t
log

( ∞∑

m=0

1

m!
θmt

2p−d(p−1)
2p m det(Γ)−

p−1
2p m

(
Eα
(
[0, 1]p

)m)1/p
)

= sup
λ>0

{
θ det(Γ)−

p−1
2p λ− 1

2
κ(d, p)

dp
d(p−1)λ

2
d(p−1)

}

= Ψ(θ).

Thus, we have established the upper bound for (7.2.3).

We now prove the lower bound for (7.2.3). Recall the representation:

In =
∑

x∈Zd

p∏

j=1

lj(n, x).
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By independence, for any integer m ≥ 1

EImn =
∑

x1,··· ,xm∈Zd

[
E

m∏

k=1

l(n, xk)

]p
.

Let q > 1 be the conjugate of p and let f be a bounded, continuous and
locally supported function on Rd such that ||f ||q = 1. Write

Cn =

( ∑

x∈Zd

∣∣∣f
(√bn

n
x
)∣∣∣
q
)1/q

.

By Hölder inequality

(
EImn

)1/p

≥ C−m
n

∑

x1,··· ,xm∈Zd

f
(√bn

n
x1

)
· · · f

(√bn
n
xm

)
E

m∏

k=1

l(n, xk)

= C−m
n E

[ ∑

x∈Zd

f
(√bn

n
x
)
l(n, x)

]m
= C−m

n E

[ n∑

k=1

f
(√bn

n
S(k)

)]m
.

Consequently,

∞∑

m=0

1

m!
θm
(bn
n

) 2p−d(p−1)
2p m(

EImn
)1/p

≥ E exp

{
θ
(bn
n

) 2p−d(p−1)
2p

C−1
n

n∑

k=1

f
(√bn

n
S(k)

)}
.

Observe that

Cn ∼
( n
bn

) d(p−1)
2p

(∫

Rd

|f(x)|qdx
)1/q

=
( n
bn

) d(p−1)
2p

(n→ ∞).

By Theorem 7.1.1, therefore,

lim inf
n→∞

1

bn
log

( ∞∑

m=0

θm

m!

(bn
n

) 2p−d(p−1)
2p m(

EImn
)1/p

)

≥ sup
g∈Fd

{
θ

∫

Rd

f(Γ1/2x)g2(x)dx − 1

2

∫

Rd

|∇g(x)|2dx
}
.

Notice that the set of bounded, continuous and locally supported functions
f is dense on the unit sphere of Lq(Rd), and that when f runs over this set,
so dose the function

fΓ(x) = det(Γ)
1
2q f(Γ1/2x).
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Taking supremum over f on the right hand side gives

lim inf
n→∞

1

bn
log

( ∞∑

m=0

1

m!
θm
(bn
n

) 2p−d(p−1)
2p m(

EImn
)1/p

)

≥ sup
g∈Fd

{
θ det(Γ)−

1
2q

(∫

Rd

|g(x)|2pdx
)1/p

− 1

2

∫

Rd

|∇g(x)|2dx
}

= Ψ(θ)

where the last step follows from Theorem C.1 in Appendix.

We have proved the lower bound for (7.2.3).

Theorem 7.2.2 (1). As d = 2 and p ≥ 2,

lim
n→∞

1

bn
log P

{
Jn ≥ λ

n

(log n)p
bp−1
n

}
(7.2.5)

= −p
2
(2π)−

p
p−1 det(Γ)−

1
2(p−1) κ(2, p)−

2p
p−1λ

1
p−1

for any λ > 0 and for any positive sequence bn satisfying

bn −→ ∞ and bn = o(logn) (n → ∞).

(2). As d = 3 and p = 2,

lim
n→∞

1

bn
log P

{
Jn ≥ λ

√
nb3n

}
= − det(Γ)1/3γ−4/3κ(3, 2)−8/3λ2/3 (7.2.6)

for any λ > 0 and for any positive sequence bn satisfying

bn −→ ∞ and bn = o
(
n1/3

)
(n→ ∞).

Proof. By Theorem 1.2.6, we need only to show that when d = 2 and p ≥ 2,

lim
n→∞

1

bn
log

∞∑

m=0

θm

m!

(bn(logn)p

n

)m/p(
EJmn

)1/p

(7.2.7)

=
1

p

(2(p− 1)

p

)p−1

(2πθ)p
√

det(Γ)κ(2, p)2p

and that when d = 3 and p = 2

lim
n→∞

1

bn
log

∞∑

m=0

θm

m!

(bn
n

)m/4(
EJmn

)1/2

(7.2.8)

=
1

2

(3

4

)3

(γSθ)
4 det(Γ)−1κ(3, 2)8.
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They can be proved in a similar way as the proof of (7.2.3).

We end this section by the following comment on the restrictions that we
put on the positive sequence {bn}. By the fact that In ≤ np, it is unlikely
that the tail behavior of the probability

P{In ≥ λnp}

would fall into the pattern described in Theorem 7.2.1. Thus, the restriction
“bn = o(n)” is best possible for Theorem 7.2.1.

By the fact that Jn ≤ n, the restriction “bn = o
(
n1/3

)
” is best possible

for Theorem 7.2.2 in the case d = 3 and p = 2.

As for Theorem 7.2.2 in the case d = 2 and p ≥ 2, we prove that for any
λ > 2π

√
det(Γ) such that that

lim
n→∞

1

logn
log P

{
Jn ≥ λ

n

log n

}
= −∞. (7.2.9)

This fact shows that Theorem 7.2.2 fails if we take bn = log n when d = 2.

By the fact that Jn decreases as p increases, we need only to establish
(7.2.9) in the case p = 2. By the fact that

Jn ≤ #
{
S1[1, n]

}
= Rn

we have

P

{
Jn ≥ λ

n

logn

}
≤ P

{
Rn ≥ λ

n

log n

}
≤ P

{
Rn − ERn ≥ ǫ

n

logn

}

for any 0 < ǫ < λ− 2π
√

det(Γ). Here we use the fact ((5.3.39)) that

ERn ∼ 2π
√

det(Γ)
n

logn
.

According to (6.3.18) in Theorem 6.3.3, for any θ > 0

sup
n

E exp
{
θ
(log n)2

n
(Rn − ERn)

}
<∞

which leads to (7.2.9) by a standard way of using Chebyshev inequality.

7.3 Laws of the iterated logarithm

In this section we apply the moderate deviations established in Section 7.2
to the following laws of the iterated logarithm.
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Theorem 7.3.1 Under p(d− 2) < d,

lim sup
n→∞

n− 2p−d(p−1)
2 (log logn)−

d(p−1)
2 In

=
(2

p

)− d(p−1)
2

det(Γ)−
p−1
2 κ(d, p)2p a.s.

Theorem 7.3.2 (1). As d = 2 and p ≥ 2,

lim sup
n→∞

(logn)p

n(log logn)p−1
Jn = (2π)p

(2

p

)p−1√
det(Γ)κ(2, p)2p a.s. (7.3.1)

(2). As d = 3 and p = 2,

lim sup
n→∞

1√
n(log log n)3

Jn = γ2
S det(Γ)−1/2κ(3, 2)4 a.s. (7.3.2)

Given the moderate deviations in Section 7.2, the proof of the upper
bounds for Theorem 7.3.1 and Theorem 7.3.2 is a standard practice of the
Borel-Cantelli lemma. To establish the lower bounds, we introduce the follow-
ing notation: For any ȳ = (y1, · · · , yp) ∈ (Zd)p, Pȳ and Eȳ are, respectively,
the distribution and expectation with respect to the trajectories of the ran-
dom walks S1(k), · · · , Sp(k) with the starting points S1(0) = y1, · · · , Sp(0) =
yp. In connection with the notation we usually use, P{·} = P0̄{·} and
E{·} = E0̄{·} Set bn = log logn and tn = [n/bn].

Examining the proof of Theorem 3.3.7 carefully, all we need is to show
that

lim inf
n→∞

1

bn
log inf

|ȳ|≤√
tn

Pȳ
{
In ≥ λn

2p−d(p−1)
2 b

d(p−1)
2

n

}
(7.3.3)

= −p
2

det(Γ)1/dκ(d, p)−
4p

d(p−1)λ
2

d(p−1)

and that

lim inf
n→∞

1

bn
log inf

|ȳ|≤√
tn

Pȳ

{
Jn ≥ λ

n

(log n)p
bp−1
n

}
(7.3.4)

= −p
2
(2π)−

p
p−1 det(Γ)−

1
2(p−1) κ(2, p)−

2p
p−1λ

1
p−1

when d = 2, p ≥ 2; and

lim
n→∞

1

bn
log inf

|ȳ|≤√
tn

Pȳ

{
Jn ≥ λ

√
nb3n

}
(7.3.5)

= − det(Γ)1/3γ−4/3κ(3, 2)−8/3λ2/3
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where λ > 0 is arbitrary.

Due to similarity we only prove (7.3.3). Notice that for any ȳ = (y1, · · · , yp) ∈
(Zd)p,

EȳI
m
n =

∑

x1,··· ,xm∈Zd

p∏

j=1

E

m∏

k=1

l(n, xk − yj). (7.3.6)

By Hölder inequality, EȳI
m
n ≤ EImn for all ȳ ∈ (Zd)p. By (7.2.3), therefore,

lim
n→∞

1

bn
log sup

ȳ∈(Zd)p

∞∑

m=0

θm

m!

(bn
n

) 2p−d(p−1)
2p m(

EȳI
m
n

)1/p

= Ψ(θ)

for all θ > 0, where Ψ(θ) is written in (7.2.4). By a general argument based
on Theorem 1.2.6, we will have (7.3.3) if we can show that for each θ > 0,

lim inf
n→∞

1

bn
log inf

|ȳ|≤√
tn

∞∑

m=0

θm

m!

(bn
n

) 2p−d(p−1)
2p m(

EȳI
m
n

)1/p

≥ Ψ(θ). (7.3.7)

By the method of resolvent approximation, we may assume that the ran-
dom walks are aperiodic in our proof of (7.3.7). By (7.3.6),

EȳI
m
n ≥

∑

x1,··· ,xm∈Zd

p∏

j=1

E

m∏

k=1

[
l(n, xk − yj) − l(tn, xk − yj)

]

=
∑

x1,··· ,xm∈Zd

p∏

j=1

∑

z∈Zd

P{S(tn) = z − yj}E

m∏

k=1

l(n− tn, xk − z)

where the last step follows from increment independence.

Write Bn = {x ∈ Zd; |x| ≤ ǫ
√
tn}, where ǫ > 0 is fixed but arbitrary. By

(5.1.2) in Lemma 5.1.14, there is a constant c > 0 such that

P{S(tn) = x} ≥ ct−d/2n ∀x ∈ 2Bn.

4This is where the aperiodicity is needed
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Consequently,

inf
|ȳ|≤√

tn
EȳI

m
n

≥ cpt−dp/2n

∑

x1,··· ,xm∈Zd

p∏

j=1

∑

z∈Bn

E

m∏

k=1

l(n− tn, xk − z)

= cpt−dp/2n

∑

z1,··· ,zp∈Bn

∑

x1,··· ,xm∈Zd

p∏

j=1

E

m∏

k=1

l(n− tn, xk − zj)

= cpt−dp/2n

∑

z1,··· ,zp∈Bn

E

( ∑

x∈Zd

p∏

j=1

lj(n− tn, x− yj)

)m

≥ cpt−dp/2n #(Bn)pE

( ∑

x∈Zd

#(Bn)−1
∑

z1,··· ,zp∈Bn

p∏

j=1

lj(n− tn, x− yj)

)m

= cpt−dp/2n #(Bn)pE

( ∑

x∈Zd

p∏

j=1

ζj(n, x)

)m

where the fourth inequality follows from Jensen inequality and

ζj(n, x) = #(Bn)−1
∑

z∈Bn

lj(n− tn, x− z).

The problem has been reduced from (7.3.7) to

lim inf
ǫ→0+

lim inf
n→∞

1

bn
log

∞∑

m=0

θm

m!

(bn
n

) 2p−d(p−1)
2p

(7.3.8)

×
{

E

( ∑

x∈Zd

p∏

j=1

ζj(n, x)

)m}1/p

≥ Ψ(θ).

Let f(x) be a bounded, uniformly continuous function locally supported
on Rd with ||f ||q = 1. By independence and by similar estimation used in
last section

{
E

( ∑

x∈Zd

p∏

j=1

ζj(n, x)

)m}1/p

=

{ ∑

x1,··· ,xm∈Zd

[
E

m∏

k=1

ζ(n, xk)

]p}1/p

≥ C−m
n

∑

x1,··· ,xm∈Zd

f
(√bn

n
x1

)
· · · f

(√bn
n
xm

)
E

m∏

k=1

ζ(n, xk)

= C−m
n E

[ ∑

x∈Zd

f
(√bn

n
x
)
ζ(n, xk)

]m
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where

Cn =

{ ∑

x∈Zd

∣∣∣f
(√bn

n
x
)∣∣∣
q
}1/q

.

Summing up on the both sides,

∞∑

m=0

θm

m!

(bn
n

) 2p−d(p−1)
2p m

{
E

( ∑

x∈Zd

p∏

j=1

ζj(n, x)

)m}1/p

≥ E exp

{
θ
(bn
n

) 2p−d(p−1)
2p

C−1
n

∑

x∈Zd

f
(√bn

n
x
)
ζ(n, x)

}
.

On the other hand, set

(Dǫf)(x) = (Kdǫ
d)−1

∫

{|y|≤ǫ}
f(x+ y)dy x ∈ Rd

where Kd is the volume of a d-dimensional unit ball. By uniform continuity
of f ,

∑

x∈Zd

f
(√bn

n
x
)
ζ(n, x)

= #(Bn)
−1
∑

x∈Zd

l(n− tn, x)
∑

z∈Bn

f
(√bn

n
(x+ z)

)

= #(Bn)
−1

n−tn∑

k=1

∑

z∈Bn

f
(√bn

n

(
S(k) + z

))

= o(n) +

n−tn∑

k=1

(Dǫf)
(√bn

n
S(k)

)
.

By the fact that Cn ∼ (n/bn)
d/2q, and by Theorem 7.1.1 (with f being

replaced by Dǫf),

lim inf
n→∞

1

bn
log

∞∑

m=0

θm

m!

(bn
n

) 2p−d(p−1)
2p m

{
E

( ∑

x∈Zd

p∏

j=1

ζj(n, x)

)m}1/p

≥ sup
g∈Fd

{
θ

∫

Rd

Dǫf(Γ1/2x)g2(x)dx − 1

2

∫

Rd

|∇g(x)|2dx
}
.

Letting ǫ→ 0+ on the both sides gives that

lim inf
ǫ→0+

lim inf
n→∞

1

bn
log

∞∑

m=0

θm

m!

(bn
n

) 2p−d(p−1)
2p m

{
E

( ∑

x∈Zd

p∏

j=1

ζj(n, x)

)m}1/p

≥ sup
g∈Fd

{
θ

∫

Rd

f(Γ1/2x)g2(x)dx − 1

2

∫

Rd

|∇g(x)|2dx
}
.
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Taking supremum over f on the right hand side leads to (7.3.8).

7.4 What do we expect in critical dimensions?

The laws of the iterated logarithm for In and Jn in the critical dimensions
have been obtained in Marcus and Rosen ([128], [144]).

Theorem 7.4.1 Assume additionally that the i.i.d. increments of the ran-
dom walks have finite third moment.

(1). When d = 4 and p = 2,

lim sup
n→∞

In
n log log logn

=
1

2π2
√

det(Γ)
a.s. (7.4.1)

lim sup
n→∞

Jn
n log log logn

=
γ2
S

2π2
√

det(Γ)
a.s. (7.4.2)

(2). When d = p = 3,

lim sup
n→∞

In
n log log logn

=
1

2π2 det(Γ)
a.s. (7.4.3)

lim sup
n→∞

Jn
n log log logn

=
γ3
S

2π2 det(Γ)
a.s. (7.4.4)

We skip the proof. The reader is referred to Marcus and Rosen [128] for
the proof of Part (1) and to Rosen [144] for Part (2).

If we interpret the results given in Theorem 7.4.1 in terms of large devia-
tions, or if we exam the proofs given in Marcus-Rosen [128] and Rosen [144],
we would see that in the critical dimensions (defined by p(d− 2) = d),

lim
n→∞

1

bn
log P

{
In ≥ λbn logn

}
= −C1(d, p)λ (7.4.5)

lim
n→∞

1

bn
log P

{
Jn ≥ λbn logn

}
= −C2(d, p)λ (7.4.6)

for small scale bn (bn = log log log n in the papers [128] and [144]).
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In (7.4.5) and (7.4.6), In/ logn and Jn/ logn have the tails asymptotically
same as the tails of Γ-distributions. This behavior is due to the fact (Theorem
5.5.1) that In/ logn and Jn/ logn weakly converges to Γ-distributions. In this
regard, (7.4.5) and (7.4.6) are indeed moderate deviations.

On the other hand, it is highly unlikely that (7.4.5) and (7.4.5) hold for
any bn growing faster than logn. What has not been known is the forms
of the large deviations, if any, for In and Jn when the deviation scale bn is
large. We notice, however, that all moderate deviations for In in sub-critical
dimensions involve with the best constant κ(d, p) of the Gagliardo-Nirenberg
inequality

||f ||2p ≤ C||∇f ||
d(p−1)

2p

2 ||f ||1−
d(p−1)

2p

2 f ∈W 1,2(Rd).

Further, notice the case p(d− 2) = d is critical to the inequality. Indeed, the
Gagliardo-Nirenberg inequality becomes Sobolev inequality

||f ||2p ≤ C||∇f ||2 f ∈ W 1,2(Rd).

In view of (7.4.5), (7.4.6) and Theorem 7.2.2, based on the facts that bpn =

bn logn as bn = (logn)
1

p−1 and that In ≤ np, Jn ≤ n, we make the following
conjecture.

Conjecture 7.4.2 When p(d− 2) = d, the large deviation principle

lim
n→∞

1

bn
log P

{
In ≥ λbpn

}
= −p

2
det(Γ)1/dκ(d, p)−2λ1/p (7.4.7)

holds for λ > 0 and for positive sequence bn with

lim
n→∞

bn/(logn)
1

p−1 = ∞ and bn = o(n).

Similarly,

lim
n→∞

1

bn
log P

{
Jn ≥ λbpn

}
= −γpS

p

2
det(Γ)1/dκ(d, p)−2λ1/p (7.4.8)

holds for λ > 0 and for positive sequence bn with

lim
n→∞

bn/(logn)
1

p−1 = ∞ and bn = o
(
n1/p

)
.

7.5 Large deviations in super-critical dimen-

sions

We now move to the super-critical dimensions known as p(d−2) > d. In this
case,

I∞ ≡ #
{
(k1, · · · , kp); S1(k1) = · · · = Sp(kp)

}
<∞ a.s.
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J∞ = #
{
S1[1,∞) ∩ · · · ∩ Sp[1,∞)

}
<∞ a.s.

We are interested in the tail probabilities

P{I∞ ≥ t} and P{J∞ ≥ t}

as t→ ∞. In this section we shall investigate the tail behavior of I∞.

Theorem 7.5.1 There is −∞ < L <∞ such that

lim
k→∞

1

k
log

1

(k!)p
EIk∞ = L. (7.5.1)

Consequently,

lim
t→∞

t−1/p log P
{
I∞ ≥ t

}
= −pe−L/p. (7.5.2)

Proof. We need only to show (7.5.1) as (7.5.2) is a consequence of (7.5.1)
(Theorem 1.2.7). To this end we define the “augmented” intersection local
time Ĩ∞ by

Ĩ∞ =
∞∑

i1,··· ,ip=0

1{S1(i1)=···=S(ip)}.

That is, we include the intersection at time 0. We first claim that there is an
extended number −∞ ≤ L <∞ such that

lim
k→∞

1

k
log

1

(k!)p
EĨk∞ = L. (7.5.3)

By Lemma 1.3.1, it suffices for (7.5.3) to show that

(
EĨk+l∞

)1/p

≤
(
k + l

k

)(
EĨk∞

)1/p(
EĨ l∞

)1/p

(7.5.4)

holds for any integers k, l ≥ 1.

Write

l(x) =

∞∑

j=0

1{S(k)=x}.
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Then ((5.5.9) ensures that the quantities we deal with in the following cal-
culation are finite.)

EĨk+l∞ =
∑

x1,··· ,xk+l∈Zd

[
E

k+l∏

j=1

l(xj)

]p

=
∑

x1,··· ,xk+l∈Zd

{ ∞∑

i1,··· ,ik+l=0

E

k+l∏

j=1

1{S(ij)=xj}

}[
E

k+l∏

j=1

l(xj)

]p−1

=
∞∑

i1,··· ,ik+l=0

∑

x1,··· ,xk+l∈Zd

{
E

k+l∏

j=1

1{S(ij)=xj}

}[
E

k+l∏

j=1

l(xj)

]p−1

.

For any two vectors (j1, . . . , jk) and (jk+1, . . . , jk+l) we write

(j1, . . . , jk) ≺ (jk+1, . . . , jk+l) ⇐⇒ max{j1, . . . , jk} ≤ min{jk+1, . . . , jk+l}.

For each vector (i1, · · · , ik+l) we reorder its component so the resulting vector
(i′1, . . . , i

′
k+l) satisfies

(i′1, . . . , i
′
k) ≺ (i′k+1, . . . , i

′
k+l)

Let the permutation σ ∈ Σk+l be such that i′σ(j) = ij (j = 1, · · · , k + l).
Then

∑

x1,··· ,xk+l∈Zd

{
E

k+l∏

j=1

1{S(ij)=xj}

}[
E

k+l∏

j=1

l(xj)

]p−1

=
∑

x1,··· ,xk+l∈Zd

{
E

k+l∏

j=1

1{S(i′j)=xσ(j)}

}[
E

k+l∏

j=1

l(xj)

]p−1

=
∑

x1,··· ,xk+l∈Zd

{
E

k+l∏

j=1

1{S(i′j)=xj}

}[
E

k+l∏

j=1

l(xσ−1(j))

]p−1

=
∑

x1,··· ,xk+l∈Zd

{
E

k+l∏

j=1

1{S(i′j)=xj}

}[
E

k+l∏

j=1

l(xj)

]p−1

where σ−1 is the inverse of σ and the last step follows from the permutation
invariance

k+l∏

j=1

l(xσ−1(j)) =

k+l∏

j=1

l(xj).

There are at most

(
k + l

k

)
different ways to partition the (not necessarily

distinct) indexes i1, · · · , ik+l into two groups {i′1, · · · , i′k} and {i′k+1, · · · , i′k+l}.
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Thus,

EĨk+l∞

≤
(
k + l

k

) ∑

(i1,...,ik)
≺(ik+1,...,ik+l)

∑

x1,··· ,xk+l∈Zd

[
E

k+l∏

j=1

1{S(ij)=xj}

][
E

k+l∏

j=1

l(xj)

]p−1

=

(
k + l

k

) ∑

x1,··· ,xk+l∈Zd

[ ∑

(i1,...,ik)
≺(ik+1,...,ik+l)

E

k+l∏

j=1

1{S(ij)=xj}

][
E

k+l∏

j=1

l(xj)

]p−1

.

Applying Hölder inequality on the right hand side

EĨk+l∞

≤
(
k + l

k

){ ∑

x1,··· ,xk+l∈Zd

[ ∑

(i1,...,ik)
≺(ik+1,...,ik+l)

E

k+l∏

j=1

1{S(ij)=xj}

]p}1/p(
EĨk+l∞

) p−1
p

.

Consequently,

(
EĨk+l∞

)1/p

≤
(
k + l

k

){ ∑

x1,··· ,xk+l∈Zd

[ ∑

(i1,...,ik)
≺(ik+1,...,ik+l)

E

k+l∏

j=1

1{S(ij)=xj}

]p}1/p

.

For each i1, · · · , ik+l with (i1, . . . , ik) ≺ (ik+1, . . . , ik+l), we set i∗ =
max{i1, · · · , ik}. By increment independence,

E

k+l∏

j=1

1{S(ij)=xj} =

{
E

k∏

j=1

1{S(ij)=xj}

}{
E

k+l∏

j=k+1

1{S(ij−i∗)=xj−xi∗}

}
.

Hence,

∑

(i1,...,ik)
≺(ik+1,...,ik+l)

E

k+l∏

j=1

1{S(ij)=xj}

=

∞∑

i1,··· ,ik=0

{
E

k∏

j=1

1{S(ij)=xj}

} ∞∑

ik+1,··· ,ik+l=0

E

k+l∏

j=k+1

1{S(ij)=xj−xi∗}

=
∞∑

i1,··· ,ik=0

{
E

k∏

j=1

1{S(ij)=xj}

}
E

k+l∏

j=k+1

l(xj − xi∗).
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By triangular inequality, therefore, for any fixed (x1, · · · , xk)
{ ∑

xk+1,··· ,xk+l∈Zd

[ ∑

(i1,...,ik)
≺(ik+1,...,ik+l)

E

k+l∏

j=1

1{S(ij)=xj}

]p}1/p

≤
∞∑

i1,··· ,ik=0

[
E

k∏

j=1

1{S(ij)=xj}

]{ ∑

xk+1,··· ,xk+l∈Zd

[
E

k+l∏

j=k+1

l(xj − xi∗)

]p}1/p

.

By translation invariance,

∑

xk+1,··· ,xk+l∈Zd

[
E

k+l∏

j=k+1

l(xj−xi∗)
]p

=
∑

xk+1,··· ,xk+l∈Zd

[
E

k+l∏

j=k+1

l(xj)

]p
= EĨ l∞.

Consequently,

∑

xk+1,··· ,xk+l∈Zd

[ ∑

(i1,...,ik)
≺(ik+1,...,ik+l)

E

k+l∏

j=1

1{S(ij)=xj}

]p

≤ EĨ l∞

[ ∞∑

i1,··· ,ik=0

E

k∏

j=1

1{S(ij)=xj}

]p
= EĨ l∞

[
E

k∏

j=1

l(xj)

]p
.

Summing over (x1, · · · , xk) on the both sides,

∑

x1,··· ,xk+l∈Zd

[ ∑

(i1,...,ik)
≺(ik+1,...,ik+l)

E

k+l∏

j=1

1{S(ij)=xj}

]p

≤
(

EĨ l∞

) ∑

x1,··· ,xk∈Zd

[
E

k∏

j=1

l(xj)

]p
=
(
EĨ l∞

)(
EĨk∞

)
.

Summarizing our argument, we have proved (7.5.4).

As the second step, we show that L > −∞. Indeed, for each m ≥ 1,

EĨk∞ ≥ EIk∞ =
∑

x1,··· ,xk∈Zd

[
E

k∏

j=1

∞∑

i=1

1{S(i)=xj}

]p

≥
∑

x1,··· ,xk∈Zd

[ ∑

i1,...,ik
distinct

P
{
S(i1) = x1, · · · , S(ik) = xk

}]p

=
∑

x1,··· ,xk∈Zd

[ ∑

σ∈Σk

k∏

j=1

G(xσ(j) − xσ(j−1))

]p
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where G(x) is the Green’s function

G(x) :=
∞∑

k=1

P{S(k) = x} x ∈ Zd.

Hence, by Theorem 3.1.1,

L ≥ p log sup

{ ∑

x,y∈Zd

G(x− y)f(x)f(y);
∑

x∈Zd

|f(x)| 2p
2p−1 = 1

}
(7.5.5)

> −∞.

Finally, we come to the proof of (7.5.1). Noticing that I∞ ≤ Ĩ∞, by
(7.5.3) we only have to prove that

lim inf
k→∞

1

k
log

1

(k!)p
EIk∞ ≥ L.

Notice that

Ĩ∞ ≤ I∞ +

p∑

j=1

lj(0)

where

lj(x) =

∞∑

k=0

1{Sj(k)=x}.

So we have (
EĨk∞

)1/k

≤
(

EIk∞

)1/k

+ p
(
Elk(0)

)1/k

.

For the second term,

Elk(0) =
∞∑

i1,·,ik=0

P
{
S(i1) = · · · = S(ik) = 0

}

≤ k!
∑

i1≤···≤ik

P
{
S(i1) = · · · = S(ik) = 0

}

= k!
∑

i1≤···≤ik

k∏

j=1

P{S(ij − ij−1) = 0}

≤ k!

( ∞∑

i=0

P{S(i) = 0}
)k
.

This confirms our claim.
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Our next investigation is to identify the constant appearing on the right-
hand side of (7.5.2) in terms of certain variation. Unfortunately, the relation
posted in (7.5.5) can not be further developed into an equality.

To introduce the variational representation, recall the Green’s function

G(x) :=

∞∑

k=1

P{S(k) = x} x ∈ Zd.

Notice that we are following the (slightly unusual) convention of not summing
over the time k = 0, which has an influence on the value of G(0). A crucial
fact in the super-critical dimensions is (5.5.9) that

∑

x∈Zd

G
p(x) <∞. (7.5.6)

Lemma 7.5.2 For every non-negative h ∈ Lq(Zd), the linear map

Khg(x) =
√
eh(x) − 1

∑

y∈Zd

G(x − y)g(y)
√
eh(y) − 1 g ∈ L2(Zd)

defines a bounded, self-adjoint operator on L2(Zd).

Further,

||Kh|| = sup
|g|2=1

〈g,Khg〉 ≤ ||G||p
(
e||h||q − 1

)
. (7.5.7)

Proof. By the symmetry of the random walk, it is easy to see that for
g1, g2 ∈ L2(Zd)

〈g1,Khg2〉 = 〈Khg1, g2〉
if convergence is not a problem.

For any g ∈ L2(Zd), write

f(x) = g(x)
√
eh(x) − 1 x ∈ Zd.

By Hölder inequality

∑

x∈Zd

|f(x)| 2p
2p−1 ≤

{ ∑

x∈Zd

g2(x)

} p
2p−1

{ ∑

x∈Zd

(
eh(x) − 1

)q} p−1
2p−1

.

By Taylor expansion and by triangular inequality

{ ∑

x∈Zd

(
eh(x) − 1

)q}1/q

≤
∞∑

k=1

1

k!
||h||kq = e||h||q − 1.
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Thus,
∑

x∈Zd

|f(x)| 2p
2p−1 ≤

(
e||h||q − 1

) p
2p−1 ||g||

2p
2p−1

2 .

Consequently,

∣∣〈g,Khg〉
∣∣ =

∑

x,y∈Zd

G(x− y)|f(x)||f(y)| ≤
{ ∑

x∈Zd

G
p(x)

}1/p

||f ||2 2p
2p−1

≤
{ ∑

x∈Zd

G
p(x)

}1/p(
e||h||q − 1

)
||g||22.

where the second step follows from the estimation used in the proof of Lemma
3.2.1. In particular, the above estimation gives the following bound to the
spectral radius

||K|| = sup
||g||2=1

∣∣〈g,Khg〉
∣∣ ≤

{ ∑

x∈Zd

G
p(x)

}1/p(
e||h||q − 1

)
.

Finally, the equality in (7.5.7) follows from the obvious fact that

sup
||g||2=1

∣∣〈g,Khg〉
∣∣ = sup

||g||2=1

〈g,Khg〉.

Our next theorem is formulated in terms of the variation problem

C(S) = inf
{
||h||q; h ≥ 0 and ||Kh|| ≥ 1

}
. (7.5.8)

We claim that

log
(
1 + ||G||−1

p

)
≤ C(S) ≤ ̺−1

S

where

̺S = sup

{ ∑

x,y∈Zd

G(x− y)f(x)f(y);
∑

x∈Zd

|f(x)| 2p
2p−1 = 1

}
.

Indeed, (7.5.6) and (7.5.7) imply the lower bound. On the other hand,
for any f(x) ≥ 0 with ∑

x∈Zd

f
2p

2p−1 (x) = 1
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write h(x) = ̺−1
S f

2(p−1)
2p−1 (x) and g(x) = f

p
2p−1 (x). We have ||h||q = ̺−1

S and
||g||2 = 1. Hence, by the inequality eθ − 1 ≥ θ (θ ≥ 0),

||Kh|| ≥ 〈g,Khg〉 ≥
∑

x,y

G(x − y)
√
h(x)g(x)

√
h(y)g(y)

= ̺−1
S

∑

x,y

G(x − y)f(x)f(y).

Taking supremum over f on the right hand side gives that ||Kh|| ≥ 1 which
leads to the desired upper bound C(S) ≤ ̺−1

S .

Theorem 7.5.3 The constant L in Theorem 7.5.1 is equal to p log C(S).
Consequently,

lim
t→∞

t−1/p log P
{
I∞ ≥ t

}
= −pC(S).

We spend the rest of the section to prove this theorem. That is, we shall
establish that

lim
k→∞

1

k
log

1

(k!)p
EIk∞ = −p log C(S). (7.5.9)

To do that, we need to represent EIk∞ in a tractable form. What we get
turns out to be much more complicated than the Le Gall’s identity given in
Theorem 2.2.8. Notice that

EIk∞ =
∑

x1,··· ,xk∈Zd

[
E

∞∑

i1,··· ,ik=1

k∏

l=1

1{S(il)=xl}

]p
.

We now face the challenge in reordering the tuple (i1, · · · , ik), for some of
i1, · · · , ik may take same value. Indeed, we will miss the right constant by
over-counting (summing over i1 ≤ · · · ≤ ik) and by under-counting (summing
over i1 < · · · < ik).

We define, for any 1 ≤ m ≤ k, the family of all m-partitions of the
set {1, . . . , k} as

Em :=
{
π = (π1, . . . , πm); πj 6= ∅ with πi ∩ πj = ∅

for all i 6= j and

m⋃

j=1

πj = {1, . . . , k}
}
,

where we assume that the elements π1, . . . , πm of an m-partition are ordered
by increasing order of their minimal elements. To any (i1, . . . , ik) we associate
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• a tuple (i∗1, . . . , i
∗
m) of distinct natural numbers such that

{i1, . . . , ik} = {i∗1, . . . , i∗m}
and elements in the tuple (i∗1, . . . , i

∗
m) appear in the order in which they

appear first in (i1, . . . , ik);

• an m-partition (π1, . . . , πm) ∈ Em with ij = i∗ℓ whenever j ∈ πℓ.

Conversely, given a tuple (j1, . . . , jm) of distinct natural numbers and an m-
partition π we can find (i1, . . . , ik) such that the inducedm-tuple is (j1, . . . , jm)
and the induced m-partition is π.

For any π ∈ Em, define

A(π) =
{
(x1, . . . , xk) ∈ (Zd)k : xi = xj for all i, j ∈ πℓ and ℓ ∈ {1, . . . ,m}

}
.

For any (x1, . . . , xk) ∈ A(π) and for any 1 ≤ ℓ ≤ m, we use xπℓ
for the

common value of {xj : j ∈ πℓ}. There are two facts which we shall use
frequently in the later argument:

First, for any j1, · · · , jm ≥ 1 with j1 + · · · + jm = k

#
{
π = (π1, · · · , πm) ∈ Em; #(πl) = jl ∀1 ≤ l ≤ m

}
=

1

m!

k!

j1! · · · jm!
.

Second, for any π ∈ Em,
{
(xπ1 , · · · , xπm); (x1, · · · , xk) ∈ A(π)

}
= Zm

and the map (x1, · · · , xk) 7→ (xπ1 , · · · , xπm) is an 1-1 correspondence between
A(π) and Zm.

Observing that

S(iℓ) = xℓ for all ℓ ∈ {1, . . . , k} ⇔ (x1, . . . , xk) ∈ A(π)

and S(i∗ℓ ) = xπℓ
for all ℓ ∈ {1, . . . ,m}

we get that

E

∞∑

i1,··· ,ik=1

k∏

l=1

1{S(il)=xl}

=
k∑

m=1

∑

π∈Em

1{(x1,··· ,xk)∈A(π)}
∑

j1,...,jm
distinct

E

m∏

l=1

1{S(jl)=xπl
}

=

k∑

m=1

∑

π∈Em

1{(x1,··· ,xk)∈A(π)}
∑

σ∈Σm

m∏

l=1

G(xπσ(l)
− xπσ(l−1)

).
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Here, and elsewhere in the rest of this section, we follow the convention that
xπσ(0)

= 0.

Therefore,

EIk∞ =
∑

x1,··· ,xk∈Zd

[ k∑

m=1

∑

π∈Em

1{(x1,··· ,xk)∈A(π)} (7.5.10)

×
∑

σ∈Σm

m∏

l=1

G(xπσ(l)
− xπσ(l−1)

)

]p
.

By (7.5.1) in Theorem 7.5.1, the next lemma gives the lower bound of
(7.5.9).

Lemma 7.5.4 If there exists h ≥ 0 with ‖h‖q ≤ θ such that ‖Kh‖ > 1, then

∞∑

k=1

θk

k!

[
EIk∞

] 1
p = ∞.

Proof. Let h ≥ 0 with ‖h‖q ≤ θ. Applying Hölder’s inequality to (7.5.10),

θk
[
Ik∞
] 1

p

≥
∑

x1,...,xk∈Zd

( k∏

j=1

h(xj)
) k∑

m=1

∑

π∈Em

1{(x1,...,xk)∈A(π)}

×
∑

σ∈Σm

m∏

ℓ=1

G(xπσ(ℓ)
− xπσ(ℓ−1)

)

=

k∑

m=1

∑

σ∈Σm

∑

π∈Em

∑

x1,...,xm∈Zd

( m∏

ℓ=1

h(xℓ)
#(πℓ)

)( m∏

ℓ=1

G(xσ(ℓ) − xσ(ℓ−1))

)
,

where the last step follows from the one-to-one correspondence between A(π)
and Zm. Therefore,

θk
[
Ik∞
] 1

p ≥
k∑

m=1

m!
∑

x1,...,xm∈Zd

∑

π∈Em

( m∏

ℓ=1

h(xℓ)
#(πℓ)

)( m∏

ℓ=1

G(xℓ − xℓ−1)

)

=

k∑

m=1

∑

x1,...,xm∈Zd

∑

j1+···+jm=k
j1,...,jm≥1

k!

j1! · · · jm!

( m∏

ℓ=1

h(xℓ)
jℓ

)( m∏

ℓ=1

G(xℓ − xℓ−1)

)
.
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Summing up both sides,

∞∑

k=1

θk

k!

[
Ik∞
] 1

p

≥
∞∑

m=1

∞∑

k=m

∑

x1,...,xm

{ ∑

j1+···+jm=k
j1,...,jm≥1

1

j1! · · · jm!

m∏

ℓ=1

h(xℓ)
jℓ

} m∏

ℓ=1

G(xℓ − xℓ−1)

=

∞∑

m=1

∑

x1,...,xm

{ m∏

ℓ=1

∞∑

j=1

h(xℓ)
j

j!

} m∏

ℓ=1

G(xℓ − xℓ−1)

=

∞∑

m=1

∑

x1,...,xm

m∏

ℓ=1

(
eh(xℓ) − 1

)
G(xℓ − xℓ−1) .

By the fact that ‖Kh‖ > 1 we can pick g ≥ 0 with ‖g‖2 = 1 such that
〈g,Khg〉 > 1. By monotone convergence we may find a finite set A ⊂ Zd such
that

〈
g1A,Kh

(
g1A

)〉
> 1

and additionally, but without loss of generality, g, h > 0 on A. Using spectral
theory in the same way as in the proof of Theorem 3.1.1, we can prove that

lim inf
m→∞

1

m
log

∑

x1,...,xm

m∏

ℓ=1

(
eh(xℓ) − 1

)
G(xℓ − xℓ−1)

≥ p log
〈
g1A,Kh

(
g1A

)〉
> 1.

This leads to the desired conclusion.

It remains to prove the upper bound of (7.5.9). Our starting point is the
formula (7.5.10) and we first project the problem from the full lattice space
Zd onto a finite set. We fix a large integer N and write AN := [−N,N)d

for a box of lattice points. Then every x ∈ Zd can uniquely be written as
x = 2Nz+ y for z ∈ Zd and y ∈ AN . Hence, using Hölder’s inequality in the
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second step,

E
[
Ik∞
]

=
∑

y1,...,yk∈AN

∑

z1,...,zk∈Zd

[ k∑

m=1

∑

π∈Em

1{(2Nz1+y1,...,2Nzk+xk)∈A(π)}

×
∑

σ∈Σm

m∏

ℓ=1

G
(
2N(zπσ(ℓ)

− zπσ(ℓ−1)
) + (xπσ(ℓ)

− xπσ(ℓ−1)
)
)]p

≤
∑

y1,...,yk∈AN

[ k∑

m=1

∑

π∈Em

∑

σ∈Σm

{ ∑

z1,...,zk∈Zd

1{(2Nz1+y1,...,2Nzk+yk)∈A(π)}

×
m∏

ℓ=1

G
p
(
2N(zπσ(ℓ)

− zπσ(ℓ−1)
) + (yπσ(ℓ)

− yπσ(ℓ−1)
)
)}1/p]p

.

From the uniqueness of the decomposition x = 2Nz + y we infer that

1{(2Nz1+y1,...,2Nzk+yk)∈A(π)} = 1{(y1,...,yk)∈A(π)} 1{(z1,...,zk)∈A(π)}.

Therefore,
∑

z1,...,zk∈Zd

1{(2Nz1+y1,...,2Nzk+yk)∈A(π)}

×
m∏

ℓ=1

G
p
(
2N(zπσ(ℓ)

− zπσ(ℓ−1)
) + (yπσ(ℓ)

− yπσ(ℓ−1)
)
)

= 1{(y1,...,yk)∈A(π)}
∑

z1,...,zk∈Zd

1{(z1,...,zk)∈A(π)}

×
m∏

ℓ=1

G
p
(
2N(zπσ(ℓ)

− zπσ(ℓ−1)
) + (yπσ(ℓ)

− yπσ(ℓ−1)
)
)

= 1{(y1,...,yk)∈A(π)}
∑

z1,...,zm∈Zd

×
m∏

ℓ=1

G
p
(
2N(zσ(ℓ) − zσ(ℓ−1)) + (yπσ(ℓ)

− yπσ(ℓ−1)
)
)

where the last step follows again from one-to-one correspondence between
A(π) and Zm. By permuting the index, the right hand side is equal to

1{(y1,...,yk)∈A(π)}

m∏

ℓ=1

G̃
p(yπσ(ℓ)

− yπσ(ℓ−1)
)

where

G̃(x) =

{ ∑

z∈Zd

G
p(2Nz + x)

}1/p

.



276 7. Large deviations: independent random walks

Summarizing our argument, we have

E
[
Ik∞
]
≤

∑

y1,...,yk∈AN

[ k∑

m=1

∑

π∈Em

1{(y1,...,yk)∈A(π)} (7.5.11)

×
∑

σ∈Σm

m∏

ℓ=1

G̃(yπσ(ℓ)
− yπσ(ℓ−1)

)

]p
.

For each h ∈ Lq(AN ), let K̃h be the bounded, self-adjoint operator on
L2(AN ) define as

K̃hg(x) =
√
eh(x) − 1

∑

y∈AN

G̃(x − y)g(y)
√
eh(y) − 1 g ∈ L2(AN ).

Write

CN (S) = inf
{
||h||q; h ≥ 0 and ||K̃h|| ≥ 1

}

and

Hk =
∑

y1,...,yk∈AN

[ k∑

m=1

∑

π∈Em

1{(y1,...,yk)∈A(π)}
∑

σ∈Σm

m∏

ℓ=1

G̃(yπσ(ℓ)
− yπσ(ℓ−1)

)

]p
.

Lemma 7.5.5

lim sup
k→∞

1

k
log

1

(k!)p
Hk ≤ −p log CN (S).

Proof. The following combinatorial estimate is partially similar to the one
used in the proof of Theorem 3.1.2. Fix a vector x = (x1, . . . , xk) of length
k with entries from the set AN and associate its empirical measure Lx

k by
letting

Lx

k =
1

k

k∑

j=1

δxj .

For each τ ∈ Σk and π ∈ Em we denote by τ(π) ∈ Em the partition consisting
of the sets τ(π)ℓ := τ(πℓ) for ℓ ∈ {1 . . . ,m}. Then, for any τ ∈ Σk and
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x = (x1, . . . , xk), we get

k∑

m=1

∑

π∈Em

1{(x1,...,xk)∈A(π)}
∑

σ∈Σm

m∏

ℓ=1

G̃(xπσ(ℓ)
− xπσ(ℓ−1)

)

=
∑

y1,...,yk∈AN

1{Ly

k=Lx

k} 1{x=y◦τ}

k∑

m=1

∑

π∈Em

1{(y1,...,yk)∈A(τ(π))}

×
∑

σ∈Σm

m∏

ℓ=1

G̃(yτ(πσ(ℓ)) − yτ(πσ(ℓ−1)))

=
∑

y1,...,yk∈AN

1{Ly

k=Lx

k} 1{x=y◦τ}

k∑

m=1

∑

π∈Em

1{(y1,...,yk)∈A(π)}

×
∑

σ∈Σm

m∏

ℓ=1

G̃(yπσ(ℓ)
− yπσ(ℓ−1)

) .

Observe that, abbreviating µ = Lx

k and assuming Ly

k = Lx

k , we have

∑

τ∈Σk

1{x=y◦τ} =
∏

x∈AN

(
kµ(x)

)
! ,

and hence summing the previous expression over all permutations τ ∈ Σk
gives

k!
k∑

m=1

∑

π∈Em

1{(x1,...,xk)∈A(π)}
∑

σ∈Σm

m∏

ℓ=1

G̃(xπσ(ℓ)
− xπσ(ℓ−1)

)

=
∏

x∈AN

(
kµ(x)

)
!

∑

y1,...,yk∈AN

1{Ly

k=µ}

k∑

m=1

∑

π∈Em

1{(y1,...,yk)∈A(π)}

×
∑

σ∈Σm

m∏

ℓ=1

G̃(yπσ(ℓ)
− yπσ(ℓ−1)

) .



278 7. Large deviations: independent random walks

Write ϕµ(x) = µ(x)1/q for all x ∈ AN and note that

∑

y1,...,yk

1{Ly

k=µ}

k∑

m=1

∑

π∈Em

1{(y1,...,yk)∈AN (π)}
∑

σ∈Σm

m∏

ℓ=1

G̃(yπσ(ℓ)
− yπσ(ℓ−1)

)

≤
( ∏

x∈AN

ϕµ(x)
−kµ(x)

) ∑

y1,...,yk

ϕµ(y1) · · ·ϕµ(yk)

×
k∑

m=1

∑

π∈Em

1{(y1,...,yk)∈A(π)}
∑

σ∈Σm

m∏

ℓ=1

G̃(yπσ(ℓ)
− yπσ(ℓ−1)

)

. =
( ∏

x∈AN

ϕµ(x)
−kµ(x)

) k∑

m=1

∑

π∈Em

∑

y1,...,yk

1{(y1,...,yk)∈A(π)}

×
{ m∏

ℓ=1

ϕµ(yπℓ
)#(πℓ)

} ∑

σ∈Σm

m∏

ℓ=1

G̃(yπσ(ℓ)
− yπσ(ℓ−1)

).

By the one-to-one correspondence between A(π) and Zm, the the sum-
mation over m on the right hand side is equal to

k∑

m=1

∑

π∈Em

∑

y1,...,ym

{ m∏

ℓ=1

ϕµ(yℓ)
#(πℓ)

} ∑

σ∈Σm

m∏

ℓ=1

G̃(yσ(ℓ) − yσ(ℓ−1))

=
k∑

m=1

m!
∑

y1,...,ym

{ ∑

π∈Em

m∏

ℓ=1

ϕµ(yℓ)
#(πℓ)

} m∏

ℓ=1

G̃(yℓ − yℓ−1)

=

k∑

m=1

∑

y1,...,ym

{ ∑

j1+···+jm=k
j1,...,jm≥1

k!

j1! · · · jm!

m∏

ℓ=1

ϕµ(yℓ)
jℓ

} m∏

ℓ=1

G̃(yℓ − yℓ−1).

Further, using Stirling’s formula, we obtain a fixed polynomial P (·), depend-
ing only on the cardinality of AN , such that

{ ∏

x∈AN

(
kµ(x)

)
!

}{ ∏

x∈AN

ϕµ(x)
−kµ(x)

}
≤ P (k) k!

{ k∏

j=1

µ(xj)
1
p

}
.
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Summarizing what we have got so far

k∑

m=1

∑

π∈Em

1{(x1,...,xk)∈A(π)}
∑

σ∈Σm

m∏

ℓ=1

G̃(xπσ(ℓ)
− xπσ(ℓ−1)

)

≤ P (k) k!

{ k∏

j=1

µ(xj)
1
p

} k∑

m=1

∑

y1,...,ym∈AN

×
{ ∑

j1+···+jm=k
j1,...,jm≥1

1

j1! · · · jm!

m∏

ℓ=1

ϕjℓµ (yℓ)

} m∏

ℓ=1

G̃(yℓ − yℓ−1) .

Summing over all possible vectors x = (x1, . . . , xk) gives

Hk ≤ P (k)p (k!)p sup
ν∈Pk(AN )

[ k∑

m=1

∑

y1,...,ym∈AN

×
( ∑

j1+···+jm=k
j1,...,jm≥1

1

j1! · · · jm!

m∏

ℓ=1

ϕjℓν (yℓ)

) m∏

ℓ=1

G̃(yℓ − yℓ−1)

]p
,

where Pk(AN ) is the set of probability densities ν on AN such that ν(x) is of
the form i/k. Recall that ϕµ ≥ 0 satisfies ‖ϕµ‖q = 1 and hence we may let
the supremum take over all Lq-normalized non-negative functions f on AN
with ‖f‖q = 1. Thus, for every θ > 0,

θk

k!
H

1
p

k ≤ P (k) sup
‖f‖q=1

∞∑

n=1

θn
n∑

m=1

∑

y1,...,ym∈AN

×
( ∑

j1+···+jm=k
j1,...,jm≥1

1

j1! · · · jm!

m∏

ℓ=1

f jℓ(yℓ)

) m∏

ℓ=1

G̃(yℓ − yℓ−1)

= P (k) sup
‖h‖q=θ

∞∑

m=1

∑

y1,...,ym∈AN

{ m∏

ℓ=1

∞∑

j=1

h(yℓ)
j

j!

} m∏

ℓ=1

G̃(yℓ − yℓ−1)

= P (k) sup
‖h‖q=θ

∞∑

m=1

∑

y1,...,ym∈AN

m∏

ℓ=1

(
eh(yℓ) − 1

)
G̃(yℓ − yℓ−1).

Similar to (3.1.10),

lim sup
m→∞

1

m
log sup

‖h‖q=θ

∑

y1,...,ym∈AN

m∏

ℓ=1

(
eh(yℓ) − 1

)
G̃(yℓ − yℓ−1)

≤ log sup
‖h‖q=θ

sup
||g||2=1

∣∣∣g, K̃hg〉
∣∣∣ = log sup

‖h‖q=θ

||K̃h||.
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Suppose that θ < CN (S), then there exists ǫ > 0 such that every h with

‖h‖q = θ satisfies ‖K̃h‖ < 1 − ǫ. Consequently, there is a constant C > 0
such that

θk

k!
H

1
p

k ≤ CP (k)

and hence

lim sup
k→∞

1

k
log

1

(k!)p
Hk ≤ −p log θ ,

as required to complete the proof.

By (7.5.11) and Lemma 7.5.5, the following lemma leads to the upper
bound of (7.5.9) and therefore completes the proof of Theorem 7.5.3.

Lemma 7.5.6

lim inf
N→∞

CN (S) ≥ C(S).

Proof. Fix positive integers M < N . We decompose G = G+ + G− with

G+(x) = G(x)1{x 6∈[M,M)d} and G−(x) = G(x)1{x∈[M,M)d}. In analogy to G̃

we define symmetric, periodic functions G̃+ and G̃− by

G̃±(y) =
{ ∑

z∈Zd

G
p
±
(
2Nz + y

)} 1
p

for any y ∈ Zd .

By the triangle inequality we have G̃N ≤ G̃+ + G̃−. The induced operators

K̃h,± : L2(AN ) → L2(AN ) are defined by

Ãh,±g(x) =
√
eh(x) − 1

∑

y∈AN

G̃±(x− y)
√
eh(y) − 1 g(y) .

For the norms of these operators we thus obtain

‖K̃h‖ ≤ ‖K̃h,+‖ + ‖K̃h,−‖ .

Similar to (7.5.7),

‖K̃h,+‖ ≤
(
e||h||q − 1

)
‖G̃h,+‖p =

(
e||h||q − 1

){ ∑

x∈Zd

G
p
+(x)

}1/p

=
(
e||h||q − 1

){ ∑

x 6∈[−M,M)d

G
p(x)

}1/p

.



7.5 LDP in super-critical dimensions 281

Define
EN = [−N,N)d \ [−M,M)d.

For any non-negative function h on AN , extend it (without changing the
notation) into a function on Zd with h(x) = 0 for x ∈ Zd \ AN . Similar to
(3.2.14),

‖K̃h,−‖ = sup
||g||2=1

〈g,Kh,−g〉

≤ ‖Kh‖ + 2
(
e||h||q − 1

)( |EN |
(2N)d

) p−1
p

{ ∑

x∈Zd

G
p(x)

}1/p

.

Summarizing our argument,

‖K̃h‖ ≤ ‖Kh‖ +
(
e||h||q − 1

)({ ∑

x 6∈[−M,M)d

G
p(x)

}1/p

(7.5.12)

+ 2
( |EN |

(2N)d

) p−1
p

{ ∑

x∈Zd

G
p(x)

}1/p
)
.

We now complete the proof: First, we may assume that the

lim inf
N→∞

CN(S) <∞.

Hence, there is bounded subsequents of {CN(S)}. For simplicity of notation
we may assume that sub sequence is {CN (S)}. For each N , we pick up

a non-negative function hN supported on AN such that ‖K̃hN‖ ≥ 1 and
||hN ||q ≤ CN (S)+N−1. Take M =

√
N in (7.5.12) and notice that {||hN ||q}

is bounded. From (7.5.12) we have ‖KhN‖ ≥ 1 − o(1) as N → ∞.

For any θ > 0, define

C(S, θ) = inf
{
||h||q; h ≥ 0 and ||Kh|| ≥ θ

}

(So C(S, 1) = C(S)). By our argument given above,

lim inf
N→∞

CN (S) ≥ C(S, 1 − ǫ) ∀ǫ > 0. (7.5.13)

On the other hand, by the inequality5

1

1 − ǫ

(
eθ − 1

)
≤ e

θ
1−ǫ − 1

5This can be proved by comparing Taylor expansion in θ of the both sides.



282 7. Large deviations: independent random walks

and by the definition of the operator Kh, one can see that

||K(1−ǫ)−1h|| ≥ (1 − ǫ)−1||Kh||
which implies that C(S, 1 − ǫ) ≥ (1 − ǫ)C(S). Bringing this back to (7.5.13)
and letting ǫ→ 0+ we have proved Lemma 7.5.6.

The story of J∞ is quite different. It is shown in Khanin, Mazel, Shlosman
and Sinai ([101]) that in the special case p = 2, d ≥ 5,

exp
{
− t

d−2
d +δ

}
≤ P{J∞ ≥ t} ≤ exp

{
− t

d−2
d −δ

}
(7.5.14)

for large t > 0, where δ > 0 can be any previously given number.

The estimate made in (7.5.14) exhibits a behavior pattern drastically
different from the one stated in Theorem 7.5.1 and Theorem 7.5.3. The
discovery of Khanin et al came as a surprise for there was a belief that in the
high dimensions, the intersection of independent ranges might behave like a
constant multiple of the intersection local time.6 Here is an explanation for
that. For I∞, the “optimal strategies” to be large is to let the random walks
stay inside a big but fixed ball, and repeatedly intersect at same sites. While
for J∞ to be large, the random walks have to intersect at a large amount of
different sites. Consequently, the random walks behave in a diffusive way.

Providing a sharp estimate for the tail probability of J∞ is a challenging
task, and the problem still remains open.

Conjecture 7.5.7 When p(d− 2) > d, there is a C̃(d, p) > 0 such that

lim
t→∞

t−
d−2

d log P
{
J∞ ≥ t

}
= −C̃(d, p).

See the “Notes and comments” section for the background of the conjec-
ture. If the conjecture turns out to be right, it is of great interest to identify
the constant C̃(d, p).

7.6 Notes and comments

Section 7.1

Theorem 7.1.1 and Theorem 7.1.2 were first established in [24] and [25],
respectively. They are obviously linked to Theorem 4.1.6. The correspondent
upper bounds are very likely.

6One may want to compare Theorem 7.2.1 and Theorem 7.2.2 in the case d = 3 and
p = 2.
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Section 7.2

There does not seem to be an agreement in literature on the definition of
moderate deviations. Here we view the moderate deviations as a kind of large
deviations governed by some weak laws. In some other works such as [10],
on the other hand, the words “moderate deviations” refer to the deviations
away from the mean that are smaller than the scale of the mean.

Theorem 7.2.1 and Theorem 7.2.2 were obtained in [24] and [25], respec-
tively. An improvement made here is the optimization of the condition on bn
in Theorem 7.2.1, thanks to Lemma 7.1.4.

A careful reader may notice that the case d = 1 is missing from Theorem
7.2.2. The reason behind is that Jn has has a drastically different behavior
in the dimension d = 1. In the light of weak convergence given Theorem
5.2.4, a large deviation of Gaussian tail is expected when d = 1. Indeed, it
was proved in [27] that for any p ≥ 1 (Jn = #

{
S[1, n]

}
when p = 1), and for

any bn → ∞ with bn = o(n),

lim
n→∞

1

bn
log P

{
Jn ≥ λ

√
nbn
}

= −pλ
2

2σ2
(λ > 0).

Exercise 1. Complete the proof of Theorem 7.2.2.

We now compare Theorem 7.2.2 to the work by van den Berg, Bolthausen
and den Hollander ([11]) on the large deviations for the volume of Wiener
sausage intersection. For ǫ > 0, let W ǫ(t) be the ǫ-neighborhood of the Brow-
nian path W (s) up to time t. Using Donsker-Varadhan large deviation for
Wiener empirical measures ([52]), den Berg, Bolthausen and den Hollander
were able to establish the large deviations for the volume

|W ǫ(t) ∩ W̃ ǫ(t)|

of the intersection of two independent Wiener sausages W ǫ(t) and W̃ ǫ(t) .
They proved that for any c > 0

lim
t→∞

1

log t
log P

{
|W ǫ(ct) ∩ W̃ ǫ(ct)| ≥ t

log t

}
= −I2(c) (7.6.1)

as d = 2; and

lim
t→∞

t−
d−2

d log P

{
|W ǫ(ct) ∩ W̃ ǫ(ct)| ≥ t

}
= −Id(c) (7.6.2)

as d ≥ 3, where Id(c) is given in the form of variation. Further, den Berg,
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Bolthausen and den Hollander pointed out that

lim
c→∞

c
4−d

d Id(c) =





(2π)−2µd d = 2

θd(ǫ)
−4/dµd d = 3, 4

(7.6.3)

where

θd(ǫ) = ǫd−22πd/2/Γ
(d− 2

2

)
, (7.6.4)

µd =





inf
{
||∇ψ||22; ψ ∈W 1.2(Rd), ||ψ||2 = 1, ψ||4 = 1

}
d = 2, 3

inf
{
||∇ψ||22; ψ ∈ D(R4), ||ψ||4 = 1

}
d = 4,

W 1,2(Rd) =
{
f ∈ L2(Rd); ∇f ∈ L2(Rd)

}
,

and

D(Rd) =
{
f ≥ 0; ∇f ∈ L2(Rd)

}
.

It is not hard to see that µd = κ(3, 2)−8/d for d ≤ 4. On the other hand,
the Brownian scaling implies that

|W ǫ(ct) ∩ W̃ ǫ(ct)| d= cd/2|W ǫ/
√
c(t) ∩ W̃ ǫ/

√
c(t)|

In the case d = 2, above discussion leads to

lim
c→∞

lim
t→∞

c

log t
log P

{
|W ǫ/

√
c(t) ∩ W̃ ǫ/

√
c(t)| ≥ t

c log t

}

= −(2π)−2κ(2, 2)−4

This is related to (7.2.5) in Theorem 7.2.2 with p = 2, where bn corresponds
to c−1 log t.

In the case d = 3,

log P

{
|W ǫ/

√
c(t) ∩ W̃ ǫ/

√
c(t)| ≥ c−3/2t

}

∼ −
( t1/3

c

)
θ3(ǫ/

√
c)−4/3κ(3, 2)−8/3

as the limit is taken in the order t → ∞, c → ∞. Clearly, this is related to
(7.2.6) in Theorem 7.2.2 with bn corresponding to c−1t1/3.

Section 7.4.
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Part of the support for Conjecture 7.4.2 comes from van den Berg, Bolthausen
and den Hollander’s work ([11]). Taking d = 4 in (7.6.2),

log P

{
|W ǫ/

√
c(t) ∩ W̃ ǫ/

√
c(t)| ≥ c−2t

}

∼ −
(√t
c

)
θ4(ǫ/

√
c)−1κ(4, 2)−2

in the limiting order t → ∞, c → ∞. This is a version of (7.4.8) with bn
corresponding to

√
t/c.

Section 7.5

The tail probabilities of I∞ and J∞ in the special case d ≥ 5 and p =
2 were first investigated by Khanin, Mazal, Sholosman and Sinai ([101]).
Theorem 7.5.3 responses to the demand on the sharp tail asymptotics for
I∞, a problem left by Khanin, Mazal, Sholosman and Sinai. The following
exercise contains a partial solution to Conjecture 7.5.7, provided by Khanin,
Mazal, Sholosman and Sinai ([101]).

Exercise 2. Assume that p(d− 2) > d.

(1). Prove that for any k ≥ 1,

EJk∞ =
k∑

m=1

1

m!

{ ∑

j1+···+jm=k
j1,··· ,jm≥1

k!

j1! · · · jm!

}

×
∑

x1,··· ,xm∈Z
d

distinct

[
P
{
{x1, · · · , xm} ⊂ S[1,∞)

}]p
.

Hint: Read the proof of (7.5.10).

(2). Prove that for any ǫ > 0 with

d

d− 2
+ ǫ < p

and for each m ≥ 1,

∑

x1,··· ,xm∈Z
d

distinct

[
P
{
{x1, · · · , xm} ⊂ S[1,∞)

}]p

≤ γmS
∑

x1,··· ,xm∈Zd

[ ∑

σ∈Σm

m∏

l=1

G(xσ(l) − xσ(l−1))

] d
d−2+ǫ

.
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Hint: You need three facts:

P
{
{x1, · · · , xm} ⊂ S[1,∞)

}
≤ 1

P{Ty1 < · · · < Tym <∞} ≤
m∏

l=1

P{Tyl−yl−1
<∞}

and
P{Tx <∞} = γSG(x).

(3). Establish the Khanin-Mazal-Sholosman-Sinai’s upper bound: For
any δ > 0,

P{J∞ ≥ t} ≤ exp
{
− t

d−2
d −δ

}

when t is sufficiently large.

Perhaps the most important progress since the paper Khanin et al was
made by van den Berg, Bolthausen and den Hollander ([11]). To see this,
we take d ≥ 5 in (7.6.2). van den Berg, Bolthausen and den Hollander ([11])
pointed out that there is a cd > 0 such that

Id(c) = θd(ǫ)
−1 inf

{
||ψ||22; ψ ∈ D(Rd),

∫

Rd

[
1 − e−ψ

]2
dx = 1

}

for c ≥ cd. Consequently,

lim
t→∞

t−
d−2

d log P

{
|W ǫ(ct) ∩ W̃ ǫ(ct)| ≥ t

}
= −Id(cd)

as c ≥ cd. Based on this, van den Berg, Bolthausen and den Hollander ([11])
conjectured that

lim
t→∞

t−
d−2

d log P

{
|W ǫ(∞) ∩ W̃ ǫ(∞)| ≥ t

}
= −Id(cd).

There is a noticeable similarity between this conjecture and Conjecture 7.5.7.



Chapter 8

Large deviations: single

random walk

In this chapter we establish the large deviations for self-intersection local
time and range of a single d-dimensional random walk. Comparing with
the previous chapter, our main theorems in this chapter is more dimension-
dependent. Indeed, the results in the dimensions d = 1 and d = 2 appears
as the moderate deviations in connection to the large deviations given in
Theorem 4.2.1, Theorem 4.3.1 and Theorem 4.3.2. When d = 3 and when
d = 4, the Brownian self-intersection local times can not be defined even un-
der renormalization. On the other hand, the Galiardo-Nirenberg inequality
(when d = 3) and Sobolev inequality (when d = 4) remains valid. This sug-
gests that the type of large deviations achieved in Cheaper 4 may be extended
to higher dimensions in some deviation scales larger than the moderate devi-
ations. Finally, lack of Galiardo-Nirenberg inequality or Sobolev inequality
makes the dimensions d ≥ 5 very different from the case d ≤ 4.

8.1 Self-intersection in one dimension

Let S(n) be a symmetric random walk on Z with variance σ2 > 0. Assume
that the smallest sub-group of Z that supports S(n) is Z. Recall that l(n, x)
is the local time of S(n) defined in (5.2.1). By (5.2.2) and(5.2.3), the study of
the large deviations for the p-multiple self-intersection local time is equivalent
to the study of the large deviations for the p-square of the local time given

287
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by ∑

x∈Z

lp(n, x) n = 1, 2, · · · .

The following is the main theorem of this section.

Theorem 8.1.1 Let p > 1 be fixed.

lim
n→∞

1

bn
log P

{∑

x∈Z

lp(n, x) ≥ n
p+1
2 b

p−1
2

n

}

= − σ2

4(p− 1)

(p+ 1

2

) 3−p
p−1

B
( 1

p− 1
,
1

2

)

for any positive sequence bn satisfying

bn −→ ∞ and bn = o(n) (n → ∞)

where B(·, ·) is the beta function.

Proof. By Corollary 1.2.4 and by Theorem C.1 in Appendix, it suffices to
show that for any θ > 0,

lim
n→∞

1

bn
log E exp

{
θ
(bn
n

) p+1
2p

(∑

x∈Z

lp(n, x)

)1/p}
(8.1.1)

= sup
g∈F1

{
σ− p−1

p θ

(∫ ∞

−∞
|g(x)|2pdx

)1/p

−
∫ ∞

−∞
|g′(x)|2dx

}
.

Indeed, by variable substitution,

∑

x∈Z

lp(n, x) =

∫ ∞

−∞
lp(n, [x])dx =

√
n

bn

∫ ∞

−∞
lp
(
n,
[√ n

bn
x
])
dx.

Let f(x) be a bounded, uniformly continuous function on (−∞,∞) such that
||f ||q = 1. By Hólder inequality,

(∑

x∈Z

lp(n, x)

)1/p

≥
( n
bn

) 1
2p

∫ ∞

−∞
f(x)l

(
n,
[√ n

bn
x
])
dx

=
(bn
n

) p−1
2p

∫ ∞

−∞
f
(√bn

n
x
)
l(n, [x])dx

=
(bn
n

) p−1
2p

{
o(n) +

∑

x∈Zd

f
(√bn

n
x
)
l(n, x)

}

=
(bn
n

) p−1
2p

{
o(n) +

n∑

k=1

f
(√ bn

n
S(k)

)}
.
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By Feynman-Kac minoration given in Theorem 7.1.1,

lim inf
n→∞

1

bn
log E exp

{
θ
(bn
n

) p+1
2p

(∑

x∈Z

lp(n, x)

)1/p}

≥ sup
g∈F1

{
θ

∫ ∞

−∞
f(σx)g2(x)dx −

∫ ∞

−∞
|g′(x)|2dx

}
.

Taking supremum over f leads to the lower bound

lim inf
n→∞

1

bn
log E exp

{
θ
(bn
n

) p+1
2p

(∑

x∈Z

lp(n, x)

)1/p}
(8.1.2)

≥ sup
g∈F1

{
σ− p−1

p θ

(∫ ∞

−∞
|g(x)|2pdx

)1/p

−
∫ ∞

−∞
|g′(x)|2dx

}
.

On the other hand, let t > 0 be fixed for a moment and write tn = [tn/bn],
γn = [n/bn]. By sub-additivity,

E exp

{
θ
(bn
n

) p+1
2p

(∑

x∈Z

lp(n, x)

)1/p}

≤
(

E exp

{
θ
(bn
n

) p+1
2p

(∑

x∈Z

lp(tn, x)

)1/p})γn+1

.

By Theorem 5.2.3,

(bn
n

) p+1
2p

(∑

x∈Z

lp(tn, x)

)1/p
d−→ σ− p−1

p

(∫ ∞

−∞
Lp(t, x)dx

)1/p

where L(t, x) is the local time of an 1-dimensional Brownian motion. In
addition, the sub-additivity also implies (see the proof of Theorem 6.3.1)
that

sup
n≥1

E exp

{
λ
(bn
n

) p+1
2p

(∑

x∈Z

lp(tn, x)

)1/p}
<∞ λ > 0.

Therefore,

E exp

{
θ
(bn
n

) p+1
2p

(∑

x∈Z

lp(tn, x)

)1/p}

−→ E exp

{
θσ− p−1

p

(∫ ∞

−∞
Lp(t, x)dx

)1/p}
(n→ ∞).
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Summarizing our argument,

lim sup
n→∞

1

bn
log E exp

{
θ
(bn
n

) p+1
2p

(∑

x∈Z

lp(n, x)

)1/p}

≤ 1

t
log E exp

{
θσ− p−1

p

(∫ ∞

−∞
Lp(t, x)dx

)1/p}
.

By (4.2.2), letting t→ ∞ on the right hand side leads to the upper bound

lim sup
n→∞

1

bn
log E exp

{
θ
(bn
n

) p+1
2p

(∑

x∈Z

lp(n, x)

)1/p}

≤ sup
g∈F1

{
σ− p−1

p θ

(∫ ∞

−∞
|g(x)|2pdx

)1/p

−
∫ ∞

−∞
|g′(x)|2dx

}
.

Combining this with the lower bound given in (8.1.2) gives (8.1.1).

Some idea used in the proof of (8.1.1) can be partially applied to the
multi-dimensional setting. In the rest of the section S(n) is a symmetric,
square integrable random walk supported by Zd with d ≥ 1. Let ǫ > 0 be
fixed and write

l(n, x, ǫ) =
(bn
n

)d/2
det(Γ)−1/2

n∑

k=1

pǫ

(√bn
n

Γ−1/2
(
S(k) − x

))
, (8.1.3)

R(n, x, ǫ) =
(bn
n

)d/2
det(Γ)−1/2

∑

y∈S[1,n]

pǫ

(√bn
n

Γ−1/2(y − x)
)
. (8.1.4)

Theorem 8.1.2 For any θ > 0 and p > 1,

lim
n→∞

1

bn
log E exp

{
θ
(bn
n

) 2p−d(p−1)
2p

( ∑

x∈Zd

lp(n, x, ǫ)

)1/p}

= sup
g∈Fd

{
θ det(Γ)−

p−1
2p

(∫

Rd

|g(x, ǫ)|2pdx
)1/p

− 1

2

∫

Rd

|∇g(x)|2dx
}

for any positive sequence bn satisfying

bn −→ ∞ and bn = o(n) (n → ∞)

where

g(x, ǫ) =

{∫

Rd

g2(y)pǫ(y − x)dy

}1/2

.



8.2. SELF-INTERSECTION IN D = 2 291

Theorem 8.1.3 Let θ > 0 and p ≥ 1.

(1) When d = 2,

lim
n→∞

1

bn
log E exp

{
θ
(bn
n

) 1
p

logn

( ∑

x∈Z2

Rp(n, x, ǫ)

)1/p}

= sup
g∈F2

{
2πθ det(Γ)

1
2p

(∫

R2

|g(x, ǫ)|2pdx
)1/p

− 1

2

∫

R2

|∇g(x)|2dx
}

for any positive sequence bn satisfying

bn −→ ∞ and bn = o
(
logn

)
(n→ ∞).

(2) When d ≥ 3,

lim
n→∞

1

bn
log E exp

{
θ
(bn
n

) 2p−d(p−1)
2p

( ∑

x∈Zd

Rp(n, x, ǫ)

)1/p}

= sup
g∈Fd

{
γSθ det(Γ)−

p−1
2p

(∫

Rd

|g(x, ǫ)|2pdx
)1/p

− 1

2

∫

Rd

|∇g(x)|2dx
}

for any positive sequence bn satisfying

bn −→ ∞ and bn = o
(
n1/3

)
(n → ∞).

Here we recall that γS = P{S(k) 6= 0 ∀n ≥ 1}.

The approach for the lower bounds in Theorem 8.1.2 and Theorem 8.1.3
are same as the correspondent argument given in the proof of Theorem 8.1.1.
For the upper bounds, the only difference is that here we use Theorem 4.2.3
instead of (4.2.2). We omit the detail of the proof here.

8.2 Self-intersection in d = 2

In the multi-dimensions, the self-intersection local times we work with are
the ones in connection to double self-intersections (i.e., p = 2). Recall that

Qn =
∑

1≤j<k≤n
1{S(j)=S(k)} n = 1, 2, · · ·

where {S(k)}k≥1 is a symmetric random walk in Zd with covariance matrix Γ,
and the smallest sub-group od Zd that support the random walk {S(k)}k≥1 is
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Zd itself. Due to the concentration phenomena when d ≥ 2, we are interested
in the renormalized self-intersection local time Qn − EQn.

In this section we let d = 2. By Theorem 5.4.2, n−1(Qn − EQn) weakly
converges to det(Γ)−1/2γ

(
[0, 1]2<

)
. Here we recall that

γ
(
[0, t]2<

)
=

∫ ∫

{0≤r<s≤t}
δ0
(
W (r) −W (s)

)
drds

− E

∫ ∫

{0≤r<s≤t}
δ0
(
W (r) −W (s)

)
drds

is the renormalized self-intersection local time run by the planar Brownian
motion W (t). Hence, the tail behavior of type given in Theorem 4.3.1 and
Theorem 4.3.2 is naturally expected for n−1(Qn −EQn). The following the-
orem is the main result in this section.

Theorem 8.2.1 For any λ > 0 and for any positive sequence with

bn −→ ∞ and bn = o(n) (n → ∞) (8.2.1)

lim
n→∞

1

bn
log P

{
Qn − EQn ≥ λnbn

}
= −λ

√
det(Γ)κ(2, 2)−4 (8.2.2)

where κ(2, 2) > 0 is the best constant of the Gagliardo-Nirenberg inequality
defined in (4.3.4).

Proof. By (6.3.19) in Theorem 6.3.3 and by Chebyshev inequality, one can
see that

lim
n→∞

1

bn
log P

{
− (Qn − EQn) ≥ λnbn

}
= −∞

for every λ > 0. Consequently, (8.2.2) is equivalent to

lim
n→∞

1

bn
log P

{
|Qn − EQn| ≥ λnbn

}
= −λ

√
det(Γ)κ(2, 2)−4.

By Corollary 1.2.4 (with p = 2), it suffices to show that

lim
n→∞

1

bn
log E exp

{
θ

√
bn
n
|Qn − EQn|1/2

}
(8.2.3)

=
1

4
θ2 det(Γ)−1/2κ(2, 2)4 ∀θ > 0.

According to Theorem 6.3.2, there is a c > 0 such that

sup
n≥1

E exp
{ c
n
|Qn − EQn|

}
<∞.
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A standard argument of Chebyshev type shows that there is a constant CQ >
0 such that

lim sup
n→∞

1

bn
log E exp

{
θ

√
bn
n
|Qn − EQn|1/2

}
≤ CQθ

2 (8.2.4)

for every sequence bn satisfying (8.2.1) and for every θ > 0. In the following
we strengthen (8.2.3) into (8.2.2).

One of the key ideas is the following decomposition:

Qn =

2N∑

j=1

ηj +

N∑

j=1

2j−1∑

k=1

ξj,k (8.2.5)

where N is a large but fixed number,

ηj =
∑

(j−1)n2−N<i<i′≤jn2−N

1{S(i)=S(i′)}

ξj,k =
∑

(2k−2)n2−j<i≤(2k−1)n2−j

(2k−1)n2−j<i′≤(2k)n2−j

1{S(i)=S(i′)}.

The decomposition follows a geometric idea similar to the one contained in
Figure 2.1 of Section 2.4. Essentially, our approach here is the argument of
triangular approximation.

The sequence {ηj}1≤j≤2N is independent with

ηj
d
= Qnj j = 1, · · · 2N (8.2.6)

where
nj = #((j − 1)n2−N , jn2−N ] = [2−Nn] or [2−Nn] ± 1.

Here and elsewhere, we sometimes use the notation (a, b] for, without notifi-
cation when it becomes obvious, the set of the integers in that interval.

For each 1 ≤ j ≤ N , {ξj,k}1≤k≤2j−1 is an independent sequence with

ξj,k
d
=

nj,k−1∑

i=0

n′
j,k∑

i′=1

1S(i)=eS(i′)} k = 1, · · · , 2j−1 (8.2.7)

where {S̃(k)} is an independent copy of the random walk {S(k)} and

nj,k = #((2k − 1)n2−j, (2k)n2−j] = 2−jn or 2−jn± 1,

n′
j,k = #((2k)n2−j (2k + 1)n2−j] = 2−jn, or 2−jn± 1.



294 8. Large deviations: single random walk

Recall that the smoothed local time ξ(n, x, ǫ) is defined by

l(n, x, ǫ) = det(Γ)−1/2
(bn
n

) n∑

k=1

pǫ

(√bn
n

Γ−1/2
(
S(k) − x

))
.

By Theorem 8.1.2 (with d = p = 2), for each ǫ > 0

lim
n→∞

1

bn
log E exp

{
θ

√
bn
n

( ∑

x∈Z2

l2(n, x, ǫ)

)1/p}
(8.2.8)

= sup
g∈F2

{
θ det(Γ)−1/4

(∫

R2

|g(x, ǫ)|4dx
)1/2

− 1

2

∫

R2

|∇g(x)|2dx
}

where
F2 =

{
g ∈ L2(R2); ||g||2 = 1 and ∇g ∈ L2(R2)

}
.

In the following we approximate (8.2.3) by (8.2.3). Define

ξj,k(ǫ) = det(Γ)−1
(bn
n

)2 ∑

x∈Z3

∑

(2k−2)n2−j<i≤(2k−1)n2−j

(2k−1)n2−j<i′≤(2k)n2−j

× pǫ

(√bn
n

Γ−1/2
(
S(i) − x

))
pǫ

(√bn
n

Γ−1/2
(
S(i′) − x

))

where k = 1, · · · , 2j−1 and j = 1, · · · , N .

Define

ηj(ǫ) = det(Γ)−1/2 bn
n

{ ∑

x∈Z3

[ ∑

(j−1)n2−N<i≤jn2−N

pǫ

(√bn
n

Γ−1/2
(
S(i)−x

))]2}1/2

where j = 1, · · · , 2N .

Correspondent to (8.2.5) we have that

∑

x∈Z2

l2(n, x, ǫ) =

2N∑

j=1

η2
j (ǫ) + 2

N∑

j=1

2j−1∑

k=1

ξj,k(ǫ). (8.2.9)

In addition, η1(ǫ), · · · , η2N (ǫ) are independent with

ηj(ǫ)
d
= det(Γ)−1/2 bn

n

{ ∑

x∈Z2

[ nj∑

i=1

pǫ

(√bn
n

Γ−1/2
(
S(i) − x

))]2}1/2

.

(8.2.10)
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For each 1 ≤ j ≤ N , 1 ≤ k ≤ 2j−1

ξj,k − ξj,k(ǫ)
d
=
∑

x∈Z2

∑

0≤i≤nj,k−1

1≤i′≤n′
j,k

1{S(i)=eS(i′)=x} (8.2.11)

− det(Γ)−1
(bn
n

)2 ∑

x∈Z2

∑

0≤i≤nj,k−1

1≤i′≤n′
j,k

pǫ

(√bn
n

Γ−1/2
(
S(i) − x

))

× pǫ

(√bn
n

Γ−1/2
(
S̃(i′) − x

))

where nj, nj , nj,k, n
′
j,k are defined same as above.

By (8.2.4) and (8.2.6) for each 1 ≤ j ≤ 2N ,

lim sup
n→∞

1

bn
log E exp

{
θ

√
bn
n
|ηj − Eηj |1/2

}
≤ 2−NCQθ

2.

By part (b), Theorem 1.2.2, for any θ > 0,

lim sup
n→∞

1

bn
log E exp

{
θ

√
bn
n

( 2N∑

j=1

|ηj − Eηj |
)1/2

}
≤ 2−NCQθ

2. (8.2.12)

By (8.2.8) and (8.2.10),

lim sup
n→∞

1

bn
log E exp

{
θ

√
bn
n
ηj(ǫ)

}

≤ 2−N sup
g∈F2

{
θ det(Γ)−1/4

(∫

R2

|g(x, ǫ)|4dx
)1/2

− 1

2

∫

R2

|∇g(x)|2dx
}

≤ 2−N sup
g∈F2

{
θ det(Γ)−1/4

(∫

R2

|g(x)|4dx
)1/2

− 1

2

∫

R2

|∇g(x)|2dx
}

where the last step follows from Jensen inequality.

By Theorem C.1 in Appendix, for each θ > 0

sup
g∈F2

{
θ

(∫

R2

|g(x)|4dx
)1/2

− 1

2

∫

R2

|∇g(x)|2dx
}

= 2κ(2, 2)4θ2. (8.2.13)

Hence,

lim sup
n→∞

1

bn
log E exp

{
θ

√
bn
n
ηj(ǫ)

}
≤ 2−(N−1) det(Γ)−1/2κ(2, 2)4θ2.
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By part (b), Theorem 1.2.2 again, for any θ > 0,

lim sup
n→∞

1

bn
log E exp

{
θ

√
bn
n

( 2N∑

j=1

ηj(ǫ)
)}

(8.2.14)

≤ 2−(N−1) det(Γ)−1/2κ(2, 2)4θ2.

The bounds in (8.2.12) and (8.2.14) indicate that for large N , it is the
second summations in the decompositions (8.2.5) and (8.2.9) that play a dom-
inating role. By (8.2.11) and by the exponential approximation established
in Lemma 8.2.2 below,

lim
ǫ→0+

lim sup
n→∞

1

bn
log E exp

{
θ

√
bn
n
|ξj,k − ξj,k(ǫ)|1/2

}
= 0.

For any fixed but arbitrary N and for any θ > 0,

lim
ǫ→0+

lim sup
n→∞

1

bn
log E exp

{
θ

√
bn
n

( N∑

j=1

2j−1∑

k=1

|ξj,k − ξj,k(ǫ)|
)1/2

}
= 0.

(8.2.15)

In addition, by (8.2.7) one can see that

N∑

j=1

2j−1∑

k=1

Eξj,k = O(n) (n→ ∞).

Combining this with (8.2.12), (8.2.14) and (8.2.15), a standard argument by
Hölder inequality gives

lim
ǫ→0+

lim sup
n→∞

1

bn
log E exp

{
θ

√
bn
n

∣∣∣(Qn − EQn) −
1

2

∑

x∈Z2

l2(n, x, ǫ)
∣∣∣
1/2
}

= 0.

This, together with (8.2.6) (with θ being replaced by θ/
√

2),

lim
n→∞

1

bn
log E exp

{
θ

√
bn
n
|Qn − EQn|1/2

}

= lim
ǫ→0+

sup
g∈F2

{
θ√
2

det(Γ)−1/4

(∫

R2

|g(x, ǫ)|4dx
)1/2

− 1

2

∫

R2

|∇g(x)|2dx
}
.

Here the existence of the limit (as ǫ → 0+) on the right hand side is briefly
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proved as follows: By the Jensen inequality,

lim sup
ǫ→0+

sup
g∈F2

{
θ√
2

det(Γ)−1/4

(∫

R2

|g(x, ǫ)|4dx
)1/2

− 1

2

∫

R2

|∇g(x)|2dx
}

≤ sup
g∈F2

{
θ√
2

det(Γ)−1/4

(∫

R2

|g(x)|4dx
)1/2

− 1

2

∫

R2

|∇g(x)|2dx
}
.

On the other hand, for any f ∈ F2,

sup
g∈F2

{
θ√
2

det(Γ)−1/4

(∫

R2

|g(x, ǫ)|4dx
)1/2

− 1

2

∫

R2

|∇g(x)|2dx
}

≥ θ√
2

det(Γ)−1/4

(∫

R2

|f(x, ǫ)|4dx
)1/2

− 1

2

∫

R2

|∇f(x)|2dx.

By Gagliardo-Nirenbrg inequality defined in (4.3.4), F2 ⊂ L4(R2). Applying
Lemma 2.2.2 to f2 we have that

lim
ǫ→0+

∫

R2

|f(x, ǫ)|4dx =

∫

Rd

|f(x)|4dx.

Letting ǫ→ 0+ on the both side of the inequality and then taking supremum
over f on the right hand side we have

lim inf
ǫ→0+

sup
g∈F2

{
θ√
2

det(Γ)−1/4

(∫

R2

|g(x, ǫ)|4dx
)1/2

− 1

2

∫

R2

|∇g(x)|2dx
}

≥ sup
f∈F2

{
θ√
2

det(Γ)−1/4

(∫

R2

|f(x)|4dx
)1/2

− 1

2

∫

R2

|∇f(x)|2dx
}
.

Finally, the desired (8.2.3) follows from (8.2.13).

As we have seen in above proof, our argument substantially relies on
the approximation of the intersection local time of two independent random
walks by its smoothed version. Here we provide support to such approach.

Write
In =

∑

x∈Z2

l(n, x)l̃(n, x)

and for any ǫ > 0, write

In(ǫ) =
∑

x∈Z2

l(n, x, ǫ)l̃(n, x, ǫ)
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where l(n, x) and l̃(n, x) are the local times of the independent 2-dimensional

random walks {S(k)} and {S̃(k)}, respectively; and l̃(n, x, ǫ) is generated by

{S̃(k)} of {S(k)}, in the same way as l(n, x, ǫ) is generated by {S(k)}.

Lemma 8.2.2 For any θ > 0

lim
ǫ→0+

lim sup
n→∞

1

bn
log E exp

{
θ

√
bn
n
|In − In(ǫ)|1/2

}
= 0.

Proof. By the resolvent approximation performed in the proof of Theorem
7.1.1, we may assume that the random walks S(k) and S̃(k) are aperiodic.
Define

Īn(ǫ) = K−2
n,ǫ

∑

x∈Z2

[ n∑

k=1

pǫ

(√bn
n

Γ−1/2
(
S(k) − x

))]

×
[ n∑

k=1

pǫ

(√bn
n

Γ−1/2
(
S̃(k) − x

))]

where

Kn,ǫ =
∑

y∈Z2

pǫ

(√bn
n

Γ−1/2y
)
∼
√

det(Γ)
n

bn
(n→ ∞).

One can see that for each ǫ > 0 there is a constant sequence Cn → 1 such
that In(ǫ) = CnĪn(ǫ).

From (7.2.3) (with d = p = 2), one can see that

lim sup
n→∞

1

bn
log E exp

{
θ

√
bn
n
I1/2
n

}
<∞ ∀θ > 0.

Consequently, it suffices to show

lim
ǫ→0+

lim sup
n→∞

1

bn
log E exp

{
θ

√
bn
n
|In − Īn(ǫ)|1/2

}
= 0. (8.2.16)

By Taylor expansion and by Cauchy-Schwartz inequality,

E exp

{
θ

√
bn
n
|In − Īn(ǫ)|1/2

}

≤
∞∑

m=0

θm

m!

(bn
n

)m/2{
E|In − Īn(ǫ)|m

}1/2

.
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By the fact that E
[
In − Īn(ǫ)

]m ≥ 0 for all integers m ≥ 0, and by the fact
that on the right hand side, the terms with odd power m can be dominated
properly by the terms with even power through Cauchy-Schwartz inequality,
we need only to show that

lim
ǫ→0+

lim sup
n→∞

1

bn
log

∞∑

m=0

θm

m!

(bn
n

)m/2{
E
[
In − Īn(ǫ)

]m}1/2

= 0. (8.2.17)

For sufficiently large n, let 0 = n0 < n1 < · · · < n[bn] = n be an integer
partition of [0, n] with nk − nk−1 = [n/bn] or [n/bn] + 1 for each 1 ≤ k ≤
[bn]. Take the additive functional Fx

k (S) = l(nk, x) (k = 1, · · · , [bn]) on the
increasing sequence n1 < · · · < n[bn] and the probability density function

h(x) = K−1
n,ǫpǫ

(√bn
n

Γ−1/2x
)

in (6.1.15), Theorem 6.1.2.

∞∑

m=0

θm

m!

(bn
n

)m/2{
E
[
In − Īn(ǫ)

]m}1/2

(8.2.18)

≤
[bn]∏

k=1

∞∑

m=0

θm

m!

(bn
n

)m/2{
E
∣∣Ink−nk−1

− Īnk−nk−1,ǫ

∣∣m
}1/2

,

where, in connection to (5.3.1) with d = p = 2,

Īnk−nk−1,ǫ ≡ K−2
n,ǫ

∑

x∈Z2

[ nk−nk−1∑

j=1

pǫ

(√bn
n

Γ−1/2
(
S(j) − x

))]

×
[ nk−nk−1∑

j=1

pǫ

(√bn
n

Γ−1/2
(
S̃(j) − x

))]

=
(
1 + o(1)

)
Ink−nk−1,ǫ (n→ ∞).

Replacing n by nk − nk−1 in Theorem 5.3.1 (with d = p = 2) 1 we have

lim
ǫ→0+

lim sup
n→∞

(bn
n

)2

E

[
Ink−nk−1

− Īnk−nk−1,ǫ

]2
= 0.

Further, (6.2.1) in Theorem 6.2.1 (with d = p = 2) ensures that the domi-
nated convergence theorem applies to our setting so that

lim
ǫ→0+

lim sup
n→∞

∞∑

m=0

θm

m!

(bn
n

)m/2{
E
∣∣Ink−nk−1

− Īnk−nk−1,ǫ

∣∣m
}1/2

= 1.

1Here is where we use the extra aperiodicity assumption.
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Obviously, the limit holds uniformly for 1 ≤ k ≤ [bn]. Consequently, the
requested (8.2.17) follows from (8.2.18).

The lower tail asymptotics established in Theorem 4.3.2 can be partially
extended to Qn − EQn.

Theorem 8.2.3 Suppose that E|S(1)|2+δ < ∞ for some δ > 0. Then there
exist C1, C2 > 0 such that for any positive sequence bn satisfying

bn −→ ∞ and log bn = o(logn) (n → ∞)

and for any λ > 0,

lim sup
n→∞

1

bλn
log P

{
Qn − EQn ≤ −λ n log bn

2π
√

det(Γ)

}
≤ −C1

lim inf
n→∞

1

bλn
log P

{
Qn − EQn ≤ −λ n log bn

2π
√

det(Γ)

}
≥ −C2.

This result was established in [6], Theorem 1.2. We omit its proof.

8.3 LDP of Gaussian tail in d = 3

According to Theorem 5.5.3, (Qn − EQn)/
√
n logn weakly converges to a

normal distribution when d = 3. Naturally, a large deviation principle (also
called moderate deviation principle for its connection to the weak law) is
expected at least for small deviation scale bn. Throughout this section we let
d = 3. The following is the main result.

Theorem 8.3.1 For any positive sequence

bn −→ ∞ and bn = o
(√

logn
)

(n→ ∞)

and for any λ > 0,

lim
n→∞

1

bn
log P

{
± (Qn − EQn) ≥ λ

√
nbn logn

}
= −λ2π2 det(Γ). (8.3.1)

Proof. Our starting point is again the triangular decomposition (8.2.5).
Here we take N = [γ−1 log2 bn] for large n, where log2(·) is the logarithmic
function with the base 2, and 0 < γ < 1/2 is a constant which will be specified
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later. Unlike the argument in the previous section, it is the first sum in the
decomposition (the diagonal part) that makes major contribution.

Write

ηj = ηj − Eηj and ξj,k = ξj,k − Eξj,k.

We first prove that for any L > 0 there is a constant a > 0 such that

lim sup
n→∞

1

bn
log P

{∣∣∣∣
N∑

j=1

2j−1∑

k=1

ξj,k

∣∣∣∣ ≥ a
√
nb3n

}
≤ −L. (8.3.2)

By the fact that 2−γ + · · · + 2−γN ≤ 2−γ(1 − 2−γ)−1 and by triangular
inequality, for any a > 0

P

{∣∣∣∣
N∑

j=1

2j−1∑

k=1

ξj,k

∣∣∣∣ ≥ a
√
nb3n

}
(8.3.3)

≤
N∑

j=1

P

{∣∣∣∣
2j−1∑

k=1

ξj,k

∣∣∣∣ ≥ a2γ(1 − 2−γ)2−γj
√
nb3n

}
.

Let C > 0 be fixed but arbitrary number and set

ξ′j,k = ξj,k1{|ξj,k|≤C
√
n2−jb3n} − Eξj,k1{|ξj,k|≤C

√
n2−jb3n}

and ξ′′j,k = ξj,k − ξ′j,k. Notice that uniformly on 1 ≤ j ≤ N ,

2j−1∑

k=1

Eξj,k = o
(
n
√

2−jb3n
)
.

Thus, for any δ > 0,

P

{∣∣∣∣
2j−1∑

k=1

ξ′′j,k

∣∣∣∣ ≥ δ
√
n2−jb3n

}
≤

∑

1≤k≤2j−1

P

{
|ξj,k| ≥ C

√
n2−jb3n

}

as n is sufficiently large.

Taking d = 3 and p = 2 in (6.2.1), Theorem 6.2.1, by the in-law-identity
(8.2.7) we have

sup
n,j,k

E exp

{
θ

(n2−j)1/3
|ξj,k|2/3

}
<∞ (8.3.4)
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for some θ > 0. By a standard way of using Chebyshev inequality, one can
show that for any L > 0, there is C > 0 such that

lim sup
n→∞

1

bn
log sup

j,k
P

{
|ξj,k| ≥ C

√
n2−jb3n

}
≤ −L.

Consequently, by the fact that 2j−1 ≤ 2N ≤ bγ
−1

n

lim sup
n→∞

1

bn
log max

1≤j≤N
P

{∣∣∣∣
2j−1∑

k=1

ξ′′j,k

∣∣∣∣ ≥ δ
√
n2−jb3n

}
≤ −L (8.3.5)

for any δ > 0.

By independence,

E exp

{
2γjθ√
nbn

2j−1∑

k=1

ξ′j,k

}
=

2j−1∏

k=1

E exp

{
2γjθ√
nbn

ξ′j,k

}
.

For each 1 ≤ k ≤ 2j−1,
|ξ′j,k| ≤ 2C

√
n2−jb3n.

In view of (8.3.4), therefore, there is a u > 0 such that

sup
j,k,n

E exp

{
u√

n2−jbn
|ξ′j,k|

}
≤ sup
j,k,n

E exp

{
u(2C)1/3

(n2−j)1/3
|ξ′j,k|2/3

}
<∞.

By Taylor expansion, there is aM > 0 such that when |θ| is sufficiently small,

E exp

{
2γjθ√
nbn

ξ′j,k

}
≤ exp

{M22γjθ2

nbn
Eξ2j,k

}
.

By (8.2.7) Eξ2j,k = O(n2−j). Consequently, there is a constant M ′ > 0 such
that

max
1≤j≤N

E exp

{
θ√
nbn

2j−1∑

k=1

ξ′j,k

}
(8.3.6)

≤ exp
{M ′θ222γj

bn

}
≤ exp

{M ′θ222γN

bn

}
.

By the fact that 22γN ∼ b2n, and by Chebyshev inequality, for any L > 0
there is a constant a > 0 such that

lim sup
n→∞

1

bn
log max

1≤j≤N
P

{∣∣∣∣
2j−1∑

k=1

ξ′j,k

∣∣∣∣ ≥ a2−γj
√
nb3n

}
≤ −L.
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In view of (8.3.5), therefore,

lim sup
n→∞

1

bn
log max

1≤j≤N
P

{∣∣∣∣
2j−1∑

k=1

ξj,k

∣∣∣∣ ≥ (a+ δ)2−γj
√
nb3n

}
≤ −L. (8.3.7)

By (8.3.3), therefore, we have (8.3.2).

Notice that
√
nb3n = o

(√
nbn logn

)
. 2 Consequently, for any ǫ > 0

lim
n→∞

1

bn
log P

{∣∣∣∣
N∑

j=1

2j−1∑

k=1

ξj,k

∣∣∣∣ ≥ ǫ
√
nbn logn

}
= −∞.

To prove (8.3.1), therefore, it suffices to show that

lim
n→∞

1

bn
log P

{
±

2N∑

j=1

ηj ≥ λ
√
nbn logn

}
= −λ2π2 det(Γ). (8.3.8)

Write

η′j = ηj1
{
|ηj | ≤

√
2−Nnb3n logn

}
− Eηj1

{
|ηj | ≤

√
2−Nnb3n logn

}
,

η′′j = ηj1
{
|ηj | >

√
2−Nnb3n logn

}
− Eηj1

{
|ηj | >

√
2−Nnb3n logn

}
.

By the in-law-identity (8.2.6) and by Theorem 6.4.1

sup
j,n

E exp

{
θ

(2−Nn logn)1/3
|ηj |2/3

}
<∞ ∀θ > 0. (8.3.9)

Replacing
{
ξN,k; 1 ≤ k ≤ 2N−1

}
by the sequence

{
ηj/

√
logn; 1 ≤ j ≤ 2N

}

in the argument used for (8.3.5) gives that for any L > 0 there is a a > 0
such that

lim sup
n→∞

1

bn
log P

{∣∣∣∣
2N∑

j=1

η′′j

∣∣∣∣ ≥ a
√

2−Nnb3n log n

}
≤ −L

We now make γ < 1/4. Then

√
2−Nnb3n logn = o

(√
n logn

bn

)
(n → ∞). (8.3.10)

2This is the only place in the whole proof where the assumption bn = o(
√

log n) is
needed.
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In particular,

lim
n→∞

1

bn
log P

{∣∣∣∣
2N∑

j=1

η′′j

∣∣∣∣ ≥ ǫ
√
nbn logn

}
= −∞.

Therefore, it remains to show that

lim
n→∞

1

bn
log P

{
±

2N∑

j=1

η′j ≥ λ
√
nbn logn

}
= −λ2π2 det(Γ). (8.3.11)

By Theorem 1.1.4, all we need is to establish

lim
n→∞

1

bn
log E exp

{
θ

√
bn

n logn

2N∑

j=1

η′j

}
=

θ2

(2π)2 det(Γ)
(8.3.12)

for every real number θ.

By independence, Taylor expansion and (8.3.10),

E exp

{
θ

√
bn

n logn

2N∑

j=1

η′j

}
=

2N∏

j=1

E exp

{
θ

√
bn

n logn
η′j

}

=

2N∏

j=1

exp

{(
1 + o(1)

) θ2bn
2n logn

E(η′j)
2

}
(n → ∞).

Observe that from (8.2.6) that uniformly on 1 ≤ j ≤ 2N ,

E|ηj | ∼ E|Q[2−Nn] − EQ[2−Nn]|

= O
(√

2−Nn logn
)

= o
(√

2−Nnb3n log n
)
.

Consequently, by the weak law given in Theorem 5.5.3

E(η′j)
2 ∼ E(ηj)

2 ∼ 1

(2π)2 det(Γ)
2−Nn logn

uniformly over 1 ≤ j ≤ 2N as n→ ∞. This leads to (8.3.12).

If we only consider the lower tail of Qn − EQn in exchange for relaxing
the condition on bn, we establish the following sub-Gaussian tail.

Theorem 8.3.2 For any positive sequence

bn → ∞ and bn = o(n) (n→ ∞)
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and for every λ > 0,

lim sup
n→∞

1

bn
log P

{
Qn − EQn ≤ −λ

√
nbn log(n/bn)

}
(8.3.13)

≤ −λ2π2 det(Γ).

Proof. The main idea in the remaining argument is sub-additivity. Intro-
duce the sequence,

q(n) =

n∑

j=1

∞∑

k=j

P{S(k) = 0} n = 1, 2, · · · .

By an argument used in the proof of (5.1.6),

q(n) ∼ 1

(2π)3/2
√

det(Γ)

n∑

j=1

∞∑

k=j

1

k3/2
∼ 4

(2π)3/2
√

det(Γ)

√
n. (8.3.14)

We claim that for any integers m,n ≥ 1,

E

( n∑

j=1

m+n∑

k=n+1

1{S(j)=S(k)}

)
= q(n) + q(m) − q(m+ n). (8.3.15)

Indeed,

E

( n∑

j=1

m+n∑

k=n+1

1{S(j)=S(k)}

)

=
n∑

j=1

m−1∑

k=0

P{Sj+k = 0} =
n∑

j=1

m+j−1∑

k=j

P{Sk = 0}

=

n∑

j=1

( ∞∑

k=j

P{Sk = 0} −
∞∑

k=m+j

P{Sk = 0}
)

=

n∑

j=1

∞∑

k=j

P{Sk = 0} −
m+n∑

j=m+1

∞∑

k=j

P{Sk = 0}

= q(n) + q(m) − q(m+ n).

Write

ξ(n) = q(n) + (EQn −Qn) n = 1, 2, · · · .
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Then
ξ(m+ n) = q(m+ n) + (EQm+n −Qm+n)

= q(n) + q(m) − E

( n∑

j=1

m+n∑

k=n+1

1{Sj=Sk}

)

+ (EQn −Qn) + (EQ̃m − Q̃m)

−
n∑

j=1

m+n∑

k=n+1

1{Sj=Sk} + E

( n∑

j=1

m+n∑

k=n+1

1{Sj=Sk}

)

≤
{
q(n) + (EQn −Qn)

}
+
{
q(m) + (EQ̃m − Q̃m)

}

where

Q̃m =
∑

n+1≤j<k≤n+m

1{S(j)=S(k)}

is independent of {S1, · · · , Sn} and is equal in law to Qm.

Therefore, ξ(n) is a sub-additive sequence:

ξ(n+m) ≤ ξ(n) + ξ̃(m) m,n ≥ 1 (8.3.16)

with ξ̃(m)
d
= ξ(m) and with independence between ξ̃(m) and {ξ(1), · · · , ξ(n)}.

By straight forward calculation we have that for each k ≥ 1,

ξ(k) − ξ(k − 1) =

∞∑

j=1

P{S(j) = 0} −
k−1∑

j=1

1{S(j)=S(k)}.

Consequently,

sup
k≥1

{
ξ(k) − ξ(k − 1)

}
≤

∞∑

k=1

P{S(k) = 0}.

By transience in d = 3, the right hand side is a finite constant. By Theorem
6.4.3 and (8.3.14), the normalized sequence

max
1≤k≤n

ξ(k)/
√
n logn n = 2, 3, · · ·

is bounded in probability.

By Theorem 1.3.3,

sup
n

E exp

{
θ√

n logn
ξ(n)

}
<∞ ∀θ > 0. (8.3.17)
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Let θ > 0. By sub-additivity given in (8.3.16),

E exp
{
θ

√
bn

n log(n/bn)
ξ(n)

}
≤
(

E exp
{
θ

√
bn

n log(n/bn)
ξ([n/bn])

})1+bn

.

By the central limit theorem given in Theorem 5.5.3, by (8.3.17) (with n
being replaced by [n/bn]) and by dominated convergence theorem,

E exp
{
θ

√
bn

n log(n/bn)
ξ([n/bn])

}
−→ exp

{
θ2

(2π)2 det(Γ)

}
(n→ ∞).

Consequently, for any θ > 0

lim sup
n→∞

1

bn
log E exp

{
θ

√
bn

n log(n/bn)
ξ(n)

}
≤ θ2

(2π)2 det(Γ)
.

In view of (8.3.14), this is equivalent to

lim sup
n→∞

1

bn
log E exp

{
θ

√
bn

n log(n/bn)
(EQn −Qn)

}
≤ θ2

(2π)2 det(Γ)

which leads to the conclusion in Theorem 8.3.2 by a standard application of
Chebyshev inequality.

We conjecture that (8.3.13) can be strengthened into

lim
n→∞

1

bn
log P

{
Qn − EQn ≤ −λ

√
nbn log(n/bn)

}
= −λ2π2 det(Γ).

8.4 LDP of non-Gaussian tail in d = 3

The decomposition (8.2.5) shows that the self-intersection of a random walk
consists of two parts: short and long range intersections. When bn =
o(
√

logn), it is the short range intersection that dominates. Consequently,
the large deviation principle for Qn − EQn has a Gaussian tail in this case.
In this section, we shall see that increasing the scale bn may change the
dynamics.

Throughout this section, d = 3.

Lemma 8.4.1 For any L > 0, there is a λ > 0 such that

lim sup
n→∞

1

bn
log P

{
|Qn − EQn| ≥ λ

√
nb3n

}
≤ −L

for any bn = o(n) with lim
n→∞

bn/
√

logn = ∞.
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Proof. Again, our starting point is the decomposition (8.2.5). Here we let
N = [log2(logn)] (Recall that log2(·) is the logarithmic function with base 2).
One can see that (8.3.2) remains true. Here we emphasize two facts: First,
the constant λ > 0 exists uniformly for bn satisfying the condition posted in
the lemma.3 Second, to establish (8.3.2) in current setting, we take γ = 1/2

in (8.3.3), and a place we use our assumption lim
n→∞

bn/
√

logn = ∞ is in

(8.3.6), where the right hand side (note γ = 1/2) is bounded by

exp

{
M ′θ2 log n

bn

}
= exp{o(bn)} (n→ ∞).

It remains to show that for any L > 0, there is a λ > 0 such that

lim sup
n→∞

1

bn
log P

{∣∣∣∣
2N∑

j=1

ηj

∣∣∣∣ ≥ λ
√
nb3n

}
≤ −L. (8.4.1)

Write

ζj = ηj/
√

logn j = 1, · · · , 2N .

From (8.3.9),

sup
n,j

E exp

{
θ

(2−Nn)1/3
|ζj |2/3

}
<∞.

The argument used for (8.3.5) (Once again, γ = 1/2, for which the assump-
tion on bn is needed here for similar reason) leads to that for any L > 0,
there is a λ > 0 such that

lim sup
n→∞

1

bn
log P

{∣∣∣∣
2N∑

j=1

ηj

∣∣∣∣ ≥ λ
√

2−Nnb3n

}
≤ −L.

Equivalently, we have proved (8.4.1).

The following is the main result of this section.

Theorem 8.4.2 For any bn satisfying

lim
n→∞

bn/
√

logn = ∞ and bn = o(n) (n→ ∞)

3When the assumption on bn is weakened as lim infn→∞ bn/
√

log n > 0, (8.3.2) remains
true, but we are unable to establish its uniformity over bn.
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and for any λ > 0,

lim
n→∞

1

bn
log P

{
Qn − EQn ≥ λ

√
nb3n

}
(8.4.2)

= − 3

√
det(Γ)

2
κ(3, 2)−8/3λ2/3.

Here we recall that under the definition given in Remark 3.3.3, κ(3, 2) > 0 is
the best constant of Gagliardo-Nirenberg inequality in R3:

||f ||4 ≤ C||∇f ||3/42 ||f ||1/42 f ∈W 1,2(R3).

Proof. Under our assumption on bn,
√
nbn log(n/bn) = o

(√
nb3n
)

as n→ ∞.
By the sub-Gaussian tail given in Theorem 8.3.2,

lim
n→∞

1

bn
log P

{
Qn − EQn ≤ −λ

√
nb3n

}
= −∞ ∀λ > 0.

Consequently, (8.4.2) is equivalent to

lim
n→∞

1

bn
log P

{
|Qn − EQn| ≥ λ

√
nb3n

}
(8.4.3)

= − 3

√
det(Γ)

2
κ(3, 2)−8/3λ2/3.

We now claim that the statement in Lemma 8.4.1 can be slightly strength-
ened into: There is a constant CQ > 0 such that

lim sup
n→∞

1

bn
log P

{
|Qn − EQn| ≥ λ

√
nb3n

}
≤ −CQλ2/3 ∀λ > 0 (8.4.4)

for any bn with bn/
√

logn→ ∞.

Indeed, by Lemma 8.4.1 there is a constant a > 0 such that

lim sup
n→∞

1

bn
log P

{
|Qn − EQn| ≥ a

√
nb3n

}
≤ −1

for every bn = o(n) with bn/
√

logn → ∞. Replacing bn by (a−1λ)2/3bn in
above bound and letting CQ = a−2/3 we have (8.4.4).

By Theorem 1.1.4, a possible approach is to compute the logarithmic
generating function

lim
n→∞

1

bn
log E exp

{
θ
(bn
n

)1/4

|Qn − EQn|1/2
}
.
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Unfortunately, we are not able to do this. As a matter of the fact, we even
don’t know whether or not the limsup

lim sup
n→∞

1

bn
log E exp

{
θ
(bn
n

)1/4

|Qn − EQn|1/2
}

is finite for any θ > 0, despite of (8.4.4).

Instead, we condition on that |Qn − EQn| is suitably bounded. More
precisely, let M > 0 be large but fixed and define the event

Ωn =
{
|Qn − EQn| ≤M

√
nb3n

}
.

We prove that

lim
n→∞

1

bn
log E

(
exp

{
θ
(bn
n

)1/4

|Qn − EQn|1/2
}∣∣∣∣Ωn

)
(8.4.5)

=
1

16

(3

2

)3

det(Γ)−1κ(3, 2)8θ4 0 < θ < cM1/6

where c > 0 is a constant independent of M .

The triangular decomposition (8.2.5) plays an important role in our proof
of (8.4.5). As in section 8.2, we let N be large but fixed. By (8.2.6) and
(8.4.4),

lim sup
n→∞

log P

{
|ηj | ≥ λ

√
nb3n

}
≤ −CQ2N/3λ2/3

for every λ > 0 (recall that ηj = ηj − Eηj). By Theorem 1.2.2,

lim sup
n→∞

log P

{∣∣∣
2N∑

j=1

ηj

∣∣∣ ≥ λ
√
nb3n

}
≤ −CQ2N/3λ2/3

for every λ > 0. In view of (8.4.4),

lim sup
n→∞

log P

{∣∣∣
2N∑

j=1

ηj

∣∣∣ ≥ λ
√
nb3n

∣∣∣Ωn
}
≤ −CQ2N/3λ2/3. (8.4.6)

We now claim that

lim sup
n→∞

1

bn
log E

(
exp

{
θ
(bn
n

)1/4∣∣∣
2N∑

j=1

ηj

∣∣∣
1/2
}∣∣∣∣Ωn

)
≤ 27

256
2−NC−3

Q θ4.

(8.4.7)
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By (8.2.7) and by (6.2.1) in Theorem6.2.1 , there is a θ > 0 (possibly
depends on N) such that

sup
j,k,n

E exp
{ θ

3
√
n
ξ
2/3
j,k

}
<∞

for some θ > 0. Notice that N is fixed. By decomposition (8.2.5)

sup
n

E exp

{
θ
3
√
n

∣∣∣∣|Qn − EQn| −
∣∣∣

2N∑

j=1

ηj

∣∣∣
∣∣∣∣
2/3}

<∞

for some θ > 0. This leads to, by a Chebyshev type argument, that

lim sup
n→∞

1

bn
log E exp

{
θ
(bn
n

)1/4
∣∣∣∣|Qn − EQn| −

∣∣∣
2N∑

j=1

ηj

∣∣∣
∣∣∣∣
1/2}

<∞

for every θ > 0. Consequently,

lim sup
n→∞

1

bn
log E

(
exp

{
θ
(bn
n

)1/4∣∣∣
2N∑

j=1

ηj

∣∣∣
1/2
}∣∣∣∣Ωn

)
<∞ ∀θ > 0.

Combined with the observation (8.4.6), this legitimizes the use of Varadhan’s
integral lemma (Theorem 1.1.6). Consequently, for any θ > 0,

lim sup
n→∞

1

bn
log E

(
exp

{
θ
(bn
n

)1/4∣∣∣
2N∑

j=1

ηj

∣∣∣
1/2
}∣∣∣∣Ωn

)

≤ sup
λ>0

{
λθ − C2N/3λ4/3

}
=

27

256
2−NC−3

Q θ4.

We have confirmed (8.4.7).

Recall (Theorem 8.1.2, with d = 3 and p = 2) that

lim
n→∞

1

bn
log E exp

{
θ
(bn
n

)1/4
( ∑

x∈Z3

l2(n, x, ǫ)

)1/2}
(8.4.8)

= sup
g∈F3

{
θ det(Γ)−1/4

(∫

R3

|g(x, ǫ)|4dx
)1/2

− 1

2

∫

R3

|∇g(x)|2dx
}

= Mǫ(θ) (say)

where

l(n, x, ǫ) = det(Γ)−1/2
(bn
n

)3/2 n∑

k=1

pǫ

(√bn
n

Γ−1/2
(
S(k) − x

))
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F3 =
{
g ∈ L2(R3); ||g||2 = 1 and ∇g ∈ L2(R3)

}

and for g ∈ F3,

g(x, ǫ) =

{∫

R3

pǫ(x− y)g2(y)dy

}1/2

.

Clearly, (8.4.8) implies that

lim sup
n→∞

1

bn
log E

[
exp

{
θ
(bn
n

)1/4
( ∑

x∈Z3

l2(n, x, ǫ)

)1/2}∣∣∣∣Ωn
]

(8.4.9)

≤Mǫ(θ).

On the other hand,

E exp

{
θ
(bn
n

)1/4
( ∑

x∈Z3

l2(n, x, ǫ)

)1/2}

= E

[
exp

{
θ
(bn
n

)1/4
( ∑

x∈Z3

l2(n, x, ǫ)

)1/2}
1Ωn

]

+ E

[
exp

{
θ
(bn
n

)1/4
( ∑

x∈Z3

l2(n, x, ǫ)

)1/2}
1Ωc

n

]
.

Consequently,

max

{
lim inf
n→∞

1

bn
log E

[
exp

{
θ
(bn
n

)1/4
( ∑

x∈Z3

l2(n, x, ǫ)

)1/2}∣∣∣∣Ωn
]
,

lim sup
n→∞

1

bn
log E

[
exp

{
θ
(bn
n

)1/4
( ∑

x∈Z3

l2(n, x, ǫ)

)1/2}
1Ωc

n

]}

≥Mǫ(θ).

By Cauchy-Schwartz inequality,

E

[
exp

{
θ
(bn
n

)1/4
( ∑

x∈Z3

l2(n, x, ǫ)

)1/2}
1Ωc

n

]

≤
{

E exp

{
2θ
(bn
n

)1/4
( ∑

x∈Z3

l2(n, x, ǫ)

)1/2}]1/2{
P(Ωcn)

}1/2

.
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Combining this with (8.4.8) (with θ be replaced by 2θ) and (8.4.4) (with
λ = M),

lim sup
n→∞

1

bn
log E

[
exp

{
θ
(bn
n

)1/4
( ∑

x∈Z3

l2(n, x, ǫ)

)1/2}
1Ωc

n

]

≤ 1

2
Mǫ(2θ) −

1

2
CQM

2/3.

By Jensen inequality,

Mǫ(2θ) ≤ sup
g∈F3

{
2θ det(Γ)−1/4

(∫

R3

|g(x)|4dx
)1/2

− 1

2

∫

R3

|∇g(x)|2dx
}
.

According to Theorem C.1 in Appendix, for any θ > 0

sup
g∈F3

{
θ

(∫

R3

|g(x)|4dx
)1/2

− 1

2

∫

R3

|∇g(x)|2dx
}

(8.4.10)

=
1

4

(3

2

)3

κ(3, 2)8θ4.

Hence, we have proved that

lim sup
n→∞

1

bn
log E

[
exp

{
θ
(bn
n

)1/4
( ∑

x∈Z3

ξ2(n, x, ǫ)

)1/2}
1Ωc

n

]

≤ 27

4
det(Γ)−1κ(3, 2)8θ4 − 1

2
CQM

2/3.

Notice that there exists a constant c > 0 independent of M , such that the
right hand side is negative for all 0 < θ < cM1/6. Summarizing our argument
after (8.4.9), therefore,

lim inf
n→∞

1

bn
log E

[
exp

{
θ
(bn
n

)1/4
( ∑

x∈Z3

l2(n, x, ǫ)

)1/2}∣∣∣∣Ωn
]

(8.4.11)

≥Mǫ(θ)

for 0 < θ < cM1/6.

Combining (8.4.9) and (8.4.11), for any 0 < θ < cM1/6

lim
n→∞

1

bn
log E

[
exp

{
θ
(bn
n

)1/4
( ∑

x∈Z3

l2(n, x, ǫ)

)1/2}∣∣∣∣Ωn
]

(8.4.12)

= Mǫ(θ).
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As in the proof of Theorem 8.2.1, a key idea is the exponential approx-
imation. For this we need the decomposition given in (8.2.9). Similar to
(8.2.14), for any θ > 0

lim sup
n→∞

1

bn
log E exp

{
θ
(bn
n

)1/4( 2N∑

j=1

η2
j (ǫ)

)1/2}
(8.4.13)

≤ 1

2N+2

(3

2

)3

det(Γ)−1κ(3, 2)8θ4.

Similar to (8.2.15),

lim sup
n→∞

1

bn
log E exp

{
θ
(bn
n

)1/4( N∑

j=1

2j−1∑

k=1

∣∣ξj,k − ξj,k(ǫ)
∣∣
)1/2

}
= 0. (8.4.14)

In addition, by (8.2.7) one can see that

N∑

j=1

2j−1∑

k=1

Eξj,k = O(
√
n) (n→ ∞).

Combining this with (8.4.7), (8.4.13) and (8.4.14), applying Hölder inequality
we have that for any θ > 0

lim
ǫ→0+

lim sup
n→∞

1

bn
log E

[
exp

{
θ
(bn
n

)1/4

×
∣∣∣∣(Qn − EQn) −

1

2

∑

x∈Z3

ξ2(n, x, ǫ)

∣∣∣∣
1/2}∣∣∣∣Ωn

]
= 0.

In view of (8.4.12) (with θ be replaced by θ/
√

2), the exponential approxi-
mation established in above gives that for 0 < θ < cM1/6,

lim
n→∞

1

bn
log E

(
exp

{
θ
(bn
n

)1/4

|Qn − EQn|1/2
}∣∣∣∣Ωn

)

= sup
g∈F3

{
θ√
2

det(Γ)−1/4

(∫

R3

|g(x)|4dx
)1/2

− 1

2

∫

R3

|∇g(x)|2dx
}

=
1

16

(3

2

)3

det(Γ)−1κ(3, 2)8θ4

where the last step follows from (8.4.10).

We have completed the proof of (8.4.5).
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We now finish the proof of Theorem 8.4.2 or equivalently, (8.4.3). Since
(8.4.5) does not hold for all θ > 0, Gärtner-Ellis theorem does not directly
apply to our setting. However, by Chebyshev inequality we have the following
upper bound

lim sup
n→∞

1

bn
log P

{
|Qn − EQn| ≥ λ

√
nb3n

∣∣∣Ωn
}

≤ − sup
0<θ<cM1/6

{
θλ1/2 − 1

16

(3

2

)3

det(Γ)−1κ(3, 2)8θ4
}

= − 3

√
det(Γ)

2
κ(3, 2)−8/3λ2/3

for

0 < λ <
1

16

(3

2

)6

det(Γ)−2κ(3, 2)16c6M.

Since M > 0 can be arbitrarily large, by (8.4.4) (with λ = M) and a standard
argument of exponential approximation,

lim sup
n→∞

1

bn
log P

{
|Qn − EQn| ≥ λ

√
nb3n

}
(8.4.15)

≤ − 3

√
det(Γ)

2
κ(3, 2)−8/3λ2/3 ∀λ > 0.

To establish the lower bound, we introduce an i.i.d. sequence {τk} of
exponential random variables with parameter 1. We assume independence
between {τk} and {S(k)}. Write

Yn =
1

bn

[bn]∑

k=1

τk n = 1, 2, · · · .

By (8.4.5),

lim
n→∞

1

bn
log E

[
exp

{
θbn

( |Qn − EQn|1/2
4
√
nb3n

+
Yn

cM1/6

)}∣∣∣∣Ωn
]

= Λ(θ)

for every θ > 0, where

Λ(θ) =





1

16

(3

2

)3

det(Γ)−1κ(3, 2)8θ4 +
(
1 − θ

cM1/6

)−1

0 < θ < cM1/6

∞ θ ≥ cM1/6.

According to Definition 1.1.3, one can see that the logarithmic moment gen-
erating function Λ(θ) is essentially smooth.
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Applying Theorem 1.2.3 to the random sequence

Zn =
|Qn − EQn|1/2

4
√
nb3n

+
Yn

cM1/6
n = 1, 2, · · ·

gives that

lim
n→∞

1

bn
log P

{ |Qn − EQn|1/2
4
√
nb3n

+
Yn

cM1/6
≥ λ

∣∣∣∣Ωn
}

= lim
n→∞

1

bn
log P

{
Zn ≥ λ

∣∣Ωn
}

= −I(λ) ∀λ > 0

where for every λ > 0,

I(λ) = sup
θ∈R

{
θλ− Λ(|θ|)

}
= sup

θ>0

{
θλ− Λ(θ)

}

= sup
0<θ<cM1/6

{
θλ− 1

16

(3

2

)3

det(Γ)−1κ(3, 2)8θ4 −
(
1 − θ

cM1/6

)−1
}

≤ sup
0<θ<cM1/6

{
θλ− 1

16

(3

2

)3

det(Γ)−1κ(3, 2)8θ4
}
.

It is straightforward to check that the right hand side is equal to

3

√
det(Γ)

2
κ(3, 2)−8/3λ4/3

when

0 < λ <
1

4

(3

2

)3

det(Γ)−1κ(3, 2)8c3M1/2.

For such λ we have

lim
n→∞

1

bn
log P

{ |Qn − EQn|1/2
4
√
nb3n

+
Yn

cM1/6
≥ λ

∣∣∣∣Ωn
}

(8.4.16)

≥ − 3

√
det(Γ)

2
κ(3, 2)−8/3λ4/3.

In addition, for any ǫ > 0 by Cramér’s large deviation principle (Theorem
1.1.5), one concludes that

lim
M→∞

lim sup
n→∞

1

bn
log P

{
Yn ≥ ǫcM1/6

}
= −∞.

Combining this with (8.4.4) (with λ = M) and (8.4.16), a standard argument
by exponential approximation gives

lim inf
n→∞

1

bn
log P

{
|Qn − EQn|1/2 ≥ λ 4

√
nb3n

}
≥ − 3

√
det(Γ)

2
κ(3, 2)−8/3λ4/3.
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Replacing λ by
√
λ,

lim inf
n→∞

1

bn
log P

{
|Qn − EQn| ≥ λ

√
nb3n

}
(8.4.17)

≥ − 3

√
det(Γ)

2
κ(3, 2)−8/3λ2/3 ∀λ > 0.

Finally, the desired (8.4.3) follows from (8.4.15) and (8.4.17).

8.5 LDP for renormalized range in d = 2, 3

Recall that by our notation, the range of a lattice valued random walk {S(k)}
is given by

Rn = #
{
S[1, n]

}
= #

{
S(1), · · · , S(n)

}
, n = 1, 2, · · · .

In this section we study the large deviations for the renormalized range Rn−
ERn.

It is intuitively clear that Qn and Rn are negatively correlated. Indeed, a
spread-out trajectory rarely intersects. As a consequence, we shall see that,
under the large deviations of asymmetric tails, the behavior Rn − ERn is
naturally link to that of −(Qn − EQn).

Similar to (8.2.5), given an integer N ≥ 1,

Rn =

2N∑

j=1

βj −
N∑

j=1

2j−1∑

k=1

αj,k (8.5.1)

where

βj = #
{
S
(
(j − 1)n2−N , jn2−N

]}

αj,k = #
{
S
(
(2k − 2)n2−j, (2k − 1)n2−j

]
∩ S
(
(2k − 1)n2−j, (2k)n2−j

]}
.

The sequence {βj}1≤j≤2N is an independent sequence with

βj
d
= Rnj j = 1, · · · , 2N (8.5.2)

where

nj = #
(
(j − 1)n2−N , jn2−N

]
, j = 1, · · · , 2N .
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For each 1 ≤ j ≤ N , {αj,k}1≤k≤2j−1 is an independent sequence with

αj,k
d
= #

{
S
[
0, nj,k − 1

]
∩ S̃
[
1, n′

j,k

]}
k = 1, · · · 2j−1 (8.5.3)

where {S̃(k)} is an independent copy of {S(k)} and

nj,k = #
{
(2k − 1)n2−j, (2k)n2−j

]

n′
j,k = #

{
(2k)n2−j, (2k + 1)n2−j

]
.

Corespondent to Theorem 8.2.3, we have

Theorem 8.5.1 Let d = 2. Suppose that Suppose that E|S(1)|2+δ < ∞ for
some δ > 0. Then there exist K1,K2 > 0 such that for any positive sequence
bn satisfying

bn −→ ∞ and log bn = o(
√

logn) (n→ ∞)

and for any λ > 0,

lim sup
n→∞

1

bλn
log P

{
Rn − ERn ≥ 2λπ

√
det(Γ)

n log bn
(log n)2

}
≤ −K1,

lim inf
n→∞

1

bλn
log P

{
Rn − ERn ≥ 2λπ

√
det(Γ)

n log bn
(logn)2

}
≥ −K2.

The proof is omitted here and the reader is referred to [7] (Corollary 1.3)
for a proof.

The following theorem is an analogue to the results given in Theorem
8.3.1 and Theorem 8.3.2.

Theorem 8.5.2 Let d = 3.

(1). For any positive sequence bn satisfying

bn −→ ∞ and bn = o
(√

logn
)

(n→ ∞)

and for any λ > 0,

lim
n→∞

1

bn
log P

{
± (Rn − ERn) ≥ λ

√
nbn logn

}
(8.5.4)

= −γ−2
S λ2π2 det(Γ).

(2). If the condition on bn is relaxed to

bn −→ ∞ and bn = o
(
n
)

(n→ ∞)
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we have

. lim sup
n→∞

1

bn
log P

{
Rn − ERn ≥ λ

√
nbn log(n/bn)

}
(8.5.5)

≤ −γ−2
S λ2π2 det(Γ)

for every λ > 0. Here we recall our notation

γS = P{S(k) 6= 0; ∀k ≥ 1}.

Proof. Replacing the decomposition (8.2.5) by (8.5.1), the proof of (8.5.4) is
an obvious modification of the argument used in the proof of Theorem 8.3.1.
We now prove (8.5.5). Recall that

q(n) =
∞∑

j=1

∞∑

k=j

P{S(k) = 0}.

First notice that

n∑

j=1

m+n∑

k=n+1

1{Sj=Sk} =
∑

x

n∑

j=1

m+n∑

k=n+1

1{Sj=Sk=x}

≥
∑

x

1x∈S[1,n]}1{x∈S[n+1,n+m]} = #
{
S[1, n] ∩ S[n+ 1, n+m]

}
.

By (8.3.14), for any integers m,n ≥ 1,

E#
{
S[1, n] ∩ S[n+ 1, n+m]

}

≤ E

n∑

j=1

m+n∑

k=n+1

1{Sj=Sk} = q(n) + q(m) − q(m+ n).

Notice that

Rm+n = Rn + #
{
S[n+ 1, n+m]

}
− #

{
S[1, n] ∩ S[n+ 1, n+m]

}
.

Similar to (8.3.16), therefore, the sequence {η(n)} defined by

η(n) = q(n) +Rn − ERn n = 1, 2, · · ·

is sub-additive:

η(m+ n) ≤ η(n) + η̃(m) m,n ≥ 1 (8.5.6)

where

η̃(m) = q(m) + #
{
S[n+ 1, n+m]

}
− E#

{
S[n+ 1, n+m]

}
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is independent of {η(1), · · · , η(n)} and has the same distribution as η(m).

The rest of the proof can be carried out in the same way as the proof of
Theorem 8.3.2.

Perhaps the following is the the most interesting result of this section.

Theorem 8.5.3 Let λ > 0 be fixed but arbitrary.

When d = 2,

lim
n→∞

1

bn
log P

{
Rn − ERn ≤ −λ nbn

(logn)2

}
(8.5.7)

= −(2π)2 det(Γ)−1/2κ(2, 2)−4λ

for any positive sequence bn satisfying

bn −→ ∞ and bn = o
(
logn

)
(n→ ∞).

When d = 3,

lim
n→∞

1

bn
log P

{
Rn − ERn ≤ −λ

√
nb3n

}
(8.5.8)

= − 3

√
det(Γ)

2
κ(3, 2)−8/3γ

−4/3
S λ2/3

for any positive sequence bn satisfying

lim
n→∞

bn/
√

logn = ∞ and bn = o
(
n1/3

)
(n → ∞).

We now comment on the assumption on bn. By the fact that Rn ≤ n, the
assumption bn = o(n1/3) is best possible for (8.5.8) in the case d = 3. When
d = 2, by the fact that

ERn −Rn ≤ ERn = O
( n

logn

)
(n→ ∞)

our condition bn = o(logn) is best possible for (8.5.7).

Most of the proof of Theorem 8.5.3 is essentially same as the ones for
Theorem 8.2.1 and Theorem 8.3.1: In view of Theorem 8.1.3 (with p = 2),
we use the random quantity

1

2

∑

x∈Zd

R2(n, x, ǫ)
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to approximate ERn − Rn exponentially. Every step appears as a obvious
modification of the correspondent argument used in the proof of Theorem
8.2.1 and Theorem 8.3.1.

The only exception is the part correspondent to Lemma 8.2.2. To com-
plete the argument for Theorem 8.5.3, we prove the following Lemma 8.5.9
in the rest of the section.

To begin, recall that

Jn = #
{
S[1, n] ∩ S̃[1, n]

}

and write, for ǫ > 0,

Jn(ǫ) =
∑

x∈Zd

R(n, x, ǫ)R̃(n, x, ǫ)

where R(n, x, ǫ) is defined in (8.1.4) and R̃(n, x, ǫ) is generated by {S̃(k)} in
a way same as how R(n, x, ǫ) is generated by {S(k)}.

Lemma 8.5.4 (1). When d = 2,

lim
ǫ→0+

lim sup
n→∞

1

bn
log E exp

{
θ

√
bn
n

logn|Jn − Jn(ǫ)|1/2
}

= 0 (8.5.9)

for any θ > 0 and for any positive sequence bn satisfying

bn −→ ∞ and bn = o(log n) (n→ ∞).

(2). When d = 3,

lim
ǫ→0+

lim sup
n→∞

1

bn
log E exp

{
θ
(bn
n

)1/4

|Jn − Jn(ǫ)|1/2
}

= 0 (8.5.10)

for any θ > 0 and for any positive sequence bn satisfying

bn −→ ∞ and bn = o(n1/3) (n→ ∞).

Proof. For similarity we only deal with the case d = 2. The challenge
we face here is much more substantial than the proof of Lemma 8.2.2. In
contrary to (6.1.13) (which is used in the proof of Lemma 8.2.2), there is no
the moment inequality providing bounds directly for Jn − Jn(ǫ).

Let 0 = n0 < n1 < · · · < n[bn] = n be an integer partition of the interval
[0, n] such that

nk − nk−1 = [n/bn] or [n/bn] ± 1 k = 1, · · · [bn].
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Recall that

R(n, x, ǫ) =
(bn
n

)
det(Γ)−1/2

∑

y∈S[1,n]

pǫ

(√bn
n

Γ−1/2(y − x)
)
.

Write

ξ(n, x, ǫ) =
(bn
n

)
det(Γ)−1/2

[bn]∑

j=1

∑

y∈S(nj−1,nj ]

pǫ

(√bn
n

Γ−1/2(y − x)
)
.

Let hn,ǫ be a function on Z2 defined by

hn,ǫ(x) =
(bn
n

)
det(Γ)−1

∑

y∈Z2

pǫ

(
x−

√
bn
n

Γ−1/2y
)
pǫ

(√bn
n

Γ−1/2y
)
.

In the risk of over-simplification of the notation, we define

R(x) = 1{x∈S[1,n]},

ξ(x) =

[bn]∑

j=1

1{x∈Sj(nj−1,nj ]},

and

Rǫ(x) =
∑

y∈S[1,n]

hn,ǫ

(√bn
n

Γ−1/2(y − x)
)
,

ξǫ(x) =

[bn]∑

j=1

∑

y∈S(nj−1,nj ]

hn,ǫ

(√bn
n

Γ−1/2(y − x)
)
.

We define R̃(n, x, ǫ), ξ̃(n, x, ǫ), R̃(x), ξ̃(x), R̃ǫ(x), ξ̃ǫ(x) in an obvious way.

Observe that

Jn(ǫ) =
∑

x∈Z2

R(n, x, ǫ)R̃(n, x, ǫ) =
∑

x∈Z2

1{x∈S[1,n]}R̃ǫ(x).

With the notation used in the Hilbert space l2(Z2), therefore

Jn − Jn(ǫ) = 〈R, R̃〉 − 〈R, R̃ǫ〉 = 〈R, R̃− R̃ǫ〉.

Hence, ∣∣Jn − Jn(ǫ)| ≤
∣∣〈ξ, R̃− R̃ǫ〉

∣∣+
∣∣〈ξ −R, R̃− R̃ǫ〉

∣∣.
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For the first term on the right hand side,

〈ξ, R̃ − R̃ǫ〉 = 〈ξ, R̃〉 − 〈ξ, R̃ǫ〉 = 〈ξ, R̃〉 − 〈ξǫ, R̃〉 = 〈ξ − ξǫ, R̃〉.

As for the second term, observe that ξ(x) −R(x) ≥ 0. Therefore,
∣∣〈ξ −R, R̃− R̃ǫ〉

∣∣ ≤ 〈ξ −R, ξ̃〉 + 〈ξ −R, ξ̃ǫ〉
= 〈ξ −R, ξ̃ − ξ̃ǫ〉 + 2〈ξ −R, ξ̃ǫ〉
= 〈ξ −R, ξ̃ − ξ̃ǫ〉 + 2〈ξǫ −Rǫ, ξ̃〉.

In summary,
∣∣Jn − Jn(ǫ)| ≤

∣∣〈ξ − ξǫ, R̃〉| + 〈ξ −R, ξ̃ − ξ̃ǫ〉 + 2〈ξǫ −Rǫ, ξ̃〉.

Notice that

〈ξ − R, ξ̃ − ξ̃ǫ〉 d
= 〈ξ − ξǫ, ξ̃ − R̃〉 ≤

∣∣〈ξ − ξǫ, ξ̃〉
∣∣+
∣∣〈ξ − ξǫ, R̃〉

∣∣.

For (8.5.9) to hold, therefore, we need only to show that for any θ > 0,

lim
ǫ→0+

lim sup
n→∞

1

bn
log E exp

{
θ

√
bn
n

logn
∣∣〈ξ − ξǫ, R̃〉

∣∣1/2
}

= 0 (8.5.11)

lim
ǫ→0+

lim sup
n→∞

1

bn
log E exp

{
θ

√
bn
n

logn
∣∣〈ξ − ξǫ, ξ̃〉

∣∣1/2
}

= 0 (8.5.12)

and

lim
n→∞

1

bn
log E exp

{
θ

√
bn
n

logn〈ξǫ −Rǫ, ξ̃〉1/2
}

= 0 (8.5.13)

for any fixed ǫ > 0.

Observe that for any integer m ≥ 1,

E〈ξ − ξǫ, R̃〉m

=
∑

x1,··· ,xm∈Z2

[
E

m∏

k=1

(
ξ(xk) − ξǫ(xk)

)][
E

m∏

k=1

1{xk∈S[1,n]}

]

≤
{ ∑

x1,··· ,xm∈Z2

[
E

m∏

k=1

(
ξ(xk) − ξǫ(xk)

)]2}1/2

×
{ ∑

x1,··· ,xm∈Z2

[
E

m∏

k=1

1{xk∈S[1,n]}

]2}1/2

=
{

E〈ξ − ξǫ, ξ̃ − ξ̃ǫ〉m
}1/2{

EJmn

}1/2

.
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For (8.5.11) to hold, it is sufficient to show that

lim
ǫ→0+

lim sup
n→∞

1

bn
log

∞∑

m=0

θm

m!

(√bn
n

logn
)m

(8.5.14)

×
[{

E〈ξ − ξǫ, ξ̃ − ξ̃ǫ〉m
}{

EJmn

}]1/4
= 0.

By Cauchy-Schwartz inequality, for any λ > 0

∞∑

m=0

θm

m!

(√bn
n

logn
)m[{

E〈ξ − ξǫ, ξ̃ − ξ̃ǫ〉m
}{

EJmn

}]1/4

≤
{ ∞∑

m=0

(λθ)m

m!

(√bn
n

logn
)m{

E〈ξ − ξǫ, ξ̃ − ξ̃ǫ〉m
}1/2

}1/2

×
{ ∞∑

m=0

(λ−1θ)m

m!

(√bn
n

log n
)m{

EJmn

}1/2
}1/2

.

Taking p = 2 in (7.2.7), we have the bound

lim
n→∞

1

bn
log

∞∑

m=0

(λ−1θ)m

m!

(√bn
n

logn
)m{

EJmn

}1/2

= C(λ−1θ)2 (8.5.15)

for a universal constant C > 0. One can make the right hand side arbitrarily
small by making λ sufficiently large. To establish (8.5.14), therefore, we only
need show that

lim
ǫ→0+

lim sup
n→∞

1

bn
log

∞∑

m=0

θm

m!

(√bn
n

logn
)m{

E〈ξ − ξǫ, ξ̃ − ξ̃ǫ〉m
}1/2

= 0

for every θ > 0.

Indeed, this follows from an argument similar to the one used in the proof
of Lemma 8.2.2. We describe it here briefly.

Write

ξ′ǫ = λ−2
n,ǫξǫ

where we choose λn,ǫ to the function

h̄n,ǫ(x) = λ−1
n,ǫhn,ǫ(x) x ∈ Z2

a probability density on Z2. It is easy to see that for each ǫ > 0 λn,ǫ → ∞
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as n→ ∞. Therefore, our claim is equivalent to

lim
ǫ→0+

lim sup
n→∞

1

bn
log

∞∑

m=0

θm

m!

(√bn
n

log n
)m

(8.5.16)

×
{

E〈ξ − ξ′ǫ, ξ̃ − ξ̃′ǫ〉m
}1/2

= 0.

Take the additive functional

Fx
k (S) =

k∑

j=1

1{x∈S(nj−1,nj ]} k = 1, · · · , [bn]

on the increasing sequence n1 < · · · < b[bn] and take the probability density
h(x) = h̄n,ǫ(x) in the inequality (6.1.16) of Theorem 6.1.2.

∞∑

m=0

θm

m!

(√bn
n

logn
)m{

E〈ξ − ξ′ǫ, ξ̃ − ξ̃′ǫ〉m
}1/2

≤
[bn]∏

k=1

∞∑

m=0

θm

m!

(√bn
n

logn
)m{

E
[
D̄

(2)
nk−nk−1,ǫ

]m}1/2

,

where, in connection to (5.3.32) with d = p = 2,

D̄
(2)
nk−nk−1,ǫ

=
∑

x∈Z2

[
1{x∈S[1,nk−nk−1]} −

∑

z∈S[1,nk−nk−1]

h̄n,ǫ(z − x)

]

×
[
1{x∈eS[1,nk−nk−1]} −

∑

z∈eS[1,nk−nk−1]

h̄n,ǫ(z − x)

]

=
(
1 + o(1)

)
Dnk−nk−1,2ǫ (n→ ∞).

By (5.3.33) in Theorem 5.3.5 (with p = 2 and n being replaced by nk−nk−1),

lim
ǫ→0+

lim sup
n→∞

(bn
n

)2

(logn)4E
[
D̄

(2)
nk−nk−1,ǫ

]2
= 0

uniformly over 1 ≤ k ≤ [bn]. Consequently,

lim
ǫ→0+

lim sup
n→∞

∞∑

m=0

θm

m!

(√bn
n

logn
)m{

E
[
D̄

(2)
nk−nk−1,ǫ

]m}1/2

= 1

uniformly over 1 ≤ k ≤ [bn]. This leads to the requested (8.5.16) and there-
fore to (8.5.11).
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Observe that by the inequality (6.1.12) with a = [bn] and by (5.3.26) in
Theorem 5.3.4 (with n being replaced by [n/bn]), the bound given in (8.5.15)

remains true even when Jn is replaced by Jn ≡ 〈ξ, ξ̃〉. Consequently, (8.5.12)
follows from the same argument as (8.5.11).

It remains to prove (8.5.13). Notice that

〈ξǫ −Rǫ, ξ̃〉 = 〈ξǫ −Rǫ, R̃〉 + 〈ξǫ −Rǫ, ξ̃ − R̃〉

and that

〈ξǫ −Rǫ, ξ̃ − R̃〉 =
∑

x∈Z2

[
ξ(n, x, ǫ) −R(n, x, ǫ)

][
ξ̃(n, x, ǫ) − R̃(n, x, ǫ)

]
.

Consequently,

〈ξǫ −Rǫ, ξ̃ − R̃〉1/2 ≤ 1

2

{ ∑

x∈Z2

[
ξ(n, x, ǫ) −R(n, x, ǫ)

]2
}1/2

+
1

2

{ ∑

x∈Z2

[
ξ̃(n, x, ǫ) − R̃(n, x, ǫ)

]2
}1/2

.

In addition,

〈ξǫ −Rǫ, R̃〉 =
∑

x∈Z2

[
ξ(n, x, ǫ) −R(n, x, ǫ)

]
R̃(n, x, ǫ)

≤
{ ∑

x∈Z2

[
ξ(n, x, ǫ) −R(n, x, ǫ)

]2
}1/2{ ∑

x∈Z2

R̃2(n, x, ǫ)

}1/2

.

Hence, for any fixed but arbitrary λ > 0

〈Rǫ −Rǫ, R̃〉1/2

≤ λ

2

∑

x∈Z2

[
ξ(n, x, ǫ) −R(n, x, ǫ)

]2
}1/2

+
λ−1

2

{ ∑

x∈Z2

R̃2(n, x, ǫ)

}1/2

.

Further notice that

∑

x∈Z2

[
ξ(n, x, ǫ) −R(n, x, ǫ)

]2 d
=
∑

x∈Z2

[
ξ̃(n, x, ǫ) − R̃(n, x, ǫ)

]2
,

∑

x∈Z2

R̃2(n, x, ǫ)
d
=
∑

x∈Z2

R2(n, x, ǫ)
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and that by Theorem 8.1.3 (with d = p = 2),

lim
n→∞

1

bn
log E exp

{
θ

√
bn
n

logn

( ∑

x∈Z2

R2(n, x, ǫ)

)1/2}

= sup
g∈F2

{
2π det(Γ)1/4

(∫

R2

|g(x, ǫ)|4dx
)1/2

− 1

2

∫

R2

|∇g(x)|2dx
}

≤ sup
g∈F2

{
2π det(Γ)1/4

(∫

R2

|g(x)|4dx
)1/2

− 1

2

∫

R2

|∇g(x)|2dx
}

= 2π2
√

det(Γ)κ(2, 2)4θ2

for every θ > 0 and ǫ > 0, where the second step follows from Jensen in-
equality and the last step from Theorem C.1 in Appendix.

For (8.5.13) to hold, therefore, it is sufficient to establish that

lim
n→∞

1

bn
log E exp

{
θ

√
bn
n

logn (8.5.17)

×
( ∑

x∈Z2

[
ξ(n, x, ǫ) −R(n, x, ǫ)

]2
)1/2}

= 0

for every fixed θ > 0, ǫ > 0.

Let f ∈ l2(Z2) satisfy ||f ||2 = 1. We have
∑

x∈Z2

f(x)
[
ξ(n, x, ǫ) −R(n, x, ǫ)

]

=
(bn
n

)
det(Γ)−1/2

∑

x∈Z2

Tn,ǫf(x)

{ [bn]∑

j=1

1{x∈S(nj−1,nj ]} − 1{x ∈ S[1, n]}
}

where, by Cauchy-Schwartz inequality,

Tn,ǫf(x) ≡
∑

y∈Z2

f(y)pǫ

(√bn
n

Γ−1/2(x− y)
)

≤
{ ∑

y∈Z2

p2
ǫ

(√bn
n

Γ−1/2(x− y)
)}1/2

=

{ ∑

y∈Z2

p2
ǫ

(√bn
n

Γ−1/2y
)}1/2

x ∈ Z2

where the last step follows from translation invariance. Write

Kn,ǫ =

{ ∑

y∈Z2

p2
ǫ

(√bn
n

Γ−1/2y
)}1/2

.
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By the fact that

[bn]∑

j=1

1{x∈S(nj−1,nj ]} − 1{x ∈ S[1, n]} ≥ 0 x ∈ Z2,

we obtain

∑

x∈Z2

f(x)
[
ξ(n, x, ǫ) −R(n, x, ǫ)

]

≤
(bn
n

)
det(Γ)−1/2

∑

x∈Z2

Kn,ǫ

{ [bn]∑

j=1

1{x∈S(nj−1,nj]} − 1{x∈S[1,n]}

}

=
(bn
n

)
det(Γ)−1/2Kn,ǫ

{ [bn]∑

j=1

#
{
S(nj−1, nj ]

}
− #

{
S[1, n]

}}
.

Consequently,

( ∑

x∈Z2

[
ξ(n, x, ǫ) −R(n, x, ǫ)

]2
)1/2

≤
(bn
n

)
det(Γ)−1/2Kn,ǫ

{ [bn]∑

j=1

#
{
S(nj−1, nj ]

}
− #

{
S[1, n]

}}
.

In addition,

lim
n→∞

(bn
n

)
det(Γ)−1/2K2

n,ǫ =

∫

R2

p2
ǫ(x)dx = p2ǫ(0) =

1

4πǫ
.

Therefore, the requested (8.5.17) follows from Part (1) of Lemma 7.1.4.

8.6 Laws of the iterated logarithm

Among the large deviations established in this chapter, those including bn =
log logn apply to the law of the iterated logarithm. The following theorem
appears as a consequence of Theorem 8.1.1.
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Theorem 8.6.1 For d = 1 and p > 1,

lim sup
n→∞

n−p+1
2 (log logn)−

p−1
2

∑

x∈Z

lp(n, x)

= 2
p+1
2 σ−(p−1)(p− 1)

p−1
2 (p+ 1)

p−3
2 B

( 1

p− 1
,
1

2

)−(p−1)

a.s.

Proof. The proof follows from an obvious modification of the proof of The-
orem 4.4.1.

Corespondent to Theorem 8.2.1, Theorem 8.2.3, Theorem 8.5.1 and (8.5.7)
in Theorem 8.5.3, we have4

Theorem 8.6.2 Assume d = 2.

lim sup
n→∞

1

n log logn
(Qn − EQn) = det(Γ)−1/2κ(2, 2)4 a.s. (8.6.1)

lim inf
n→∞

1

n log log logn
(Qn − EQn) = −(2π)−1 det(Γ)−1/2 a.s. (8.6.2)

lim inf
n→∞

(logn)2

n log logn
(Rn − ERn) = −(2π)−2

√
det(Γ)κ(2, 2)4 a.s. (8.6.3)

lim sup
n→∞

(logn)2

n log log logn
(Rn − ERn) = −(2π)

√
det(Γ) a.s. (8.6.4)

Proof. Due to similarity we only prove (8.6.1) and (8.6.2). By examining
the proof of Theorem 4.4.1 carefully, one can see that the only thing that
needs to be proved is that

sup
n≥1

E exp
{ θ
n

max
1≤k≤n

|Qk − EQk|
}
<∞ (8.6.5)

for some θ > 0. This can be done by a argument used in the proof of Theorem
6.4.3

In the case d = 3, the large deviations given in Theorem 8.3.1 and in
Theorem 8.5.2 lead to the following theorem.

4Without the assumption on (2 + δ)-moment in Theorem 8.2.3 and in Theorem 8.5.1,
one still can have some weaker versions of large deviations leading to (8.6.2) and (8.6.4),
we refer the interested reader to Theorem 1.1 in [7]
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Theorem 8.6.3 Let d = 3.

lim sup
n→∞

±(Qn − EQn)√
n logn log log n

=
1

π
√

det(Γ)
a.s. (8.6.6)

lim sup
n→∞

±(Rn − ERn)√
n logn log log n

=
γS

π
√

det(Γ)
a.s. (8.6.7)

Proof. Due to similarity we only prove (8.6.6). Using the integrability
established in (6.4.14), Theorem 6.4.3 instead of (6.4.1) in Theorem 6.4.1, a
slight modification of the estimate conducted in the proof of Theorem 8.3.1
gives that

lim sup
n→∞

1

bn
log P

{
max

1≤k≤n
|Qk − EQk| ≥ λ

√
nbn logn

}
≤ −2

for sufficiently large λ > 0. Taking bn = log logn, by Theorem 8.3.1 and by
a Borel-Cantelli-type argument (see the proof of of Theorem 4.4.1) we have
(8.6.6).

In addition to the results established in the dimensions d ≤ 3, the laws of
the iterated logarithm for Qn − EQn and for Rn − ERn were studied in the
early days in the case d ≥ 4. The following theorem essentially belongs to
Jain and Pruitt ([96]).5

Theorem 8.6.4 Let d ≥ 4.

lim sup
n→∞

±(Qn − EQn)√
n log logn

=
√

2D a.s. (8.6.8)

lim sup
n→∞

±(Rn − ERn)√
n log logn

=
√

2γ2
SD a.s. (8.6.9)

where the constant D > 0 is given in Lemma 5.5.2.

We omit the proof for which we refer an interested reader to [96]. Instead
we point out the fact the the main part of the proof relies on some large
deviation tail estimates in the special case bn = log logn.6 The forms of
these large deviations will be discussed in the next section.

5Jain and Pruitt only proved (8.6.9), but their argument can be easily applied to the
proof of (8.6.8).

6Jain and Pruitt did not formulate them explicitly into the form of large deviations.
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8.7 What do we expect in d ≥ 4?

In the light of the central limit theorem given in Theorem 5.5.3, it is natural
to have a large deviation principle with Gaussian tail when d ≥ 4, at least
for the small deviation scale bn. As mentioned in the end of prior section,
this is proved to be the case for bn = log logn. For the full spectrum of bn
responding to the large deviation with Gaussian tail, here is our conjecture.

Conjecture 8.7.1 In the case d ≥ 4,

lim
n→∞

1

bn
log P

{
± (Qn − EQn) ≥ λ

√
nbn
}

= − λ2

2D2
(8.7.1)

for any λ > 0 and for any positive sequence bn satisfying

bn −→ ∞ and bn = o(n1/3) (n→ ∞);

and

lim
n→∞

1

bn
log P

{
± (Rn − ERn) ≥ λ

√
nbn
}

= − λ2

2γ2
SD2

(8.7.2)

for any λ > 0 and for any positive sequence bn satisfying

bn −→ ∞ and bn = o
(
n

d−2
d+2

)
(n→ ∞)

where constant D > 0 is given in Lemma 5.5.2.

Here is what we can do in connection to the large deviations with Gaussian
tails: By an argument same as the one used for Theorem 8.3.2 and for (8.5.5)
in Theorem 8.5.2 we obtain the following bounds of sub-Gaussian tails.

Theorem 8.7.2 When d ≥ 4,

lim sup
n→∞

1

bn
log P

{
Qn − EQn ≤ −λ

√
nbn
}
≤ − λ2

2D2
, (8.7.3)

lim sup
n→∞

1

bn
log P

{
Rn − ERn ≥ λ

√
nbn
}
≤ − λ2

2γ2
SD2

(8.7.4)

for λ > 0 and for any positive sequence bn satisfying

bn −→ ∞ and bn = o(n) (n → ∞).



332 8. Large deviations: single random walk

Again, we conjecture that the sub-Gaussian tails can be strengthened into
Gaussian tails.

Our major concern is on the possibility of the large deviations with non-
Gaussian tails in the case d ≥ 4. When d ≥ 5, Asselah ([3]) obtained a
non-Gaussian large deviation principle for Qn − EQn which states that

lim
n→∞

1√
n

log P
{
Qn − EQn ≥ λn

}
= −

√
2λC(S). (8.7.5)

Here we adapt the notation used in Theorem 7.5.3:

C(S) = inf
{
||h||2; h ≥ 0 and ||Kh|| ≥ 1

}

where for any non-negative h ∈ l2(Zd), Kh is the continuous self-adjoint
operator defined by

Kh(g)(x) =
√
eh(x) − 1

∑

y∈Zd

G(y − x)g(y)
√
eh(y) − 1 g ∈ l2(Zd)

and

G(x) =
∞∑

k=1

P{S(k) = x} x ∈ Zd

is the Green’s function of the random walk. One can see that (8.7.5) is related
to Theorem 7.5.3 with bn =

√
n. A natural question is to find a full spectrum

of bn such that (8.7.5) holds.

Another problem is on the non-Gaussian large deviations for Rn − ERn
in the case d ≥ 5. A related work by van den Berg, Bolthausen and den Hol-
lander ([11]), which shall be discussed in the “Notes and comments” section
below.

A comparison between (8.7.5) and (8.8.2) (in the “Notes and comments”
section) for d ≥ 5 indicates a drastically difference between the large devia-
tions (non-Gaussian tails) for Qn − EQn and Rn − ERn.

Conjecture 8.7.3 When d ≥ 5,

lim
n→∞

1

bn
log P

{
Qn − EQn ≥ λb2n

}
= −

√
2λC(S) (8.7.6)

for any λ > 0 and for any bn satisfying

bn/
3
√
n −→ ∞ and bn = o(n) (n→ ∞);

and

lim
n→∞

1

bn
log P

{
Rn − ERn ≤ −λb

d
d−2
n

}
= C̃(S)λ

d−2
d (8.7.7)
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for any λ > 0 and for any bn satisfying

bn/n
d−2
d+2 −→ ∞ and bn = o

(
n

d−2
d

)
(n → ∞).

The tail behaviors of Qn − EQn and Rn − ERn are closely related to
those of, respectively, I∞ and J∞. In particular, the reason why Qn − EQn
and Rn − ERn behave differently in the super-critical dimension d ≥ 5 was
explained in the end of section 7.5. If Conjecture 8.7.3 holds, a natural
problem is to identify the constant C̃(S). We believe that the value of C̃(S)

is related to that of C̃(d, p) (with p = 2) given in Conjecture 7.5.7.

The extension from (8.7.5) to (8.7.6) can be very delicate. Indeed, by
the fact that EQn = O(n), the large deviation in (8.7.5) is essentially a
story of the tail behavior of Qn. When bn = o(

√
n), on the other hand, the

renormalization makes the model much less tractable. In addition, Qn−EQn
is no longer approximatable by its smoothed version in the super-critical
dimension d ≥ 5.

Perhaps the dimension d = 4 is the most interesting and most challenging
case. Nothing significant regarding to the large deviations for Qn−EQn has
been known in the case d = 4, especially the one with non-Gaussian tail.
On the analytic side, the Gagliardo-Nirenberg inequality given in (3.3.2) still
holds in the form of the Sobolev inequality

||f ||4 ≤ C||∇f ||2 f ∈ W 1,2(R4) (8.7.8)

when d = 4 and p = 2. On the other hand, the L2-norm ||f ||2 is no longer
relevant. All of these indicate that in the sense of the non-Gaussian tail
large deviations for Qn − EQn, the case d = 4 is critical between a diffusive
behavior pattern (when d ≤ 3) and a non-diffusive behavior pattern (when
d ≥ 5) of the random walks.

Conjecture 8.7.4 When d = 4,

lim
n→∞

1

bn
log P

{
Qn − EQn ≥ λb2n

}
= −

√
λ

4π
det(Γ)−1/4κ(4, 2)−2 (8.7.9)

for any λ > 0 and for any positive sequence bn satisfying

bn/n
1/3 −→ ∞ and bn = o(n) (n→ ∞)

and,

lim
n→∞

1

bn
log P

{
Rn − ERn ≤ −λb2n

}
= −

√
λ

4πγS
det(Γ)−1/4κ(4, 2)−2 (8.7.10)

for any λ > 0 and for any positive sequence bn satisfying

bn/n
1/3 −→ ∞ and bn = o(

√
n) (n→ ∞).
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In addition to the difficulty we face in the super-critical dimensions, the
extra challenge here is the lack of sharp tail estimate for In and Jn in the case
d = 4 and p = 2. In this sense, the final solution of Conjecture 8.7.4 depends
on the outcome of Conjecture 7.4.2. Finally, the conjecture made in (8.7.10)
is partially supported by van den Berg, Bolthausen and den Hollander’s large
deviation for given in (8.8.2) (d = 4) in the “Notes and comments” section
below.

8.8 Notes and comments

Section 8.1

Theorem 8.1.1 is a discrete version of Theorem 4.2.1 and was established
by Chen and Li ([31]). We refer the reader to [24] (Theorem 3.1,[24]) for a
detail proof of Theorem 8.1.2.

Exercise 1. Prove Theorem 8.1.3.

The following exercise originates from Khoshnevisan and Lewis ([104]).

Exercise 2. Let ζn be the random walk in random scenery defined in
(5.6.1), where we add the extra bounded assumption |ξ(0)| ≤ C on the
scenery {ξ(x); x ∈ Zd}. Prove that as d = 1,

lim
n→∞

1

bn
log P

{
± ζn ≥ λ(nbn)

3/4
}

= −1

2
σ2/3(2λ)4/3 λ > 0

for any positive sequence bn satisfying bn → ∞ with bn = o
(
n1/3

)
.

What can we say about the case d ≥ 2?

Section 8.2

Theorem 8.2.2 was proved in [6] and appears as the discrete version of
Theorem 4.3.1.

Exercise 3. We look for another approach to prove Theorem 8.2.1. First
note that Theorem 8.2.1 can be proved in the same way as Theorem 4.3.1 if
we assume additionally that

Eeiλ·S(1) ≥ 0 ∀λ ∈ R2.
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To prove Theorem 8.2.1 in the full generality, we first define a compound
Poisson process X(t). Let {τk}k≥1 be an i.i.d. sequence of exponential times
such that Eτ1 = 1 and that {τk}k≥1 is independent of {S(k)}k≥1. Write

T0 = 0, Tk = τ1 + · · · + τk

and define
Nt = k if Tk−1 ≤ t < Tk k = 1, 2, · · · .

(1). Prove that Nt is a Poisson process with

P{Nt = n} = e−t
tn

n!
n = 0, 1, 2, · · ·

and that the process X(t) defined by

X(t) = S(Nt)

is a pure jump Lévy process on Z2 with

E exp
{
iλ ·X(t)

}
= exp

{
− t[1 − ϕ(λ)]

}

where ϕ(λ) = Eeiλ·S(1). In particular

E exp
{
iλ ·X(t)

}
> 0.

(2). Define

Qt =

∫ ∫

{0≤r<s≤t}
1{X(r)=X(s)}drds.

Apply the argument used for Theorem 4.3.1 to prove that if bt → ∞ and
bt = o(t) as t→ ∞,

lim
t→∞

1

bt
log P

{
Qt − EQt ≥ λtbt

}
= −λ

√
det(Γ)κ(2, 2)−4 ∀λ > 0.

(3) Prove that for any ǫ > 0,

lim
n→∞

1

bn
log P

{
|
√
Qn −

√
Qn| ≥ ǫ

√
nbn
}

= −∞.

Hint: First prove that

QTn =
1

2

∑

x∈Z2

[ n∑

k=1

τk1{S(k)=x}

]2
.
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Write ωk = τk − 1 and then prove that for any θ > 0,

lim
n→∞

1

bn
log E exp

{
θ

√
bn
n

( ∑

x∈Z2

[ n∑

k=1

ωk1{S(k)=x}

]2)1/2}
= 0.

(4). Prove Theorem 8.2.1 by the results from (2) and (3).

Section 8.3 and 8.4

In the light of the central limit theorem given in Theorem 5.5.3, the large
deviation (also called moderate deviation) with Gaussian tail, which is stated
in Theorem 8.3.1 and Theorem 8.3.2, is naturally expected.

In connection to Theorem 8.4.2, Asselah ([2]) obtained the bounds

exp
{
− c1λ

2/3n1/3
}
≤ P

{
Qn ≥ λn

}
≤ exp

{
− c2λ

1/3n1/3
}

for sufficiently large λ > 0. By the fact that EQn = O(n) one can replace Qn
by Qn−EQn in above estimate. Further, Fleischmann, Mörters and Wachtel
pointed out (Proposition 11, [75]) that

P
{
|Qn − EQn| ≥

√
nb3n
}
≤ exp

{
− cbn}

for bn ≥ (log n)3. These discoveries suggested a non-Gaussian type large
deviations. In particular, Asselah’s bounds correspond to the special case of
Theorem 8.4.2 in which bn = n1/3.

Theorem 8.3.1 and Theorem 8.4.2 seem to suggest co-existence of Gaus-
sian and non-Gaussian large deviations for Qn − EQn (and for Rn − ERn
later) as d ≥ 3, and the relevance of the Gagliardo-Nirenberg inequality up
to dimension 4, within which the inequality legally holds. The conjectures
made in section 8.7 are partially based on this belief.

Section 8.5

An early result by Donsker and Varadhan ([56]) shows that

lim
n→∞

n− d
d+2 log E exp

{
− θRn

}
= −θ 2

2+d

(d+ 2

2

)(2λd
d

) d
d+2

where λd > 0 is the lowest eigenvalue of the generator −(∆/2) on ball of unit
volume with zero boundary values. See Donsker-Varadhan [54], Bolthausen
[14] and Sznitman [149] for some versions of this result in the setting of
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Wiener sausages. For the large deviations of different side, Hamana ([85]),
Hamana and Kesten ([86], [87]) proved that for any λ > 0,

lim
n→∞

1

n
log P{Rn ≥ λn}

yields a non-trivial limit. This is complementary to (8.5.5) (and later to
8.7.4)) by letting bn = n.

Historically, the limit laws for the renormalized range Rn−ERn was first
investigated in high dimensions (d ≥ 3). The central limit theorems given in
Theorem 5.5.3 and the related Gaussian tails were realized in early days. The
study of the large deviations were often formulated in the forms of the law of
the iterated logarithm, where bn increases in the iterated logarithmic rates
— too slow for non-Gaussian tails. Consequently, the early publications
concluded with Gaussian tails. Here we mention the papers by Jain and
Pruitt ([96], Hamana ([84]) for d ≥ 4 and the paper by Bass and Kumagai
([9]) for d = 3. Theorem 8.5.2 summarizes the Gaussian-type large deviations
for Rn − ERn in d = 3.

We mention the paper by van den Berg, Bolthausen and den Hollander
([10]), for a possible link to our non-Gaussian-type large deviations stated in
Theorem 8.5.3. Recall that

W ǫ(t) =
⋃

0≤s≤t

{
x ∈ Rd; |W (s) − x| ≤ ǫ

}

is the Wiener sausage. In[10], van den Berg, Bolthausen and den Hollander
proved that for any b > 0,

lim
t→∞

1

log t
log P

{
|W ǫ(t)| ≤ bt

log t

}
= −Ψ2(b) (8.8.1)

when d = 2; and that

lim
t→∞

t−
d−2

d log P
{
|W ǫ(t)| ≤ bt

}
= −Ψd(b) (8.8.2)

for d ≥ 3, where Ψd(b) is given in terms of variation. Further,

lim
b→2π−

(2π − b)−1Ψ2(b) = (2π)−2κ(2, 2)−4

and

lim
b→θd(ǫ)−

(
θd(ǫ) − b

)−2/d
Ψd(b) = (2π)−

d−2
d θd(ǫ)

−4/dκ(d, 2)−8/d

for d = 3, 4, where θd(ǫ) is defined in (7.6.4).
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Theorem 8.5.1 and the “d = 2” part of Theorem 8.5.3 were established by
Bass, Chen and Rosen ([7]), where it was required that bn = o

(
(logn)1/5

)
.

Here we improve the later by optimizing the conditions on bn and therefore
close the gap between the van den Berg, Bolthausen and den Hollander’ large
deviations and the large deviations in Theorem 8.5.3.

By comparing Theorem 8.5.3 and Theorem 8.2.1, 8.4.2, one can see how
Qn − EQn and Rn − ERn are related as far as the large deviations are con-
cerned.

Section 8.6

Theorem 8.6.1 were achieved in [31]. The laws of the iterated logarithm
(8.6.1) and (8.6.2) were obtained in [6]; (8.6.2) and (8.6.4) were obtained
in [7]. Prior to [7], Bass and Kumagai ([9]) had established (8.6.4) without
identifying the constant on the right-hand side. In the same paper, they also
accomplished (8.6.7) in functional form. As mentioned before, (8.6.9) is due
to Jain and Pruitt ([96]).

Section 8.7
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A Green’s function

Recall that the Green’s function G(x) of a d-dimensional Brownian motion
is defined as

G(x) =

∫ ∞

0

e−tpt(x)dx =
1

(2π)d/2

∫ ∞

0

t−d/2 exp
{
− 1

2

(
2t+

|x|2
t

)}
dt.

The major concern is the p-square integrability of G(·) on Rd. It is easy to
see that this is totally determined by behavior of G(·) near x = 0.

Theorem A.1 When |x| → 0,

G(x) ∼





1√
2

d = 1

− 1

π
log |x| d = 2

1

2πd/2
Γ
(d− 2

2

)
|x|−(d−2) d ≥ 3.

In particular, ∫

Rd

Gp(x)dx <∞

if and only if p(d− 2) < d.

Proof. We first consider the case d ≥ 2. For any v ≥ 0, set

Kv(θ) =
1

2

∫ ∞

0

1

tv+1
exp

{
− t− θ

t

}
dt θ > 0.

339
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The function Kv(θ) is called Bessel-Clifford function of the second kind, which
was first introduced by Clifford ([35]). We refer to the book by Watson ([156])
for the facts about Kv(θ) used here. LetKv(θ) be the modified Bessel function
of the second kind, which solves the modified Bessel equation (see [156] for
detail)

θ2
d2y

dθ2
+ θ

dy

dθ
− (θ2 + v2)y = 0.

The fact we use here is that

Kv(θ) = θ−v/2Kv(2
√
θ) ∼





−1

2
log θ v = 0

Γ(v)

2
θ−v v > 0

as θ → 0+. Thus, the desired conclusion follows from the fact that

G(x) =
2

(2π)d/2
Kv
( |x|2

2

)

with v =
d− 2

2
.

The case d = 1 follows from (A.1) below.

The close form of G(x) can be reached for some d. We start with the case
d = 1 and we show that

G(x) =
1√
2
e−

√
2|x| x ∈ R. (A.1)

Indeed,

G(x) =
1√
2π

∫ ∞

0

t−1/2 exp
{
− 1

2

(
2t+

|x|2
t

)}
dt

u=
√

2t
=

1√
π

∫ ∞

0

exp
{
− 1

2

(
u2 +

2|x|2
u2

)
}du

=
1√
π
e−

√
2|x|
∫ ∞

0

exp
{
− 1

2

(
u−

√
2|x|
u

)2}
du

=
1√
π
e−

√
2|x|I(|x|)
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where

I(|x|) ≡
∫ ∞

0

exp
{
− 1

2

(
u−

√
2|x|
u

)2}
du

=

∫ ∞

0

(
1 +

√
2|x|
u2

)
exp

{
− 1

2

(
u−

√
2|x|
u

)2

}du

−
∫ ∞

0

√
2|x|
u2

exp
{
− 1

2

(
u−

√
2|x|
u

)2}
du

v=
√

2|x|
u=

∫ ∞

−∞
exp

{
− 1

2
u2
}
du −

∫ ∞

0

exp
{
− 1

2

(
v −

√
2|x|
v

)2}
du

=
√

2π − I(|x|).

Consequently, I(|x|) =
√
π/2, which leads to (A.1).

In addition, write
G(x) = (2π)−d/2Fd(|x|2)

where

Fd(θ) =

∫ ∞

0

t−d/2 exp
{
− 1

2

(
2t+

θ

t

)}
dt θ > 0.

We now claim that for any d ≥ 3,

Fd(θ) = −2F ′
d−2(θ). (A.2)

Indeed, for any θ > 0,
∫ ∞

θ

Fd(u)du =

∫ ∞

0

t−d/2
[ ∫ ∞

θ

exp
{
− 1

2

(
2t+

u

t

)}
du

]
dt

= 2

∫ ∞

0

t−(d−2)/2 exp
{
− 1

2

(
2t+

θ

t

)}
dt = 2Fd−2(θ).

Taking derivative on the both sides proves (A.2).

In principle, by (A.1) and (A.2) one can find the close form for all Green’s
functions G(x) when the dimension d is odd. In particular, it is straightfor-
ward to check that when d = 3,

G(x) =
1

2π
|x|−1e−

√
2|x| x ∈ R3. (A.3)

B Fourier transformation

We refer the reader to the books by Edwards ([69], [70] and by Donoghue
([51]) for the general theory of Fourier transformation.
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For any real function f on Zd such that
∑

x∈Zd

|f(x)|2 <∞,

its Fourier transform is defined as

f̂(λ) =
∑

x∈Zd

f(x)eiλ·x λ ∈ Rd. (B.1)

Here we point out that the summation on the right converges in L2
{
[−π, π]d

}

when λ is limited to [−π, π]d and that f̂(λ) is periodic with period 2π.

One can view above equality as the Fourier expansion of the periodic func-
tion f̂(λ). So the classic theory of Fourier series applies here. In particular,
taking the norm square and then integrating on the both sides of (B.1), by
orthogonality we obtain Parseval identity (known also as Bessel identity):

∑

x∈Zd

|f(x)|2 =
1

(2π)d

∫

[−π,π]d
|f̂(λ)|2dλ. (B.2)

Fourier transform defines a isometric linear operator isometric linear operator
from l2(Zd) to L2[−π, π]. By linearty, Parseval identity leads to the following

∑

x∈Zd

f(x)g(x) =
1

(2π)d

∫

[−π,π]d
f̂(λ)ĝ(λ)dλ f, g ∈ l2(Zd). (B.3)

In addition, multiplying e−iλ·x and then integrating on the both side of
(B.1), by orthogonality again we obtain the Fourier inversion

f(x) =
1

(2π)d

∫

[−π,π]d
e−iλ·xf̂(λ)dλ x ∈ Zd. (B.4)

Further, given f ∈ l2(Zd) and a probability density on Zd, define convo-
lution f ∗ h as

f ∗ h(x) =
∑

y∈Zd

f(y)h(x− y) =
∑

y∈Zd

f(x− y)h(y) x ∈ Zd

By Jensen inequality,
∑

x∈Zd

|f ∗ h(x)|2 ≤
∑

x∈Zd

|f(x)|2 <∞.

It is straightforward to see that

f̂ ∗ h(λ) = f̂(λ)ĥ(λ). (B.5)
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For a real function f(x) on Rd, we intend to define its Fourier transform
as

f̂(λ) =

∫

Rd

f(x)eiλ·xdx λ ∈ Rd (B.6)

and to establish the inversion formula

f(x) =
1

(2π)d

∫

Rd

e−iλ·xf̂(λ)dλ x ∈ Rd. (B.7)

However, this way of stating Fourier transform and its inversion sweeps some
more subtle issues under the carpet. Even under the assumption of integra-
bility on f , the Fourier transform f̂ is not necessarily integrable on Rd. In the
following theorem we establish the Fourier inversion for rapidly decreasing
functions. Recall that an infinitely smooth function f is said to be rapidly
decreasing, if its derivatives of all orders decay at infinity faster than any
negative power of |x|. The set of all rapidly decreasing functions is denoted
by S(Rd), which is called Schwartz space.

Theorem B.1 For any f ∈ S(Rd), the Fourier inversion (B.7) holds. More
generally, for any integers k1, · · · , kd ≥ 0,

( ∂k1+···+kd

∂xk11 · · ·xkd

d

f
)
(x) =

1

(2π)d

∫

Rd

( d∏

j=1

(−iλj)kj

)
e−iλ·xf̂(λ)dλ (B.8)

for all x ∈ Rd. Here we adopt the notation x = (x1, · · · , xd) and λ =
(λ1, · · · , λd).

Proof. The argument we use here is essentially provided by Robert ([135]).

By the obvious fact that f̂ is also rapidly decreasing, the right hand sides of
(B.7) and (B.8) are well defined, and (B.7) clearly implies (B.8).

We need only to show (B.7) in the case x = 0, for otherwise we replace
f(·) by f(x+ ·) in the argument below.

Given k > 0, notice that the function

Fk(z) ≡
∑

y∈Zd

f(z + 2ky) z ∈ Rd

is well defined and periodic with period 2k. For each x ∈ Zd,

1

(2k)d

∫

[−k,k]d
exp

{
− iz ·

(πx
k

)}
F (z)dz

=
1

(2k)d

∫

Rd

exp
{
− iz ·

(πx
k

)}
f(z)dz

=
1

(2k)d
f̂
(
− πx

k

)
.
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By Fourier expansion

Fk(z) =
1

(2k)d

∑

x∈Zd

f̂
(
− πx

k

)
eiz·x z ∈ Rd.

Taking z = 0, we obtain

∑

y∈Zd

f(2ky) =
1

(2k)d

∑

x∈Zd

f̂
(πx
k

)
.

Letting k → ∞ on the both sides leads to the desired conclusion:

f(0) =
1

(2π)d

∫

Rd

f̂(λ)dλ.

Given two real rapidly decreasing functions f , g, multiplying g(x) and
then integrating on the both sides of (B.7), we have the Parseval identity

∫

Rd

f(x)g(x)dx =
1

(2π)d

∫

Rd

f̂(λ)ĝ(λ)dλ. (B.9)

The convolution f ∗ h between two functions f and h is defined as

f ∗ h(x) =

∫

Rd

f(y)h(x− y)dy =

∫

Rd

f(x− y)h(y)dy x ∈ Rd

whenever the involved integrals are well defined. When f ∈ S(Rd) and h is
a probability density on Rd,

f̂ ∗ h(λ) = f̂(λ)ĥ(λ). (B.10)

In addition, by integration by parts and by (B.8),
∫

Rd

∇f(x)∇g(x)dx = −
∫

Rd

∆f(x)g(x)dx (B.11)

=
1

(2π)d

∫

Rd

|λ|2f̂(λ)ĝ(λ)dλ f, g ∈ S(Rd).

Since S(Rd) is dense in L2(Rd), a standard procedure of approximation
based on (B.9) extends uniquely the Fourier transform into a linear isometric
operator from L2(Rd) to the complex L2-space on Rd, such that (B.9) holds
for any f, g ∈ L2(Rd), and that (B.10) holds for every f ∈ L2(Rd) and every
probability density h on Rd.



B Fourier transformation 345

Recall our notation

W 1,2(Rd) =
{
g ∈ L2(Rd); ∇g ∈ L2(Rd)

}
.

It is a well known fact that W 1,2(Rd) becomes a Hilbert space under the
Sobolev norm √

||g||22 + ||∇g||22.

The isometric relation (B.11) can also be extended to W 1,2(Rd). More
precisely, we have the following theorem.

Theorem B.2 Given that f ∈ L2(Rd), f ∈ W 1,2(Rd) if and only if

∫

Rd

|λ|2|f̂(λ)|2dλ <∞.

Further, for any f, g ∈W 1,2(Rd).

∫

Rd

∇f(x)∇g(x)dx =
1

(2π)d

∫

Rd

|λ|2f̂(λ)ĝ(λ)dλ.

Given a measure µ on Rd the Fourier transform µ̂(·) of µ is defined as the
function on Rd given as

µ̂(λ) =

∫

Rd

eiλ·xµ(dx) λ ∈ Rd (B.12)

whenever the integral on the right hand side is well defined.

In particular, there is a one-to-one correspondence between µ and its
Fourier transform µ̂. In this book we are particularly interested in two op-
posite special cases — when µ is distributed on the lattice Zd and when µ
is absolutely continuous with respect to the Lebesgue measure on Rd. It is
a classic fact that µ is supported by the lattice Zd if and only if µ̂(λ) is a
periodic function with the period 2π:

µ̂(λ+ 2πy) = µ̂(λ) λ ∈ Rd, y ∈ Zd.

In this case µ̃(λ) = f̂(λ), where f(x) is the density of µ with respect to the

counting measure on Zd and f̂(λ) is given by (B.1).

As for the test of absolute continuity, we put the correspondent results
into the following theorem known as Planchrel-Parseval theorem.
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Theorem B.3 A finite measure µ on Rd is absolutely continuous with re-
spect to the Lebesgue measure on Rd if

∫

Rd

|µ̂(λ)|2dλ <∞.

In this case we have the Parseval indentity, :
∫

Rd

f2(x)dx =
1

(2π)d

∫

Rd

|µ̂(λ)|2dλ

where f(x) is the related density of µ.

Proof. For each ǫ > 0, define

fǫ(x) =

∫

Rd

pǫ(y − x)µ(dy) x ∈ Rd

where pǫ(x) is the normal density with mean zero and variance ǫ. We have

f̂ǫ(λ) = exp
{
− ǫ

2
|λ|2

}
µ̂(λ).

In particular, f̂ǫ(·) (ǫ > 0) is a Cauchy sequence in L2(Rd) as ǫ → 0+. So
is the sequence fǫ(·) (ǫ > 0) by Parseval identity. Let f(·) be the L2-limit
of fǫ(·). One can clearly see that f(x) is a density of µ and satisfies the
Parsseval identity.

C Constant κ(d, p) and related variations

Assume that p(d − 2) ≤ d. The central topic is the best constant κ(d, p) of
the Gagliardo-Nirenberg inequality

||f ||2p ≤ C||∇f ||
d(p−1)

2p

2 ||f ||1−
d(p−1)

2p

2 f ∈W 1,2(Rd) (C.1)

where for any r ≥ 1, W 1,r(Rd) denotes the Sobolev space

W 1,r(Rd) =
{
f ∈ L2(Rd); ∇f ∈ Lr(Rd)

}
.

That is,

κ(d, p) = inf
{
C > 0; ||f ||2p ≤ C||∇f ||

d(p−1)
2p

2 ||f ||1−
d(p−1)

2p

2

for all f ∈W 1,2(Rd)
}
.
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Gagliardo-Nirenberg inequality is closed related to Sobolev inequality,
which claims (Theorem 2.4.1, p. 56, [169]) that for any 1 ≤ r < d, there
is a constant K > 0 such that

||f ||r∗ ≤ K||∇f ||r f ∈W 1,r(Rd). (C.2)

where r∗ = dr(d−r)−1 . In the special case p(d−2) = d, Gagliardo-Nirenberg
inequality becomes the Sobolev inequality with r = 2. In the remaining case
p(d − 2) < d, Gagliardo-Nirenberg inequality can be derived from Sobolev
inequality. Indeed, taking r = d(p− 1)p−1 in (C.2) we have

||f ||d(p−1) ≤ K||∇f ||d(p−1)p−1 .

Replacing f by |f |
2p

d(p−1) gives

||f ||2p ≤
( 2pK

d(p− 1)

) d(p−1)
2p

(∫

Rd

|∇f(x)|
d(p−1)

p |f(x)|
2p−d(p−1)

p dx

)1/2

≤
( 2pK

d(p− 1)

) d(p−1)
2p ||∇f ||

d(p−1)
2p

2 ||f ||1−
d(p−1)

2p

2

where the second step follows from Cauchy-Schwartz inequality.

Other variations associated with κ(d, p) are M(θ) and ρ defined below.

M(θ) = sup
g∈Fd

{
θ

(∫

Rd

|g(x)|2pdx
)1/p

−
∫

Rd

|∇g(x)|2dx
}

(C.3)

where

Fd =

{
g ∈ L2(Rd);

∫

Rd

g2(x)dx = 1 and

∫

Rd

|∇g(x)|2dx <∞
}

and

ρ = sup

{∫∫

Rd×Rd

G(x− y)f(x)f(y)dxdy;

∫

Rd

|f(x)| 2p
2p−1 dx = 1

}
(C.4)

where

G(x) =

∫ ∞

0

e−tpt(x)dt x ∈ Rd

is the Green’s function of a d-dimensional Brownian motion.

Theorem C.1 Assume that p(d− 2) < d. For any θ > 0,

M(θ) =
2p− d(p− 1)

2p

(d(p− 1)

p

) d(p−1)
2p−d(p−1)

κ(d, p)
4p

2p−d(p−1) θ
2p

2p−d(p−1) .
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Proof. For any f ∈ Fd,

θ

(∫

Rd

|f(x)|2pdx
)1/p

−
∫

Rd

|∇f(x)|2dx

≤ θκ(d, p)2||∇f ||
d(p−1)

d
2 − 1

2
||∇f ||22

≤ sup
λ≥0

{
θκ(d, p)2λ

d(p−1)
d − 1

2
λ2
}

=
2p− d(p− 1)

2p

(d(p− 1)

p

) d(p−1)
2p−d(p−1)

κ(d, p)
4p

2p−d(p−1) θ
2p

2p−d(p−1) .

Taking supremum over f ∈ Fd on the left,

M(θ) ≤ 2p− d(p− 1)

2p

(d(p− 1)

p

) d(p−1)
2p−d(p−1)

κ(d, p)
4p

2p−d(p−1) θ
2p

2p−d(p−1) .

On the other hand, for any C < κ(d, p) there is a g such that

||g||2p > C||∇g||
d(p−1)

2p

2 ||g||1−
d(p−1)

2p

2 .

By homogeneity we may assume ||g||2 = 1. Given λ > 0, let f(x) =
λd/2g(λx). Then f ∈ Fd,

||∇f ||2 = λ||∇g||2
and

||f ||2p = λ
d(p−1)

2p ||g||2p > C(λ||∇g||2)
d(p−1)

2p .

Hence,

M(θ) ≥ θ||f |||22p −
1

2
||∇f ||22 > θC2(λ||∇g||2)

d(p−1)
p − 1

2
(λ||∇g||2)2.

Since λ > 0 is arbitrary,

M(θ) ≥ sup
x>0

{
θC2x

d(p−1)
p − 1

2
x2
}

=
2p− d(p− 1)

2p

(d(p− 1)

p

) d(p−1)
2p−d(p−1)

C
4p

2p−d(p−1) θ
2p

2p−d(p−1) .

Letting C → κ(d, p) on the right hand side gives

Ψ(θ) ≥ 2p− d(p− 1)

2p

(d(p− 1)

p

) d(p−1)
2p−d(p−1)

κ(d, p)
4p

2p−d(p−1) θ
2p

2p−d(p−1) .
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Theorem C.2 Assume that p(d− 2) < d.

ρ =
(2p− d(p− 1)

2p

) 2p−d(p−1)
2p

(d(p− 1)

p

) d(p−1)
2p

κ(d, p)2.

Proof. By Theorem C.1, we need only to show that

M
(1

ρ

)
= 1. (C.5)

First, for any function f on Rd we introduce the notation

Gf(x) =

∫

Rd

G(y − x)f(y)dx x ∈ Rd

whenever the integral on the right hand side is well defined.

According to Theorem B in [157], the best constant κ(d, p) can be attained
at an infinitely smooth positive function. By examining the argument for
Theorem Theorem C.1, one concludes that there there is a f ∈ Fd such that
f is positive and infinitely smooth, and

M
(1

ρ

)
=

1

ρ

(∫

Rd

f(x)2pdx

)1/p

− 1

2

∫

Rd

|∇f(x)|2dx.

By Lagrange multiplier,

1

ρ

(∫

Rd

f(x)2pdx

) p−1
p

f(x)2p−1 +
1

2
△f(x) = M

(1

ρ

)
f(x).

Write f̄(x) = f(x)/||f ||2p. Then

1

ρ
f̄(x)2p−1 +

1

2
△f̄(x) = M

(1

ρ

)
f̄(x).

Multiplying Gf̄2p−1(x) to and integrating on both sides,

1

ρ

∫

Rd

f̄2p−1(x)Gf̄2p−1(x)dx +
1

2

∫

Rd

△f̄(x)Gf̄2p−1(x)dx

= M
(1

ρ

)∫

Rd

f̄(x)Gf̄2p−1(x)dx.

So we have

1 +
1

2

∫

Rd

△f̄(x)Gf̄2p−1(x)dx ≥M
(1

ρ

)∫

Rd

f̄(x)Gf̄2p−1(x)dx.
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Notice that

1

2

∫

Rd

△f̄(x)Gf̄2p−1(x)dx =
1

2

∫

Rd

f̄(x)△ ◦Gf̄2p−1(x)dx

=

∫

Rd

f̄(x)(G − I)f̄2p−1(x)dx =

∫

Rd

f̄(x)Gf̄2p−1(x)dx −
∫

Rd

f2p(x)dx

=

∫

Rd

f̄(x)Gf̄2p−1(x)dx − 1,

where I is the identity operator on the function space, and the second equality
follows from the resolvent equation (see (4.1.18) with f ≡ 0 and λ = 1)

G = I + 2−1△ ◦G. (C.6)

Hence, ∫

Rd

f̄(x)Gf̄2p−1(x)dx ≥M
(1

ρ

)∫

Rd

f̄(x)Gf̄2p−1(x)dx

which leads to

M
(1

ρ

)
≤ 1.

On the other hand, let

c0 = inf

{∫

Rd

|f(x)|2dx+
1

2

∫

Rd

|∇f(x)|2dx;
∫

Rd

|f(x)|2pdx = 1

}
.

We first claim that

ρ ≤ c−1
0 . (C.7)

To this end, we show that for any function f on Rd with

∫

Rd

|f(x)| 2p
2p−1 dx = 1.

A ≡
∫∫

Rd×Rd

G(x − y)f(x)f(y)dxdy ≤ c−1
0

Without loss of generality, we may assume that A > 0. Notice that

∫∫

Rd×Rd

G(x−y)f(x)f(y)dxdy =

∫

Rd

f(x)Gf(x)dx ≤
{∫

Rd

|Gf(x)|2pdx
} 1

2p

.

Consequently, {∫

Rd

|Gf(x)|2pdx
} 1

2p

≥ A.
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By the resolvent equation in (C.6),

A = 〈Gf, f〉 = 〈Gf, (I − 2−1∆) ◦Gf〉

= A2
〈Gf
A
, (I − 2−1∆)

Gf

A

〉
≥ A2c0.

This leads to (C.7).

By (C.7), for any 0 < ǫ < ρ there is a f on Rd such that

∫

Rd

|f(x)|2pdx = 1

and that
1

ρ− ǫ
>

∫

Rd

|f(x)|2dx+
1

2

∫

Rd

|∇f(x)|2dx.

Let g(x) = f(x)/||f ||2. Then g ∈ Fd and

1

ρ− ǫ

{∫

Rd

|g(x)|2pdx
}1/p

− 1

2

∫

Rd

|∇g(x)|2dx

≥
{
||f ||2 +

1

2
||∇f ||2

}
||f ||−2

2 − 1

2
||f ||−2

2 ||∇f ||2

= 1.

Letting ǫ→ 0+ on the left-hand side leads to

M
(1

ρ

)
≥ 1.

By some obvious modification, Theorem C.1 and Theorem C.2 can be
extended to the critical dimensions p(d− 2) = d (the case d = p = 3 and the
case d = 4, p = 2).

Theorem C.3 In the critical dimensions defined by p(d− 2) = d,

M(θ) =





0 θ < 2κ(d, p)2

∞ θ > 2κ(d, p)2,

ρ = 2κ(d, p)2.

Finally, we compute the best constant of Gagliardo-Nirenberg inequality
in the case d = 1.
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Theorem C.4 Let d = 1. For any p > 1,

M(θ) = p−
2p

p+1

( √
2

(p− 1)(p+ 1)
B
( 1

p− 1
,
1

2

))− 2(p−1)
p+1

θ
2p

p+1 (θ > 0) (C.8)

κ(1, p) = p−1/2

( √
2

(p− 1)(p+ 1)
B
( 1

p− 1
,
1

2

))− p−1
2p

(C.9)

where B(·, ·) is beta function defined by

B(a, b) =

∫ 1

0

xa−1(1 − x)b−1dx a, b > 0.

Proof. By Theorem C.1, we need only to show (C.8) in the case θ = 1.
Our approach relies on Lagrange multiplier. By Theorem B in [157], there is
an infinitely smooth, positive function f(x) such that f(−x) = f(x) for all
x ∈ R, that f(x) ≥ f(y) for |x| ≤ |y|, and that

M(1) =

(∫ ∞

−∞
f2p(x)dx

)1/p

− 1

2

∫ ∞

−∞
|f ′(x)|2dx.

By Lagrange multipliers, there is a λ ∈ Rd such that

(∫ ∞

−∞
f2p(x)dx

) p−1
p
∫ ∞

−∞
f2p−1(x)g(x)dx −

∫ ∞

−∞
f ′(x)g′(x)dx

= 2λ

∫ ∞

−∞
f(x)g(x)dx

for any g ∈ W 1,2(R). Applying integration by parts,

− 2

(∫ ∞

−∞
f2p(x)dx

) p−1
p
∫ ∞

−∞
g′(x)

∫ x

0

f2p−1(y)dydx−
∫ ∞

−∞
f ′(x)g′(x)dx

= −2λ

∫ ∞

∞
g′(x)

∫ x

0

f(y)dydx (x ∈ R).

Consequently,

(∫ ∞

−∞
f2p(x)dx

) p−1
p
∫ x

0

f2p−1(y)dy +
1

2
f ′(x) = λ

∫ x

0

f(y)dy.

Hence, f ′(0) = 0 and

(∫ ∞

−∞
f2p(x)dx

) p−1
p

f2p−1(x) +
1

2
f ′′(x)dx = λf(x) x ∈ R. (C.10)
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Multiplying both side by f(x) and integrating,

λ =

(∫ ∞

−∞
f2p(x)dx

)1/p

− 1

2

∫ ∞

−∞
|f ′(x)|2dx = M(1). (C.11)

Multiplying by f ′(x) and then integrating the both sides of (C.10 we have,
after simplification, that

(
f ′(x)

)2
= 2

{
λf2(x) − 1

p

(∫ ∞

−∞
f2p(x)dx

) p−1
p

f2p(x) + C

}

where, using the fact that f ′(0) = 0,

C =
1

p

(∫ ∞

−∞
f2p(x)dx

) p−1
p

f2p(0) − λf2(0). (C.12)

Thus, by the fact that f ′(x) ≤ 0 for x ≥ 0,

dx = −1

2

{
λf2(x) − 1

p

(∫ ∞

−∞
f2p(x)dx

) p−1
p

f2p(x) + C

}−1/2

df(x) (C.13)

for all x ≥ 0. Consequently,

x =
1

2

∫ f(0)

f(x)

{
λy2 − 1

p

(∫ ∞

−∞
f2p(x)dx

) p−1
p

y2p + C

}−1/2

dy (x ≥ 0).

This is impossible (can be seen when x→ ∞) unless C = 0. So by (C.12),

f(0) =

(∫ ∞

−∞
f2p(x)dx

) 1
2p

p
1

2p−2λ
1

2p−2 . (C.14)

Combining (C.13) and (C.14), by the fact that f(∞) = 0

∫ ∞

−∞
f2p(x)dx = 2

∫ ∞

0

f2p(x)dx

=
√

2

∫ f(0)

0

y2p

{
λy2 − 1

p

(∫ ∞

−∞
f2p(x)dx

) p−1
p

y2p + C

}−1/2

dy

= f2p(0)

√
2

λ

∫ 1

0

u2pdu√
u2 − u2p

=
√

2p
p

p−1λ
p+1

2(p−1)

(∫ ∞

−∞
f2p(x)dx

)∫ 1

0

u2pdu√
u2 − u2p

.
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Therefore

1 =
√

2p
p

p−1λ
p+1

2(p−1)

∫ 1

0

u2pdu√
u2 − u2p

Hence,

λ = p−
2p

p+1

( √
2

(p− 1)(p+ 1)
B
( 1

p− 1
,
1

2

))− 2(p−1)
p+1

.

Finally, the desired conclusion follows from (C.11).

D Regularity of stochastic processes

Let X = (Xt)t∈T is a real stochastic process, where the index set T is com-
pact under the metrics d(s, t) (s, t ∈ T ). Our concern is the regularities of
the process which includes continuity of its path and the integrability of its
supremum norm.

A milestone paper in the study of regularity of the stochastic processes
is due to Dudley ([59]). Dudley’s idea can be roughly stated in the fol-
lowing way: One can install sample path continuity and boundedness for
X = (Xt)t∈T by putting average Lipschitz condition (with respect to the
distance d(s, t)) on the process and by controlling the size of the index set
T . In Dudley’s work, the size of T is measured by counting the small balls
(under the metrics d(s, t)) necessary for covering T .

This powerful approach, known as the entropy method , has been devel-
oped into a variety of versions. The main part of this section is chosen from
the book by Ledoux and Talagrand (Section 11.1, [114]) to fit the needs of
our book.

A function Ψ: R+ −→ R+ is called a Yong function, if it is increasing,
convex and Ψ(0) = 0. Given a probability space (Ω,A,P) and a Yong func-
tion, the Orlicz space LΨ(Ω,A,P) is defined as the linear space of all random
variables ξ on (Ω,A,P) such that

||ξ||Ψ ≡ inf
{
c > 0; EΨ(c−1|ξ|) ≤ 1

}
<∞.

It is a classic knowledge that || · ||Ψ define a norm on LΨ(Ω,A,P) known as
Orlicz norm , and that LΨ(Ω,A,P) becomes a Banach space under the norm
|| · ||Ψ.

For each ǫ > 0, let N(T, d, ǫ) be the minimal number of open balls of
radius ǫ which are necessary to cover T . A basic assumption is the following
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entropy condition :

∫ D(T )

0

Ψ−1
(
N(T, d, ǫ)

)
dǫ <∞ (D.1)

where Ψ−1(·) is the inverse of Ψ(·), and

D(T ) = max{d(s, t); s, t ∈ T }

is the diameter of T .

Theorem D.1 Let X = (Xt)t∈T be a stochastic process in L(Ω,A,P) such
that for any event A ∈ A and s, t ∈ T ,

∫

A

|Xs −Xt|dP ≤ d(s, t)P(A)Ψ−1
( 1

P(A)

)
. (D.2)

Then, for any A ∈ A,

∫

A

sup
s,t∈T

|Xs −Xt|dP ≤ 8d(s, t)P(A)

∫ D(T )

0

Ψ−1
(N(T, d, ǫ)

P(A)

)
dǫ. (D.3)

This result was established in Theorem 11.2, [114]. By slightly sharpen their
estimate, Ledoux and Talagrand (Theorem 11.6, [114]) was able to derive a
version of what is known as Kolmogorov continuity theorem.

Theorem D.2 Let X = (Xt)t∈T be a stochastic process in L(Ω,A,P) and

assume (D.1) and (D.2). Then X = (Xt)t∈T admits a modification X̃ =

(X̃t)t∈T with all sample path bounded and (uniformly) continuous on (T, d).
Moreover, for each ǫ > 0, there is a δ > 0 such that

E sup
d(s,t)<δ

|X̃s − X̃t| < ǫ. (D.4)

For a stochastic process X = (Xt)t∈T with continuous sample path on
T , X can be viewed as a random variable taking values in the Banach space
C(T ), the space of continuous functions on T equipped with supremum norm.
Given a family X of stochastic process X = (Xt)t∈T on T with continuous
sample path on T , an important issue is the relative compactness of the
family X with respect to the topology of weak convergence. For this purpose
we recall some of the classic material on this subject.

Given a separable Banach space B, let P(B) be the space of all probability
measures on B. Under the topology of weak convergence, P(B) becomes a
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separable complete metric space. A family {µi}i∈I in P(B) is said to be
uniformly tight , if for any ǫ > 0 there is a compact set K ⊂ B such that

µi(K
c) < ǫ i ∈ I. (D.5)

The following well known Prokhorov criterion characterizes the relatively
compact sets in P(B) in terms of the uniform tightness (see, e.g., Theorem
2.1 in [114]).

Theorem D.3 The family P(B) is relatively compact in P(B) if and only
if it is uniformly tight.

To exam uniform tightness, one needs to look for the compact set K ⊂ B
such that (D.5) holds. When B = C(T ), the following classic Arzelá-Ascoli
theorem provides criterion for relatively compact sets in C(T ).

Theorem D.4 A family F in C(T ) is relatively compact if and only if for
any (or for some) t ∈ T , {x(t); x ∈ F is bounded and F is equicontinuous:
For each ǫ > 0, there is a δ > 0 such that

sup
x∈F

|x(s) − x(t)| < ǫ

as soon as d(s, t) < δ.

Given a family X of the stochastic processes on T such that every X ∈ X
has continuous sample path and that (D.1) and (D.2) holds for every X ∈ X ,
Ledoux and Talagrand’s estimate allows the uniformity of (D.4) over X ,
which, by continuity of X , states that for each ǫ > 0 there is δ > 0 such that

sup
X∈X

E sup
d(s,t)<δ

|Xs −Xt| < ǫ. (D.6)

By this observation, Ledoux and Talagrand were able to establish the
following theorem.

Theorem D.5 Let X be a family of the continuous stochastic processes on
T which are in L(Ω,A,P) and satisfy (D.1) and (D.2). Assume that for some
t0 ∈ T , the family {Xt0; X ∈ X} of the real random variables is uniformly
tight in R. Then X is uniformly tight in C(T ) and is therefore relatively
compact in P

(
C(T )

)
.
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Proof. Let ǫ > 0 be fixed. By uniform tightness of {Xt0; X ∈ X} there is
a M > 0 such that

P{|Xt0| > M} < ǫ

2
X ∈ X .

For each k ≥ 1 by (D.6) and Chebyshev inequality there is a δk > 0 such
that

P

{
sup

d(s,t)<δk

|Xs −Xt| ≥
1

k

}
≤ ǫ

2k+1
.

By Arzelá-Ascoli theorem, the set

A =
∞⋂

k=1

{
x ∈ C(T ); |x(t0)| ≤M and sup

d(s,t)<δk

|x(s) − x(t)| ≤ 1

k

}

is relative compact in C(T ). By our construction, P{X 6∈ A} < ǫ. Taking
the compact set K as the closure of A in C(T ) leads to the uniform tightness
of X .

To make them more practical to application, we now derive some conse-
quences out of Theorem D.1, Theorem D.2 and Theorem D.5. The elegant
argument we shall present comes from the book by Ledoux and Talagrand
([114]).

First, the condition (D.2) holds if

||Xs −Xt||Ψ ≤ d(s, t) s, t ∈ T. (D.7)

Indeed, by Jensen’s inequality

∫

A

|Xs −Xt|dP = d(s, t)P(A)

∫

A

Ψ−1 ◦ Ψ
( |Xs −Xt|

d(s, t)

) dP

P(A)

≤ d(s, t)P(A)Ψ−1

(
1

P(A)
EΨ
( |Xs −Xt|

d(s, t)

))

≤ d(s, t)P(A)Ψ−1
( 1

P(A)

)
.

Second, if we assume that7

Ψ−1(xy) ≤ CΨ−1(x)Ψ−1(y) x, y ≥ 1 (D.8)

7Roughly speaking, this means that the increasing rate of Ψ(x) is no less than a linear
function, an assumption that agrees at large with the monotonicity and convexity of Ψ.
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then (D.3) leads to

P

{
sup
s,t∈T

|Xs −Xt| ≥ u
}
≤
(

Ψ
( u

8EC

))−1

u > 0 (D.9)

where

E =

∫ D(T )

0

Ψ−1
(
N(T, d, ǫ)

)
dǫ.

Indeed, by (D.3) and (D.8)
∫

A

|Xs −Xt|dP ≤ 8CEP(A)Ψ−1
( 1

P(A)

)
.

Take A =
{

sups,t∈T |Xs −Xt| ≥ u
}
. By Chebyshev inequality,

P(A) ≤ 1

u
8CEP(A)Ψ−1

( 1

P(A)

)

which proves to (D.9).

For the applications to this book, we take T as a compact domain in RN

with N ≥ 1, and d(s, t) = c|s− t|δ, where 0 < δ ≤ 1 and | · | is the Euclidean
norm. One can see that in this case

N(T, d, ǫ) = O
(
ǫ−Nδ

−1
)

(ǫ→ 0+).

Consequently, (D.1) holds if

∫ 1

0

Ψ−1
(
ǫ−Nδ

−1)
dǫ <∞. (D.10)

As for the Yong function Ψ we only consider two special cases Ψ(θ) =
exp{θr} − 1 for some r > 0 and Ψ(θ) = θm for some m > N .

In the first case, Ψ(θ) is not a Yong function when r < 1, as the convexity
fails for small θ. To fix this problem, one can easily construct a Yong function
Ψ̃ satisfying (D.8) such that Ψ(θ) = Ψ̃(θ) for large θ and apply what has been

achieved to Ψ̃. Notice that in this case (D.10) automatically holds. Here is
what we get.

Theorem D.6 Let X = (Xt)t∈T be a stochastic process in L(Ω,A,P), where
T is a compact domain in RN . Let 0 < δ ≤ 1 and r > 0 be fixed and assume
that

sup
s,t∈T
s6=t

E exp

{
c
|Xs −Xt|r
|s− t|δ

}
<∞ (D.11)
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for some c > 0. Then X = (Xt)t∈T admits a modification X̃ = (X̃t)t∈T with
all sample path bounded and (uniformly) continuous on (T, d).

In addition, there is c′ > 0 such that

E exp
{
c′ sup
s,t∈T

|Xs −Xt|r
}
<∞. (D.12)

Given a family X of stochastic processes on T such that (D.11) holds
uniformly for all X ∈ X ,

sup
X∈X

E exp
{
c′′ sup

s,t∈T
|Xs −Xt|r

}
<∞ (D.13)

for some c′′ > 0.

Proof. All we need to say is that (D.9) leads to (D.12) (and (D.13) in the
later case) for our choice of Ψ.

As for the second choice Ψ(θ) = θm, notice that (D.10) holds if mδ > N .
Therefore, we have the following version of Kolmogorov continuity theorem.

Theorem D.7 Let X = (Xt)t∈T be a stochastic process in L(Ω,A,P), where
T is a compact domain in RN . Assume that there are constants 0 < δ ≤ 1
and m > N such that mδ > N and that

E|Xs −Xt|m ≤M |s− t|mδ s, t ∈ T (D.14)

for some constant M > 0. Then X = (Xt)t∈T admits a modification X̃ =

(X̃t)t∈T with all sample path bounded and (uniformly) continuous on (T, d).

Further, a family X of C(T )-valued random variables is uniformly tight
in C(T) and is therefore relatively compact in P

(
C(T )

)
, if for some t ∈ T ,

the family {Xt0 ; X ∈ X} of the real random variables is uniformly tight in
R, and if (D.14) holds uniformly for all X ∈ X .

E Self-adjoint operators

Given a N × N symmetric matrix with real elements, there is a N × N
orthogonal matrix T such that A = TDT ∗, where D is the diagonal matrix
with the eigenvalues λ1 ≤ · · · ≤ λm of A as its diagonal elements (in the
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increasing order), and T ∗ is the transpose of T . This representation can be
rewritten as

A =

N∑

k=1

λk
(
E(k) − E(k − 1)

)
(E.1)

where E(0) isN×N 0-matrix and E(k) == TDkT
∗, whereDk is the diagonal

matrix whose first k diagonal elements are 1’s and remaining are 0’s. For
each 0 ≤ k ≤ N , E(k) projects RN into a k-dimensional subspace of RN

and for 1 ≤ j ≤ k ≤ N , E(j)E(k) = E(k)E(j) = E(j). For any x ∈ RN ,
µx(k) = 〈x,E(k) − E(k − 1)x〉 ≥ 0 (1 ≤ k ≤ N) and

N∑

k=1

µx(k) = |x|2. (E.2)

The representation in (E.1) is the most classic example of spectral de-
composition. For any integer m ≥ 0, Am is symmetric and the equality
Am = TDmT ∗ holds for the same T and D. Therefore,

Am =

N∑

k=1

λmk
(
E(k) − E(k − 1)

)
. (E.3)

Given a real polynomial

ξ(λ) =

m∑

i=0

ciλ
i.

One can define the matrix ξ(A) in the following natural way:

ξ(A) =

m∑

i=0

ciA
i.

By linearty and (E.3)

ξ(A) =

N∑

k=1

ξ(λk)
(
E(k) − E(k − 1)

)
. (E.4)

For a more general function ξ(λ), one can define the matrix ξ(A) by (E.4).

This elementary observation can be extended to a class of linear opera-
tors known as self-adjoint operators on a Hilbert space and the topic is called
spectral representation. The case of bounded self-adjoint operators has be-
come standard material for a graduate course on functional analysis. In the
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following we consider the general case in which A is not necessarily bounded.
The most of the material on general theory of self-adjoint operators in this
section is taken from the book by Yosida ([168]).

In the following discussion, H is a separable real Hilbert space. A linear
operator A on H is said to be densely defined if its domain, denoted by D(A),
is dense in H . The adjoint operator is the operator A∗: y 7→ y∗ defined by
the relation

〈Ax, y〉 = 〈x, y∗〉 x ∈ D(A).

A densely defined operator is said to be symmetric, if

〈Ax, y〉 = 〈x,Ay〉 x, y ∈ D(A).

Clearly, D(A) ⊂ D(A∗) and Ay = A∗y for each y ∈ D(A) when A is sym-
metric. A symmetric operator is said to be self-adjoint , if D(A) = D(A∗).
In other words, A and A∗ are the same operator when A is self-adjoint. In
the special case when A is bounded, there is no difference between being
symmetric and being self-adjoint. This is no longer the case when it comes
to unbounded operator. See Example 4, Section VII in [168] for an example
of non-self-adjoint but symmetric operators. In many aspects, it is the self-
adjoint operators who appear as a natural extension of symmetric matrices.

A projection operator P is a bounded self-adjoint operator on H with
P 2 = P . It is easy to see that ||P || ≤ 1 (the equality holds when P is not
zero operator) and that P is symmetric. Consequently, a projection operator
is self-adjoint.

A family {E(λ); −∞ < λ < ∞} of projection operators on H is called
a resolution of the identity, if

(1) E(λ) ◦ E(γ) = E(min{λ, γ});
(2). E(−∞) is zero operator, E(∞) is identity operator, and E(λ+ 0) =

E(λ) for every λ ∈ R, where E(−∞), E(∞) and E(λ + 0) are the linear
operators defined as

E(±∞)(x) = lim
λ→±∞

E(λ)(x), E(λ + 0)(x) = lim
γ→λ+

E(γ)(x) ∀x ∈ H.

By definition, for any x ∈ H , the function

F (λ) = 〈E(λ)(x), x〉 = ||E(λ)(x)||2

is a distribution function on R. We write µx for the measure generated by
F and call µx spectral measure. Clearly, µx is finite and, correspondent to
(E.2),

µx(R) = ||x||2 x ∈ H. (E.5)
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There is an obvious similarity between the definitions of resolution of
the identity and probability distribution function. Recall that a probability
distribution function is defined by four properties: monotonicity, right con-
tinuity, vanishing at −∞, and increasing to 1 at ∞. If we define the order
P1 ≤ P2 between two projection operators P1 and P2 on H by the relation
P1(H) ⊂ P2(H), then resolution of the identity is defined in a way same as
how probability distribution function is defined.

Given a suitable function ξ(λ) on R and a distribution function F (λ), the
integral ∫ ∞

−∞
ξ(λ)F (dλ)

is extensively studied in every first-year graduate book in probability. Sim-
ilarly, we intend to define the linear (possibly unbounded) operator in the
form ∫ ∞

−∞
ξ(λ)E(dλ)

and call it spectral integral.

In the special case when ξ is a step function supported on a finite interval
[a, b] and is piece-wisely defined with respect to a partition a = λ0 < λ1 · · · <
λn = b, we define

∫ ∞

−∞
ξ(λ)E(dλ) =

n∑

k=1

ck
(
E(λk) − E(λk−1)

)

where ck is the value of the function ξ(·) on the k-the sub-interval (λk−1, λk].

By this definition one can immediately see that for each x ∈ H ,

∣∣∣∣
∣∣∣∣
( ∫ ∞

−∞
ξ(λ)E(dλ)

)
(x)

∣∣∣∣
∣∣∣∣
2

=

∫ ∞

−∞
|ξ(λ)|2µx(dλ) (E.6)

and
〈(∫ ∞

−∞
ξ(λ)E(dλ)

)
(x), x

〉
=

∫ ∞

−∞
ξ(λ)µx(dλ). (E.7)

By a standard argument of approximation, the definition is extended to
a more general class of ξ(·). More precisely, for any Borel-measurable ξ(λ)
on R, the linear operator

(∫ ∞

−∞
ξ(λ)E(dλ)

)
(x) x ∈ Dξ (E.8)
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is defined with the domain Dξ ⊂ H is given by

Dξ =

{
x ∈ H ;

∫ ∞

−∞
|ξ(λ)|2µx(dλ) <∞

}
.

Further, (E.6) and (E.7) hold for every x ∈ Dξ. By the fact that µx is a finite
measure, by Cauchy-Schwartz inequality

∫ ∞

−∞
|ξ(λ)|µx(dλ) <∞

whenever x ∈ Dξ. Consequently, the right hand side of (E.7) is well defined.

A striking fact is that the linear operator in (E.8) is self-adjoint (Theorem
2, Section XI.5, [168]).

Correspondent to (E.1), the following theorem (Theorem 1, Section XI.6,
[168]) claims that the linear operators in the form of (E.8) are the only kind
of self-adjoint operators.

Theorem E.1 Given a self-adjoint operator A, there is an unique resolution
of identity {E(λ); −∞ < λ <∞}, such that

A =

∫ ∞

−∞
λE(dλ), (E.9)

D(A) =

{
x ∈ H ;

∫ ∞

−∞
|λ|2µx(dλ) <∞

}
. (E.10)

The discussion in the rest of the section is based on the representation
(E.9).

The self-adjoint operator A is said to be upper semi-bounded, (or lower
semi-bounded), if

λ0 ≡ sup
x∈D(A)
||x||=1

〈x,Ax〉 <∞ (or λ′0 ≡ inf
x∈D(A)
||x||=1

〈x,Ax〉 > −∞)

It is easy to see that a bounded self-adjoint operator A is upper and lower
semi bounded and

||A|| = sup
||x||=1

∣∣〈x,Ax〉
∣∣.

The following theorem is used multiple times in this book.
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Theorem E.2 Let the self-adjoint operator A be given in (E.9) and let x ∈
H be arbitrary. When A is upper-semi bounded the smallest supporting set of
the spectral measure µx is bounded from above by λ0. When A is lower-semi
bounded the smallest supporting set of µx is bounded from below by λ′0.

Proof. Due to similarity we only consider the case when A is upper-semi
bounded. We use argument by contradiction. We show that if there were
x0 ∈ H and λ1 > λ0 such that µx0(λ1,∞) > 0, there would be x∗ ∈ D(A)
such that ||x∗|| = 1 and that 〈x∗, Ax∗〉 > λ0.

Indeed, one can find λ2 > λ1 such that

µx0(λ1, λ2) > 0.

Let x1 = E(λ2)x0 − E(λ1)x0. By the definition of resolution of identity,

||x1||2 = ||E(λ2)x0||2 + ||E(λ1)x0||2 − 2〈E(λ1)x0, E(λ2)x0〉 (E.11)

= ||E(λ2)x0||2 + ||E(λ1)x0||2 − 2||E(λ1)x0||2
= 〈x0, E(λ2)x0〉 − 〈x0, E(λ1)x0〉 = µx0(λ1, λ2] > 0.

In particular, x1 6= 0.

In addition, it is easy to check that 〈x1, E(λ)x1〉 = ||x1||2 when λ ≥ λ2,
and 〈x1, E(λ)x1〉 = 0 when λ < λ1. Since µx1(R) = ||x1||2, µx1 is supported
by (λ1, λ2]. Thus,

∫ ∞

−∞
|λ|2µx1(dλ) =

∫

(λ1,λ2]

|λ|2µx1(dλ) <∞.

Consequently, x1 ∈ D(A).

For the same reason,

〈x1, Ax1〉 =

∫ ∞

−∞
λµx1(dλ) =

∫

(λ1,λ2]

λµx1(dλ) ≥ λ1µx0(λ1, λ2] = λ1||x1||22

where the last step follows from (E.11).

Finally, letting x∗ = ||x1||−1x1 completes the proof.

In the light casted by the representation in (E.4), given a self-adjoint
operator A in the form of (E.9) the function of A is defined as the self-adjoint
operator

ξ(A) =

∫ ∞

−∞
ξ(λ)E(dλ) (E.12)
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where ξ(·) is a Borel function on R.

The following are some immediate observations. The domain of ξ(A) is
determined as

D
(
ξ(A)

)
=

{
x ∈ H ;

∫ ∞

−∞
|ξ(λ)|2µx(dλ) <∞

}
. (E.13)

By (E.6) and (E.7), for any x ∈ D
(
ξ(A)

)

∣∣∣∣ξ(A)x
∣∣∣∣2 =

∫ ∞

−∞
|ξ(λ)|2µx(dλ), (E.14)

〈ξ(A)x, x〉 =

∫ ∞

−∞
ξ(λ)µx(dλ). (E.15)

By the definition given in (E.12), some standard properties enjoined by
integrals, such as the linearty, hold naturally (see Theorem 3, Section XI.12,
[168]). In addition to that, there are some truly remarkable properties in
operational calculus, such as the one given in the following theorem (Part
(iv) of Theorem 3, Section XI.12, [168]).

Theorem E.3 Let A be a self-adjoint operator. For two Borel functions
ξ(λ) and η(λ) on R, and for x ∈ D

(
ξ(A)

)
, ξ(A)x ∈ D

(
η(A)

)
if and only if

x ∈ D
(
(η · ξ)(A)

)
. In this case

(
η(A) ◦ ξ(A)

)
(x) = (η · ξ)(A)(x).

In some special cases, Theorem E.3 connects different approaches of cre-
ating the functions of self-adjoint operators. To show our point, we assume
that the self-adjoint operator A is bounded. Given a integer m ≥ 2, on the
one hand, the power Am can be defined by the spectral integral

∫ ∞

−∞
λmE(dλ).

On the other hand, Am can be defined as the composition

Am =

m︷ ︸︸ ︷
A ◦ · · · ◦A . (E.16)

A natural question is whether these two approaches agree. Observe that the
domain of a bounded operator is the whole space H , we have the following
direct corollary from Theorem E.3.
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Corollary E.4 Given the bounded self-adjoint operator A in the form (E.9),

Am =

∫ ∞

−∞
λmE(dλ) m = 1, 2, · · ·

where Am is defined in (E.16).

In general, identifying the operator ξ(A) given in (E.12) with the ones
defined in other ways (such as defining ξ(A) by Taylor expansion or by poly-
nomial approximation) appears to be highly non-trival. Such problems have
to be treated in case by case basis. By comparing (E.10) and (E.13), for
example, it is not hard to image (see Section 4.1 for example ξ(λ) = etλ)
that some function ξ(A) of an unbounded self-adjoint operator A may have a
domain D

(
ξ(A)

)
genuinely larger than D(A). On the other hand, the domain

of any polynomial of A of degree at least 1 is subset to D(A). Consequently,
approximation of ξ(A) by polynomials of A leads to a different operator in
this case. A big advantage of defining ξ(A) by (E.12) is that it largely reduce
the investigation of the operator ξ(A) to the ordinary integration problems
through the relations (E.4), (E.13) and (E.14).
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17-58.

[88] van der Hofstad, R., den Hollander, F. and König, W. (2003). Large
deviations for the one-dimensional Edwards model. Ann. Probab. 31

2003–2039.

[89] van der Hofstad, R. and König, W. (2001). A survey of one-dimensional
random polymers. J. Statist. Phys. 103 915–944.

[90] van der Hoftad, R., König, W. and Mörters, P. (2006). The universality
classes in the parabolic Anderson model. Comm. Math. Phys. 267 307-
353.

[91] den Hollander, F. (1996). Random polymers. Stat. Nederl 50 136-145.

[92] Hu, Y. and Nualart, D. (2005). Renormalized self-intersection local time
for fractonal Brownian motion. Ann. Probab. 33 948-983.

[93] Ito, K. and McKean, H. P., jr (1988). Diffusion Processes and Their
Sample Paths Springer New York

[94] Jain, N. C. and Orey, S. (1968). On the range of random walk. Israel J.
Math. 6 373-380.

[95] Jain, N.C. and Pruitt, W.E. (1971). The range of transient random walk.
J. Anal. Math. 24 369-393.

[96] Jain, N.C. and Pruitt, W.E. (1972). The law of the iterated logarithm
for the range of random walk. Ann. Math. Statist. 43 1692-1697.



374 BIBLIOGRAPHY

[97] Jain, N.C. and Pruitt, W.E. (1983). Asymptotic behavior of the local
time of a recurrent random walk. Ann. Probab. 1164-85.

[98] Kac, M. (1951). On some connections between probability theory and
differential and integral equations. Proc. Second Berkeley Symposium,
L. M. Le Cam and J. Neyman editors. University of California Press,
Berkeley, pages 189-215.

[99] Kantor, Y. and Kardar, M. (1991). Polymers with self-interactions. Eu-
rophys. Lett. 14 421-426.

[100] Kesten, H. and Spitzer, F. (1979). A limit theorem related to a new
class of self-similar processes. Z. Wahrsch. Verw. Gebiete 50 2-25.

[101] Khanin, K. M., Mazel, A. E., Sholosman, S. B. and Sinai, Ya. G.
(1994). Loop condensation effect in the behavior of random walks.
Markov process and their applications (Freidlin, edu), Progr. Probab.
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des processus de Lévy. Séminaire de Probabilités, XXI. Lecture Notes
in Math 1247, 341-375. Springer, New York.

[120] Le Gall, J-F. (1988). Flutuation results for the Wiener sausuage. Ann.
Probab. 16 991-1018.

[121] Le Gall, J-F. (1990). Wiener sausuage and self-intersection local time.
J. Funct. Anal. 88 299-341.

[122] Le Gall, J-F. (1992). Some properties of planar Brownian motion. École
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