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Preface

This book aims to provide a systematic account for some recent progress
on the large deviations arising from the area of sample path intersections,
including the calculation of the tail probabilities of intersection local times,
ranges of Brownian motions and random walks.

Quantities measuring the amount of self-intersection of a random walk, or
of mutual intersection of several independent random walks have been studied
intensively for more than twenty years, see e.g. [54], [56], [117], [118], [109],
[20], [124], [82], [127][128], [15], [86], [10], [9], [107]. This research is often
motivated by the role these quantities play in renormalization group methods
for quantum field theory, see e.g. [74], [48], [49], [62]; in our understanding of
polymer models, see e.g. [126], [17],[91], [155], [158], [159],[160],[61], [99], [19],
[89], [88]; or in the analysis of stochastic processes in random environments,
see e.g. [100], [104],[39], [40] [78], [90], [1], [38] [75], [79].

Sample path intersection is also an important subject within the prob-
ability comuunity. It has been known ([45], [130], [46]) that sample path
intersections has a deep link to the problems of cover times and thick points
through tree-encoding techiniques. Finally, it is impossible to write a book
on sample path intersection without mentioning the influential work led by
Lawler, Scheramm and Werner ([111], [112], [113], [110]) on the famous in-
tersection exponent problem and on other Brownian sample path properties
in connection to the Stochastic Loewner Evolution, which counts as one of
the most exciting developments made in the fields of probability in the recent
years.

In contrast to the behavior patterns investigated by Lawler, Scheramm
and Werner, where the sample paths avoid each other and are loop-free, most
part of this book concerns about the probabilities that the random walks and
Brownian motions intersect each other or themselves with extreme intensi-
ties. When these probabilities decay with exponential rates, the problem
falls into the category of large deviations. In recent years, there has been
some substantial input of the new tools and new ideas to this subject. The



list includes the method of high moment asymptotics, sub-additivity created
by moment inequality, and the probability in Banach space combined with
Feynman-Kac formula. Correspondent to the progress in methodology, the
established theorems have been accumulated into a rather complete picture
of the area. These developments make it desirable to write a monograph on
this subject which has not been adequately exposed in a systematic way.

This book is transformed form the lecture notes for a year-long graduate
course at University of Tennessee in the school year 2006-2007. Making it
accessible to the non-experts with the basic knowledge of stochastic processes
and functional analysis has been one of my guidelines in writing it. To make
it reasonably self-contained, I add Chapter 1 for the general theory of the
large deviations. Most of theorems listed in this chapter are not always easy
to tracked down in literature. In addition, a small amount of Exercises are
included in the “Notes and comments” section in each chapter, an effort to
promote active reading. Some of them were adapted from literature and
others were created as the “second option” or “formal first option” to the
problems in the course of the research activity. There is no logic connection
to the later development. Consequently, skipping any exercise has no direct
impact on reading the book.

The topics and results included in the book do reflect my taste and my
involvement on the subject. The “Notes and comments” section in the end
of each chapter is part of the effort to counter-balance the resulted partiality.
Some relevant works not included in the other sections may appear here. In
spite that, I would like to apologize in advance for possible inaccuracy in
historic perspective appearing in the book.

In the process of investigating the subject and writing the book, I bene-
fited from the help of several people. It is my great pleasure to acknowledge
the contributions, which appear throughout the whole book, made by my col-
laborators R. Bass, W. Li, P. Morters and J. Rosen, in the course of several
year’s collaboration. I would like to express my special thanks to D. Khosh-
nevisan, from whom I learned for the first time the story about intersection
local times. I thank A. Dembo, J. Denzler, A. Dorogovtsev, B. Duplantier,
X. Feng, S, Kwapien, J. Rosinski, A. Freire, J-F. Le Gall, D. Wu, M. Yor for
discussion, information and encouragement.

I would like to thank National Science Foundation for the support I re-
ceived over the years and to thank the Department of Mathematics and
Department of Statistics of Standford University for hospitality during my
sabbatical leave in Fall, 2007. A substantial part of the manuscript has been
written during my visit at Stanford. Finally, I wish to express my gratitude
to my family, Lin, Amy and Roger, for their unconditional support.



Knoxville,
July
2008



Contents

Preface

1 Basics on large deviations
1.1 Gértner-Ellis’” theorem . . . . .. ... ... L.
1.2 LDP for non-negative random variables . . . . . ... .. ..
1.3 LDP by sub-additivity . . . . ... ... ... .. ... ...

1.4 Notes and comments . . . . . . . . . ..

2 Brownian intersection local times
2.1 Imtroduction. . . . .. .. ... . oL
2.2 Mutual intersection local time . . . . . . . ... ...
2.3 Self-intersection local time . . . . . . . . ... ... L.
2.4 Renormalization . . . ... ... ... ... L.

2.5 Notes and comments . . . . . . . . .. ... ... ... ..

3 Large deviations: mutual intersection
3.1 High moment asymptotics . . . . . .. .. ... ... ... ..
3.2 High moment of a([0,71] X --+ x [0,7]) . . . . .. ... ...
3.3 Large deviation for o([0,1]7) . . .. ... ... ...

3.4 Notes and comments . . . . . . . . .. .. ... ... ... ..

4 Large deviations: self intersection

5

14
27
31

33
33
35
51
99
65

69
69
79
90
98

103



4.1 Feynman-Kac formula . . .. ... ... .. ...
4.2 One dimensional case. . . . . ... ........
4.3 Two dimensional case . . . ... ... ... ...
4.4 Applications to LIL . . . . . ... ... .....

4.5 Notes and comments . . . . . . .. ... .....

Intersections on lattices: weak convergence

5.1 Preliminary on random walks . . . . .. ... ..

5.2 Intersection in 1-dimension . . .. ... ... ..

5.3 Mutual intersection in sub-critical dimensions

5.4 Self-intersection in dimension two . . . . . . . . .
5.5 Self-intersection in high dimensions . . . . . . . .

5.6 Notes and comments . . . . .. .. ... .. ...

Inequalities and integrabilities

6.1 Multi-nomial inequalities . . . . . . . . . ... ..

6.2 Integrability of I, and J,, . . . . ... ... ...

6.3 Integrability of @,, and R,, in low dimensions
6.4 Integrability of @),, and R,, in high dimensions

6.5 Notes and comments . . . . .. .. ... .....

Large deviations: independent random walks

7.1  Feynman-Kac minorations . . ... .. ... ..

7.2 Moderate deviations in sub-critical dimensions

7.3 Laws of the iterated logarithm . . ... ... ..

7.4 What do we expect in critical dimensions? . . . .

7.5 Large deviations in super-critical dimensions

7.6 Notes and comments . . . . .. ... ... ....

Large deviations: single random walk

8.1 Self-intersection in one dimension . . . .. . ..

CONTENTS



CONTENTS 7

8.2 Self-intersectionind=2. .. ... ............... 291
8.3 LDP of Gaussian tailind=3 . . . . ... ... ... ..... 300
8.4 LDP of non-Gaussian tailind=3 . ... ... ........ 307
8.5 LDP for renormalized rangeind=2,3 . . .. ... ... ... 317
8.6 Laws of the iterated logarithm . . . ... .. ... .. ... .. 328
8.7 What do we expect ind >47 . . ... ... ... ... .... 331
8.8 Notes and comments . . . . . . . ... .. ... 334
Appendix 338
A Green’sfunction . .. ... ... oL 339
B Fourier transformation . . . . .. ... ..o oL 341
C  Constant x(d,p) and related variations . . . . . .. ... ... 346
D  Regularity of stochastic processes . . . . . ... .. ... ... 354
E  Self-adjoint operators. . . . . ... ... oL 359

Bibliography 366



CONTENTS



Chapter 1

Basics on large deviations

In this chapter we introduce some general theorems on large deviations
which will be frequently used in this book. In most of the cases, the state
space we deal with is the real line. Indeed, a substantial portion of the dis-
cussion is limited to the random variables taking non-negative values. Some-
times, the underline stochastic processes are sub-additive (see Section 1.3).
Unlike most textbooks on this subject, we put more attention on the tail
probability

P{Y, > A}

than the probability of the form
P{Y, € A}

The unique structure of the models we deal with in this book requires some
non-conventional treatments. The topics we choice in this chapter reflect this
demand. As a consequence, most theorems introduced in Section 1.2 and in
Section 1.3 are non-standard and are not usually seen in the textbooks of
large deviations.

1.1 Gartner-Ellis’ theorem

In the field of large deviations, people concern about asymptotic computation
of small probabilities on an exponential scale. The general form of large
deviation can be roughly described as

P{Yn € A} ~ exp{—an(A)} (TL - OO)

9



10 1. BASICS ON LARGE DEVIATIONS

for a random sequence {Y,,}, a positive sequence {b,,} with b, — oo, and a
coefficient I(A) > 0. In the application, we often concern about the proba-
bility that the random variable(s) takes large values. Since the remarkable
works by Donsker-Varadhan (and others) in seventies and eighties, the field
has been developed into a relatively complete system. There have been sev-
eral standard approaches in dealing with large deviation problems. Perhaps
the most useful tool is Gatner-Ellis Theorem.

We have no intention to state the large deviation theory in its full gen-
erality. Let {Y,,} be a sequence of real random variables and let {b,} be a
positive sequence such that b, — oo.

Assumption 1.1.1 For each 0 € R, the logarithmic moment generating
function A(0), defined as the limit

A(6) = lim bilogEexp {0bnYn} R (1.1.1)

n—oo n
exists as an extended real number. Further, the origin belongs to the interior

DY of the domain Dy = {0 € R; A(f) < oo} of the function A(H).

By Holder inequality, A(6) is a convex function. Consequently, D = (a, b)
for some —0o < a < 0 < b < oo and A(#) is continuous in its domain Dy.
Define the Fenchel-Legendre transform A*(\) of A(f) as

A*() = sup {9)\—/\(0)} A€eR. (1.1.2)

To discuss the role played by the function A*(-), we introduce the following
definition

Definition 1.1.2 . A function I: R — [0, 00] is called a rate function , if
it is lower semi-continuous: For any | > 0, the level set

L={\eR; I(\)<I}.

is a close set. Further, a rate function is said to be good, if every level set is

compact in R.

We point out an equivalent statement of lower semi-continuity: For any
Any A € R with A, — A,

liminf I(\,) > I(A). (1.1.3)

n—oo
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We now claim that under Assumption 1.1.1, the function A*(-) is a good
rate function . Indeed, by definition

AN (M) =200, —A) 0€R n=1,2,---
which leads to
liminf A*(A\,) > 60X — A(0) 6 €R.

Taking the supremum over 6 € R on the right hand side proves (1.1.3).

Let [ > 0 be fixed. By Assumption 1.1.1 and by the continuity of A(6) in
its domain there is § > 0 such that

¢ = sup A(f) < .
l0]<5

Consequently, for any A with A*(\) <,

[ > sup {0)\ - A(Q)} >0\ —c
|o]<s

Therefore, the level set
Ai={ eR, AN <0}
is compact.

In addition, the fact that A*(A) is the conjugate of the convex function
A(0) makes A*()\) a convex function.

Definition 1.1.3 A convez function A: R — (—00.00] is essentially smooth
if:

(1) D} = (a,b) is non-empty.

(2) A(0) is differentiable in DY.

(3) A(-) is steep:

lim A'(f) = lim A'(9) =

0—at 6—b—

We introduce our first main theorem without proof, for which the reader
is referred to, for example, Theorem 2.3.6, [44].

Theorem 1.1.4 Let Assumption 1.1.1 hold. For any close set F' € R,

1
lim sup o logP{Y,, € F'} < —sup A*(A). (1.1.4)

n—oo n AEF
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If we further assume that the logarithmic moment function A(0) is essen-
tially differentiable then for any open set G € R,
1
liminf — logP{Y,, € G} > —sup A*(\). (1.1.5)

Theorem 1.1.4 is known as Gdrtner-Ellis’s theorem on large deviations.
The limit form described in (1.1.4) and (1.1.5) is called large deviation prin-
ciple (LDP) in literature. In application, our attention mainly focus on the
event that the random variables deviate away from its equilibrium state, or
take large values. In the following we consider a historically important ex-
ample. Let {Xj}r>1 be a real independent and identically distributed (i.i.d.)
sequence such that there is a ¢ > 0 such that

Eexp {c|X1]} < oo. (1.1.6)

If we take Y,, to be the sample average
Yn:%{xl+-~-+xn} n=12... (1.1.7)
b, = n then all assumptions given in Theorem 1.1.4 are satisfied with
A(6) = logEexp {6X1}.
Consequently, (1.1.4) and (1.1.5) holds. Observe that by Jensen inequality
log E exp {9X1} > EX;.

Hence, A*(EX;) = 0. On the other hand, assume that A € R satisfies
A*(X\) = 0. By definition

)\GglogEexp{GXl} 0 € R.
By the fact that
. 1 o
glir(l)@ log E exp {9X1} =EXq,
letting @ — 0% and letting § — 0~ give, respectively, A\ < EX; and A > EXj.

Summarizing our argument, A*(\) = 0 if and only if A = EX;. By the

goodness of the rate function A*(-), therefore, for given € > 0,
inf  A*(A\) >0.
AN—EX;|>e

This observation shows that the probability that the sample average deviates
away from the sample mean EX; has a genuine exponential decay. We sum-
marize our observation into the following theorem known as Cramér’s large
deviation principle.
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Theorem 1.1.5 Under the assumptions (1.1.6),

lim sup — logIP’{X € F} < — inf A*(z)

n— 00 zeF
hmlnf—logP{X eG}>— 1nf A*( )

for any close set F' C R and any open set G C R.
In particular, for any e > 0,

lim sup — log[P’{|X —EX,| > 6} < 0.

n—oo

For the inverse of Gartner-Ellis theorem, we state the following Varadhan’s
integral lemma. For the proof, the reader is referred to Theorem 4.3.1, [44].

Theorem 1.1.6 Let A*(-) be a good rate function and let Q(N\) be a contin-
uous function on R

(1). Assume that (1.1.5) hold for every open set G. Then

n—oo

lim inf b_ log E exp {b QY. } > sup {Q()\) — A*()\)}.

(2). Assume that (1.1.4) hold for every close set F' and that

hmsup—log]Eexp{ 1+ )b, Q(Y, }<oo

n—oo b

for some € > 0. Then for every 6 € R,

lim sup b_ log E exp {Gan } < sup {Q(/\) — A*(/\)}.

n—oo UOn AER

The general theory of large deviations has been extended to the random
variables taking values in abstract topological spaces. If Y,, is a sequence of
random variables taking values in a separable Banach space B, for example,
to extend Géartner-Ellis theorem we assume the existence of the limit

1
A(f) = lim — logEexp {bnf(Yn)} feB
instead of (1.1.1), where B* is the topological dual of B. In addition to some
smoothness assumptions on A(f), it is required that {Y,} be exponentially
tight : For any [ > 0 there is a compact set K C B such that

lim sup b_ logP{Y, & K} < —I.

n—oo
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In dealing with the large deviations in infinite dimensional spaces, the
main challenge often lies in the issue of exponential tightness. In the rest of
the section we introduce a result of de Acosta [41].

Recall that a set K C B is said to be positively balanced, if \x € K
whenever x € K and 0 < A < 1. The Minkowski functional of a convex and
positively balanced set K is defined by

g (x) =inf{A > 0; =€ A\K}

with customary convention that inf ¢ = oco. The Minkowski functional g (+)
is sub-additive and positively homogeneous:

g (z +y) < qr(2) +qr(y) and gx(Az) = Agx () (1.1.8)

where z,y € B and A\ > 0.

A family {ua; o« € O} of probability measures on B is said to be uni-
formly tight, if for any € > 0, there is a compact set K C B such that

o (K)>1—€¢ a€0.

The following result is given in Theorem 3.1, [41]. We state it without
proof.

Theorem 1.1.7 Let {pa, « € O} be a family of probability measures on
the separable Banach space B and assume that {ua; o € O} is uniformly
tight and that

sup/ exp {A||z]| }pa(dz) < o0 YA > 0.
a€® JB
There is a convex, positively balanced and compact set K C B such that

Zlelg/Bexp {ax (@)} pa(dr) < oo.

1.2 LDP for non-negative random variables

In this section we assume that {Y,,} take non-negative values. Recall that
the full large deviation principle is stated as: For every close set I C RY,

1
limsupb—logIP’{Yn €EF} < _QEQI()‘) (1.2.1)
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and, for every open set G C R*

1
im inf — > — i . 2.
lim inf ™ logIP’{Yn c G} > ){IelfG () (1.2.2)

n— oo

In application, (1.2.1) and (1.2.2) are often replaced by our concern of the
tail probability of the form

P{Y, > A} A>0.

Under some mild conditions on the rate function I(\), the following the-
orem shows that large deviation principle is determined by the asymptotic
behavior of tail probabilities.

Theorem 1.2.1 Assume that the rate function I(\) is restrictively increas-
ing and continuous in the interior D¢ of its domain Dy = {A € RT; I(\) <
oo}. The following two statements are equivalent:

(1). The large deviation principle stated by (1.2.1) and (1.2.2) holds for,
respectively, every close set ' C R* and every open set G C RY.

(2). For every A > 0,

lim 1 log P{Y,, > A} = —I(\). (1.2.3)

n—oo n

Proof. Clearly, (1) implies (2) under the monotonicity and continuity of the
function I(-).

Assume that (2) holds. For a close set F' C RT, let A\g = inf F. We have
that
P{Y, € F} < P{Y, > A}.

By (1.2.3) we have

1
lim sup ™ logP{Y;, € F} < —I(X\) = — inf I(})

n—oo Un AEF
where the last step follows from monotonicity of I(-).

To establish (1.2.2), let Ay € G. Thereis a § > 0such that [A\g, \g+9d) C G.
By the fact that

P{Y, > Ao} <P{Y, > Ao+ 6} + P{Y,, € [Ao, Ao +I)}

and (1) we have

1
—I(Xo) < max{ —I(Ao +0), liminf o log P{Y,, € [Xo, Ao + (5)}}
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By assumption we have that (Ao + d) > I(\g). Consequently,

hmlnf—logIP’{Y €G} > —I(N).

n—oo

Taking supremum over \g € G on the right hand side gives (1.2.2). O

The following theorem shows that under certain condition, the tail prob-
ability of the fixed sum of independent non-negative random variables is
dominated by the tail probabilities of individual terms.

Theorem 1.2.2 Let Z1(n), -+, Z;(n) be independent non-negative random
variables with [ > 2 being fized.

(a). If there are constant C; >0 and 0 < a < 1 such that

lim sup —}P’{Z ) > /\} < -CiA* VA>0

n—oo n

forj=1,---1, then

lim su
el b,

P{Zl -+ Zl > )\} < =C{A* VA>0.

(b) If there are constant Ca > 0 and b > 2 such that

lim sup b—Eexp {0[) Zji(n )} <0y VO >0

n—oo

forj=1,---1, then

lim sup b—Eexp {eb V7)o Zf(n)} < Coo® V0> 0.

n—oo

Proof. Clearly, part (a) needs only to be proved in the case [ = 2. Given
0<d<Alet0=x9 < <---<xy =\ be a partition of [0, \] such that
T — Tp—1 < 6. Then

N
P{Z1(n) + Zo(n) > A} < P{Zi(n) > 21 }P{Za(n) > X — . }.

Consequently,

lim sup —IP’{Zl )+ Z2(n) > A} < —C; min {xZA + (A — xk)“}

n—oo 1<k<N
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By the fact 0 <a <1, 2} ; + (A —z5)* > (A —zp + xK-1)" > (A — )% So
we have

lim sup b—IP’{Zl + Za(n) > )\} < —Ci(A =)~

n—oo
Letting 6 — 0T on the right hand side proves the part (a).
We now comes to part (b) For any € > 0, there are finite many t; =
(tin, -+, tj1) € (RY) j=1,--- N such that

i+ttt =1 j=1,---,N,

l
x%+-~'+$12<( +€) maX Zt]ka:k Vajl’...7xl€(R+)l.
1<j<N

Hence,

Eexp{@bn\/le(n) +- Z2(n)}
< ZEexp{(l +€)0b, Zt]ka )}

k=1

Fllﬂz I
=

Eexp {(1 ¥ e)ebntj,kzk(n)}.
k

j=1
Hence, by the fact that b >
1

Il
[N} -

hmsupb Eexp {Gb \/Z2 +Zl2(n)}

n—oo

N
< (Osy(1 +e)b0b max Ztﬂf < Oy(1+ €)%

1<j<N

Letting ¢ — 0% on the right hand side proves the part (b). O

The following theorem appears as a version of Gitner-Ellis large deviation.
Theorem 1.2.3 Assume that for all 6 > 0, the limit

1
A(6) = lim —logEexp {anYn} (1.2.4)

n—oo n

exists as an extended real number, and that the function A(|0|) is essentially
smooth.

(1). The function

I(\) = sup {w - A(e)} A>0 (1.2.5)

0>0
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is strictly increasing and continuous in the interior D¢ of its domain. Con-
sequently, the LDP given defined by (1.2.1)-(1.2.2) and the LDP defined by
(1.2.8) are equivalent.

(2). The equivalent forms (1.2.1)-(1.2.2) and (1.2.3) holds.

Proof. Let £ be an independent random variable with distribution
1

Ple=—1}=P{¢=1} = ;

We have

E exp {Gbann} — Eexp { -~ GbnYn} + Eexp {GbnYn} 9 € R.
Consequently,

1
lim o log E exp {anfYn} =A(l0])) 6HeR.
By assumption the function A(]6]) is essentially smooth. Applying Theorem
1.1.4 to the sequence {¢Y,} we have the large deviation principle given in
(1.2.1) and (1.2.2) with the rate function given by

I(\) = sup {GA—A(\G\)} = sup {QA—A(G)}. (1.2.6)

0cR 6>0

By Theorem 1.2.1 it remains to show that I()\) is restrictively increasing
and continuous on R*. By (1.2.5), I()\) is non-decreasing. Consequently,
there is 0 < a < oo such that D¢ = [0,a). Let A € DY be fixed. By essential
smoothness of A(|f]) and (1.2.6), the function

hO) =N —A®B) 6>0

is bounded and reaches its supremum () at some 6 > 0. Further, § > 0 for
otherwise (observe that A(0) = 0) A@ > A(0) for all § > 0, which contradicts

the assumption that A’(f) — oo as 0y approaches the right boundary of
Y.

In summary, for any A € DY there is a 6 > 0, such that A’(f) = X\ and
that I(X) = A0 — A(9).

Let 0 < A\ < A2 < a and find 67 > 0 such that I(\) = A0 — A(61). We
have
I()\Q) > 010 — A(gl) > 010 — A(gl) = I()\l)

Hence, I(-) is strictly increasing in D9.
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Being increasing and lower semi-continuous, I(-) is left continuous. To
establish continuity for () in DY, therefore. all we need to show is that for
any \n, Ao € D¢ with A\, > X, and A\, — A, I(\,) — I()\,). Indeed, find
f,, > 0 such that

I(A\y) =0u A — A(B,) and A(6,) =X, n=12---.
In particular, the sequence {A’(6,)} is bounded. By essential smoothness of
A(), {6} is bounded.
Hence

0<T(w) — I(Mo) = Opdn — A1) — T(Ao) < Op(An — Ao) — 0

as n — Q. O

The major step of establishing a large deviation principle is to computing
exponential moment generating function

. 1
A(9) = lim 0 log E exp {anYn}.

n—oo n

When the exponential moment generating function is too difficult to deal
with, we may look for some other moment functions instead. For example,
we may consider the large deviations under the existence of the limit

A,(0) = lim 1 log E exp {anYnl/p} >0 (1.2.7)

where p > 0 is fixed.
Corollary 1.2.4 Assume that for all 8 > 0, the limit A,(0) given in (1.2.7)

exists as an extended real number, and that Ap(6) < oo for some 8 > 0. Let
Ap(|0]) be essentially smooth in DY . Then

1
lim o logP{Y, > A} = ~L,(A)  A>0 (1.2.8)
where
I,(\) = sup {ew - A,,(e)} x> 0. (1.2.9)
6>0

Proof. Replacing Y,, by Ynl/p in Theorem 1.2.3 completes the proof. O

In view of Taylor expansion,

E exp {ebny,}/f'} - i a—n?b;tlnzyn@/f' (1.2.10)

m!
m=0
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one may attempt to estimate EY;™/? when establishing (1.2.7) by “standard”
approach becomes technically difficult. When p # 1, however, it is not very
pleasant to deal with the (possibly) fractional power m/p. To resolve this
problem, we introduce the following lemma.

Lemma 1.2.5 Let ¥: [0,00) — [0,00] be a non-decreasing lower semi-
continuous function. Assume that the domain of ¥ has a form

Dy = {6; (0) < o0} = [0,0)
where 0 < a < oo; and that ¥(0) is continuous on Dy.

Conclusion (1):

L. 1 = om m W\ /P
llnrggfb—logmzzzombn (]EYn> >TO) 0>0 (1.2.11)

if and only if

0

lim inf b_ log E exp {0[) Yl/”} > p¥ (p

n—oo

) 0> 0. (1.2.12)

Conclusion (2):

o™ 1/p
i o m < 2.
lim sup - L og § —b (]EY ) <W@) 6>0 (1.2.13)
if and only if
lim sup bi log E exp {anYnl/p} < p\I/(€> 0> 0. (1.2.14)

n—oo n p

Proof. We first prove “(1.2.11) implies (1.2.12)”. We may assume that in
(1.2.12), the right hand side is positive. By the expansion (1.2.10) we have

[pm]"l‘l [pm]+1
b bRy, 7 m=0,1,--

Eexp {GbnYnl/p} > Tl T

By Jensen inequality

1 [pm]+1

bgm]+1EY7L[pm£+ > {bﬁmEY;ln} pm

Therefore, as bP"EY,"™ > 1 we have

[pm]+1

pPmIHIRY, P > BPMEY .



1.2.  LDP FOR NON-NEGATIVE RANDOM VARIABLES 21

For any 0 < § < ¢, by Stirling formula there is ¢ > 0 such that

glom]+1 . grm ( 146 >pm
([pm]+ 1) = (m)P \p(1 + €)
Thus,
1/p 1 0 m 1/p
(1+06)™™ (E exp {ebny,}/f’}> > e (p(l - 6)) b (]EYTT)
whenever

meQ= {m; bﬂl(]EYn’f)l/p > 1}.

Summing up over m,
146 ) 1, 6 \m 1/
> . m m
— (Eexp {eb y! } > ¢ m!( ) b (]EYn )
Consequently,

15L5 (]E exp {anYnl/P}> 1/1’ + cexp {

- cmz::l % ((1 —fe)p)mbg (]EY"@) 1/p'

ﬁ} (1.2.15)

Thus,
max{O hmmf—logEexp {9b Yl/p}} > \II(L>
Cp R, ="\T+op

Letting € — 0% on the right hand side, by the lower semi-continuity of ¥(-),

0
max {0, hmlnf—log]Eexp{Hb Yl/p}} > \Il(—)
p n— by p

Since the right hand side is positive, we have proved (1.2.12).

The same estimate can be used to establish “(1.2.14) implies (1.2.13)”.
To proceed we may assume that the left hand side of (1.2.13) is positive.

Replacing 0 by (1 4 €)pf in (1.2.15) gives

1+6

1/p
T(Eexp{(l -l—e)p@bnYnl/p}) + cef (1.2.16)

> Z bm (]ETY’”)UP.
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By (1.2.14) (with 6 being replaced by (1 + €)pf)

max {0, U((1+ 6)0)} > lim sup b_ log Z —bm (EY’")UP.

n—oo n

Since the right hand side is positive, we must have

hmsupb—log Z —bm (EYm> r <U((1+€)9).

n—oo

To continue, we may assume that § € Dy (for otherwise (1.2.13) is trivial).
By continuity of ¥(-), letting ¢ — 0% on the right hand side gives (1.2.13).

We now prove that (1.2.12) implies (1.2.11). We may assume that the
right hand side of (1.2.11) is positive. For any k > 0,

o] < £ o)

By Jensen inequality, Stirling formula and an argument similar to the one
used for (1.2.15), we can prove that for any 0 < § < € there is C > 0
independent of n such that

0
Eexp {f—ﬂbny,}/f”} (1.2.17)

<on b ror (X T En)”)

Pl
By (1.2.12) (with @ being replaced by F)

p\Il(lf_ )<max{0 phnmlnf—logz mbm<EYm> /p}.

Since the left hand side is positive,

m

it g - T (87) 2 8 (1)

m=0

By lower semi continuity of ¥(-), letting € — 07 on the right hand side gives
(1.2.11).
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Finally, “(1.2.13) implies (1.2.14)” also follows from the estimate given in
(1.2.17). O

An immediate application of Lemma 1.2.5 is the following Gértener-Ellis-
type theorem.

Theorem 1.2.6 Assume that for each 6 > 0, the limit

. 1 =0 m m\1/P
0! :nlingoalog;mbn (]ETYn ) (1.2.18)

exists as an extended real number. Assume that the function V(|0|) is essen-
tially smooth. For each A > 0,

lim — logP{Y > A= —-Ig(N) (1.2.19)

n—oo b
where the rate function Iy(-) is defined by
Iy(\) = psup {OA/? —T(H)}. A >o0. (1.2.20)
0>0

Proof. By Lemma 1.2.5, the condition posed in Corollary 1.2.4 is satisfied
with 9
Ay(0) = qu(g) 0> 0.

O
‘We now consider the case of a single random variable.
Theorem 1.2.7 Let Y > 0 be a random variable such that
lim log EY"’ =—K (1.2.21)
for some v >0 and k € R. Then
tlim =Y 1ogP{Y >t} = —re"/7. (1.2.22)

Proof. We check the condition posed in Theorem 1.2.5 with Y; = Y/¢,
by = t'/7 and p = 2+. Indeed, for any 6 > 0,

log Z 7fm/(2’y (EY"’) log Z 7fm/(2’y ( !)’ye—ﬁm>
= log Z ( 55 )"

1
2y

S
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By the decomposition

> (o )"
0 vm!
i 2m > .\ 2m+1
_ 1 (075276 2w) + Z 1 (etzl“/ e 2w)
=/ (2m)! = v(@2m+1)!

By Stirling formula,
@2m)! = (1+0(1))"(2™m!)? and (2m+1)!= (1+o0(1))" (2™m!)?

as m — oQ.

Thus,
<1 1 e\m — 1 e S PRy

Summarizing our discussion,
1
lim t~*/7 loglog Z tm/ (27) (Eym) = S0P

Therefore, (1.2.22) follows from Theorem 1.2.5 and the fact that

1 1 1
To(N) = 2ysup {oas - 5926*“/7} —AFe T (0> 0).

(so Iy(1) = ve™/7 appearing on the right hand side of (1.2.22)). O

The following theorem appears as an inverse to Theorem 1.2.6.

Theorem 1.2.8 Let I()\) be a non-decreasing rate function I(\) on RY with
1(0) = 0.

(1). Assume that

lim inf b_ logP{Y,, > A\} > —I(\) (A>0). (1.2.23)

n—oo

Then for every 68 > 0

m

hmlnf log Z —bm (EY’") v > sup {0)\1/” —pill(/\)}. (1.2.24)
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(2). Assume that

lim sup b_ logP{Y,, > A} < —I(}) (A>0). (1.2.25)

n—oo
Then for every 0 > 0 satisfying

lim lim sup bi log 3 %b;” (E(Ym{ynzl}))l/p —0. (1.2.26)

l—o0 n—oo

we have

m

lim sup — log Z —bm (]EYm) e < sup {0)\1/1’ — p*II()\)}. (1.2.27)

n—oo bn — 0 A>0

Proof. For any A > 0,
EY," > A"P{Y,, > A}.

Consequently,

3 %b;’f (Eynm)l/p > exp {b, 0N/} (B{Y,, > )\})1/

m=0

By (1.2.23)

"
lim mf L log Z —bm (Bv;") TS oA —prln).

n—oo 'I’L

Taking supremum over A > 0 on the right hand side give (1.2.24).
To prove (1.2.27), write

i %bfﬁ (]Ejyn@) e (1.2.28)

Given € > 0, partition the interval [0,1] into 0 = A\g < -+ < Ay =1 such
that for each 1 < i <[ the length of the sub-interval A; = [A\;_1, A;] is less
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than e. So we have

oo em

Z b (E(le{ym}))l/p

ﬁ: i —'bmA’"/” (IP{Y € A })

<) exp{6b,(Ni—1+6)} (P{Yn > )\ifl}) v

Mz Ik

1

.
Il

Consequently, by (1.2.25)

lim sup —log Z —b ( (Ynml{Yn<l}))1/p

/p 1 ,
< fe 4 max {0/\ p I()\z—l)}

< e+ sup {9)\1/7’ —pill()\)}.
A>0

Letting € — 0" on the right hand side,

hmbup — log Z —b ( (Yf’l{nd}))l/p < sup {9/\1/;; —p_ll(/\)}.

n— 00 A>0

By the decomposition (1.2.28),

lim sup 7= log Z —bm (EYm> v

n—o0 Tl

< max { sup {9/\1/;; — p_ll()\)},

A>0
m m 1/p
hrrzn—?olipalog Z —b ( (Yn l{ynzl})) .
By (1.2.25), letting I — oo on the right hand side leads to (1.2.26). O

The condition (1.2.26) is called ezponential uniform integrability. It can
be examined through the following lemma.

Lemma 1.2.9 Given 0 > 0, the assumption (1.2.26) holds if there is € > 0
such that either one of the following happens:

lim sup b_ log E exp { 1+ e)@bnYnl/p} < 00. (1.2.29)

n—oo
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1 — (14 e)mom 1/p
lim sup 0 log Z %bg’ (EYJ’") < 00. (1.2.30)
n—oo mn m=0 .

Proof. The conclusion follows from the second part of Lemma 1.2.5 and a
standard application of Chebyshev inequality. ]

1.3 LDP by sub-additivity

A random sequence {Y,,} is said to be sub-additive , if for any n,m > 1,

where Y,, 4 Y., and Y, is independent of {Y7,--- ,Y,}.

In particular, a deterministic sub-additive sequence {a(n)} is defined by
the inequality a(n +m) < a(n) + a(m).

Lemma 1.3.1 For any deterministic sub-additive sequence {a(n)}, the equal-
1ty

lim n~'a(n) = inf m™ta(m)
n— 00 m2>1

holds in the extended real line [—o00,00).

Proof. All we need is to show that

limsupn~ta(n) < inf m™ta(m). (1.3.1)

n—o00 m>1

Let m > 1 be fixed but arbitrary. For any big n, write n = km +r, where
k> 1and 0 <r < m are integers. By sub-additivity,

a(n) < ka(m) + a(r).

Consequently,
limsupn~ta(n) < m ta(m)
Taking inframum over m on the right hand side leads to (1.3.1). |

Given a sub-additive random sequence {Y,},>1 and 6 > 0, we have that

Eexp {9Yn+m} < Eexp {GYH}]E exp {QYm}.
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Consequently,
a(n) =logEexp {0Y,} n=1,2,--

is a deterministic sub-additive sequence. Consequently, we have the following
corollary.

Corollary 1.3.2 Let {Y,,}n>1 be sub-additive. For any 0 > 0, the equality
lim l log E exp {QYn} = inf i log E exp {HYm}
n—oo N m>1m )
holds in the extended real line [—o0, 00].
In the following theorem, we establish exponential integrability for Y.

Theorem 1.3.3 Let {Y,,} be a sub-additive random sequence such that Yy <
C a.s. for some constant C' > 0. Let ¢,, > 1 be a deterministic sequence such
that the normalized sequence

maxYy/c, n=12---
k<n

is stochastically bounded. Then there is a 0 > 0 such that

sup E exp {QYn/cn} < 00. (1.3.2)
Further, if
lm inf ¢ /cn > 1 (1.3.3)
n—oo

for some m > 1, then (1.3.2) holds for all 8 > 0.

Proof. We first show that for any s,¢ > 0, and 0 < A < 1,

S 5k TSOO k
;A P{Vi>s+0+Ch <ENT S NB{V, > ¢} (1.3.4)

k=1

where for each s > 0,

To=mf{j>1 v >s}

Notice that for any j > 1, by sub-additivity

Y-V, <Y/ Evi<C  as.
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For any k£ > 1,

P{Yizs+1+C} =P{T,<k—1; Vi 2 s+1+C}

E

< jIP’{?;:j, Yn—Yj1>t+C’}<j§_:jIP’{7;=j, Yk—szt}

<.
I

where the second step follows from the fact that Y. _1 < s. By sub-additivity,
Vi —Y; < ka_j 4 Yi—; and Yk’_j is independent of {7 = j}. Therefore,

k—1
P{Yk >s4t+ C} < JZ::I]P’{Z = j}P{Yi; > t}.

Multiplying A¥ on the both sides and summing up over k lead to (1.3.4).
Given N > 0 and integers m,n > 1, by (1.3.4),

ZAk {Vi = m(New+C)} < (EATNCn)m
Taking X\ = exp{—n~!} we have that

iexp{—n_lk}P{Yk >m(Ne, + C)} < (Eexp{ - TNcn/n})m

k=1

By assumption, for any M > 0,

lim 5up]P’{TNC < Mn} =0.

N—oo n>1
In particular, one can make N > 0 sufficiently large, so that

]Eexp{ — TNcn/n} <e?
Hence, uniformly on n > 1,
]P’{Yn > m(Ney + C)} <ee M g =1,2..

Consequently, (1.3.2) holds for some 6 > 0.

Assuming (1.3.3), we now show that (1.3.2) holds for every § > 0. Let
6o > 0 satisfy (1.3.2). By (1.3.3) there is m > 1 such that

C[n/m]/cn < 00/0
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for all n > 1. By sub-additivity we have that

Eexp {QC;IYH} < <Eexp {anlY[n/m]})m < <Eexp {Goc[zl/m}Y[n/m]})m.

The right hand side is bounded uniformly over n > 1. O

The notion of sub-additivity can be extended to the stochastic processes
with continuous time. A stochastic process Z; (¢t > 0) is said to be sub-
additive, if for any s,t > 0, Zs4+ < Zs+ Z; for a random variable Z; indepen-
dent of {Z,; 0 <wu < s} with Zt £ Z;. With completely parallel argument
we have

Lemma 1.3.4 For any deterministic sub-additive function {a(t)} (t € RT),
the equality

. —1 . -1
Aol = jofsals)

holds in the extended real line [—00, 00).

We may restate Theorem 1.3.3 in the setting of continuous time. Rather,
we give the following slightly different version.

Theorem 1.3.5 For any non-decreasing sub-additive process Z; with con-
tinuous path and with Zg =0,

Eexp{0Z:} < o0 (1.3.5)
for any 8 > 0. Consequently,
o1

Jim 7 logEexp {6Z,} = ¥(0) (1.3.6)

exists with 0 < U(0) < oo for every 6 > 0.

Proof. Clearly, we need only to establish (1.3.5). By sample path continuity
and by monotonicity, the continuous version of (1.3.4)

P{Z > a+b} <P{Z >a}P{Z > b} (1.3.7)
holds for any a,b > 0.

Consequently,

]P’{Zt > ma} < (IF’{Zt > a})m m=1,2,---.
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For any a > 0, by the fact Zy = 0 and by sample path continuity, one can
have P{Zt > a} < €72 by making ¢ > 0 sufficiently small. Consequently, for
any 6 > 0,

Eexp{0Z;} < o0

for small ¢. We may take t < 1. By sub-additivity

[t71+1
) < 00.

Eexp{6Z:} < (]E exp{6Z;}

1.4 Notes and comments

Section 1.1.

The earliest recorded work in large deviation theory is due to Cramér
([37]) and was published in 1938. The literature on Large deviations is mas-
sive and it is impossible to list even small portion of it. We point the fun-
damental roles played by Donsker and Varadhan; Freidlin and Wentzell in
the birth of modern theory of large deviations. The idea that the limit of
the logarithmic moment generating function decides the large deviation goes
back to Cramér ([37]). It has been formulated by Géartner ([80]) and Ellis
([71]) into a general theorem later known as Gitner-Ellis theorem (Theorem
1.1.4). There are many excellent book accounts available in the theory of
Large deviations. We mention here the books by Varadhan [152], Freidlin
and Wentzell [76], Ellis [72], Stroock [148], Deuschel and Stroock [50], Buck-
lew [18], Dembo and Zeitouni [44], den Hollander [47], Feng and Kurtz [73].
Finally, we refer an interested reader to the recent survey by Varadhan [154]
for an overview on the latest development in the area of large deviations.

Most of the material in this section comes from the book by Dembo and
Zeitouni ([44]).

For the large deviations in infinite dimensional space, a challenging part
is to establish the exponential tightness. Theorem 1.1.7 provides a practical
way of examining the exponential tightness. This useful result is due to de
Acosta ([41]).

Exercise 1.

In an infinite Bernoulli trial with the success rate 0 < 6 < 1, let B,, be
the number of successes in the first n games. Recall that

lim an =0 a.s.

n—oo N
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Apply Géartner-Ellis theorem to compute the limit
1 B,
lim — logIP’{‘— — 9‘ > e}
n—oo m n
where 0 < € < min{l — 0, 6}.

Section 1.2.

Much material in this section existing in some recent research papers
instead of standard textbooks. Theorem 1.2.2 was essentially obtained in the
paper by Bass, Chen and Rosen ([7]), Theorem 1.2.6 appeared in Chen ([24],
[25]). Theorem 1.2.7 is due to Konig and Mérters ([107]).

Section 1.3.

Argument by sub-additivity has becomes a sophisticated tool in the gen-
eral frame work of large deviations. Very often in literature, it is the deter-
ministic sub-additivity formulated in Lemma 1.3.1 that is used to prove the
existence of logarithmic moment generating function.

Exercise 2. Prove (1.3.7).



Chapter 2

Brownian intersection
local times

2.1 Introduction

Recall that a d-dimensional Brownian motion W (t) is defined as a stochastic
process in R¢ with the following properties:

(1). For any ¢t > 0, W(t) is a normal random variable with mean 0 and
covariance matrix tI;, where I; is the d x d identity matrix.

(2). For any s < t, the increment W (¢) — W(s) is independent of the

family
{W(u), u < 5}
and has a distribution same as W (t — s).

We follow the convention that W(0) = 0 most of the time, with the
exception when W (t) is viewed as a Markov process. Brownian motion is
also known as Wiener process. Due to its importance, Brownian motion has
been studied extensively. It is virtually impossible, in the scope of this book,
to list even the major results in literature about Brownian motion. We refer

the reader to the books of Ito and McKean [93], Revuz and Yor [133], Rogers
and Williams [136], [137] .

The notion of intersection local times have been introduced to measure the

33
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intensity of the Brownian path intersections. For a d-dimensional Brownian
motion W (t), an integer p > 2 and a p-multiple time set

AcC{(ty, - tp) € RY)P; t1 <+ <t}

the random quantity 3(A) formally written as
P
B(A) :/ [T 60(W(s;) = W(sj—1))ds - - dsp (2.1.1)
Ay

measures the amount of p-multiple self-intersections over the time set A. The
random measure 3(A) is called (p-multiple) self-intersection local time of the
Brownian motion W (t).

Let Wi(t),--- ,W,(t) be independent d-dimensional Brownian motions.
For any A C (RT)P, the random quantity formally written as

a(A):Agéo(Wj1(sj1)—Wj(sj))dsl-.-dsp (2.1.2)

measures the amount of mutual intersection over the time set A. In literature,
a([0,£1] x -+ x [0,2p]) is called (p-multiple) mutual intersection local time of
the Brownian motions Wi (t),--- , Wp(t).

In addition to its mathematical importance, the study of intersection local
times is also motivated by the needs from physics. Physicists concern about
geometric shape of the polymer which is often described by a suitable random
path (such as a Brownian curve). The geometry of a polymer is decided by the
intensity that the random path intersects itself. Write [0,¢]2 = {(r,s); 0 <
r < s <t}. Then the quantity

B([0,4%) = //{O<r<s<t} So(W(r) — W(s))drds

measures (double) self-intersection up to time t. The case when 3 ([O, t}2<) is
large corresponds to a “contracting” polymer; while the case when 5([0, t]2<)
is small corresponds to a “spread-out” polymer. The geometric shape of a
polymer is often influenced by the environment (media). If the environment
encourages attraction among the molecules, then the polymer is contracting.
In this case, the polymer is called self-attracting polymer. In the opposite
case, the polymer is spread-out and is called self-repelling polymer.

In physics, the probability measure Py on C {[0,%],R?} defined as

Py(B) = é;lﬂ«:(exp {A8(10,112) }1{W(,)€B}> : (2.1.3)
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where B € C’{[O,t],RQ} is Borel measurable, is regarded as the distribu-
tion of the curve representing a self-attracting planar polymer, where A > 0
represents certain media parameter (such as temperature) and C) is the nor-
malizing constant making Py a probability measure. Indeed, the curves with
higher self-intersection are given more distributional weight and the degree
of this favoritism is decided by the value of .

Similarly, a self-repelling planar polymer is modeled by the distribution

P\(B) = 5;1E(exp {- Aﬂ([o,t]i)}l{w(,)em). (2.1.4)

An interested reader is reffered to an excellent survey paper by van der Hofs-
tad and Konig ([89]) for a systematic account on link between polymers and
sample path intersections.

Intersection local times of Brownian motions needs to be properly de-
fined. For example, we shall find out that (Proposition 2.3.6) the quantity
B([0,#]2) used in (2.1.3) and (2.1.4) explodes and we shall fix this problem in
Section 2.4. In addition, some basic but important properties of intersection
local times, such as integrability and Le Gall’s moment formula, needs to be
installed. We devote this chapter to carry out these goals.

2.2 Mutual intersection local time

Prior to the construction of intersection local time a(A) (formally given in
(2.1.2)), we need to see when the independent d-dimensional Brownian mo-
tions Wiy (t),--- ,W,(t) intersect. This problem was completely solved in
1950s by Dvoretzsky, Erdos and Kakutani ([64] and [65]). We introduce
their result without proof.

Theorem 2.2.1 The set of intersection
P
ﬂ {x € RY & =W;(t) for some t >0}

contains points different from 0 if and only if p(d — 2) < d.

In the following discussion we restrict to the case d(p — 2) < d, which
contains three sub-cases:

l.d=1,p=2,3,--.
2.d=2,p=2,3,-
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3.d=3,p=2.

A function playing an important role in deciding whether Brownian paths
intersect is the Green’s function G(x) defined as

G(x) :/ e 'pi(x)dt  x€RY (2.2.1)
0
where 1
—|x 2
pt(x) = W@ |=[7/2¢ x € Rd (222)

is the density function of the random variable W (t). A crucial fact (Theorem
A.1, Appendix) is that

9 GP(x)dr < o0 (2.2.3)

under p(d —2) < d.

Given € > 0, define a random measure a.(-) on (RT)? as follows
P
A) = / [/ dsy - --ds, Hpe(Wj(Sj) - x)}daz AcC (RTP.
Re [ JA 4
Jj=1

Roughly speaking, we shall show that as ¢ — 0%, a.(-) converges on
all bounded p-dimensional boxes and we then show that the limiting family
can be extended into a random measure which is later called the mutual
intersection local time generated by the Brownian motions Wi (t), - - -, Wp(t).

For two functions f and g on R?, the convolution f*g of f and g is defined
as

(f *g)(x /f x—y)dy=/Rdf(x—y)g(y)dy z €R?

whenever the involved integrals are well defined. For any probability density
h(z) on R? and any € > 0, it is easy to see that the function

he(z) = e 4h(e 1)

is a probability density on R?.

Lemma 2.2.2 For any function f € LP(R?) with p > 1, and for any proba-
bility density h(zx) on R,

lim |f(z) = f *he(x)|Pdx = 0.

e—01 JRrd
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Proof. First we claim that for § > 0 there is N > 0 such that

lim sup/ |f * he(z)|Pde < § (2.2.4)
{lz|zN

e—0t
Indeed, by Jensen inequality,

| Areharas

{lz|>N

</ he()lf (@ - y)Pdyde
{lz|>N JRd

=[] [ it ppas)ay
Rd {lz|>N

[ )| [ sy
{ly|>1} {lz|>N

i /{Iy|<1} helu) [/{1>N i y)|pd4 dy.

For the first term on the right hand side, it is bounded by the quantity

{ [ rras}{ / |y|>1}h‘(y)dy}
_ {/Rd|f(x)|pdx}{/{z>6_1}h(;v)da:}

that tends to zero as € — 0.

As for the second term, it is dominated by

/ @)z
{lz|>N—-1}

which can be sufficiently small if NV is sufficiently large.

In view of (2.2.4), therefore, it remains to show that for any fixed N > 0

e—0t

lim / |f(z) = f*he(x)|Pde = 0. (2.2.5)
Rd
The validity of this claim would be immediate if f is uniformly continuous.

When this is not the case, for any given § > 0 one can pick up an uniformly
continuous function f on R¢ such that

/ (@) - Fa)Pde < 6.
Rd
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By Jensen inequality, one can show that

/ ((F * he) (&) — (F * he) (@)Pdee < / (@) - Fao)Pde < 6.
R4 Rd

Thus, the desired (2.2.5) follows from the fact that it is satisfied by f. O

For any A C RT and any integer m > 2, set

—{81,-~- ye A™; 31<-~-<3m}.

Theorem 2.2.3 For any bounded Borel sets Ay,---, A, CRT, the limit
lm a(Ar X - x Ap) =a(dr x--- x Ap) (2.2.6)

e—0t

exists in the L™(Q, A, P) for all m > 0. Further, for any integer m > 1,

Ea(drx - x A )’"] (2.2.7)
~fuptrton TS [

X H Psp—sip_1 (‘ro(k) - xa(k—l))
k=1

where ¥, be the permutation group over {1,--- ,m} and we adopt the con-
vention that so =0 and x4 ) = 0.

Proof. The proof consists of three steps. First we show that the right hand
side of (2.2.7) is finite. Set, for given Borel set t € RT,

‘/;f = /(Rd) d:Cm |: Z / e dSm H Psp—sk_1 (xo.(k) _xo'(k—l))
" 0,t

TEY k=1
By Holder inequality and by the fact that A; is bounded, we need only to
prove that V; < oo for any ¢ > 0.

p

Indeed, for any o € ¥,

/ dsy---dspy H Ps—sp_1 (xo(k) - xo(kfl))
(0,612 k=1

t
/ Ps(To(h) — To(k—1))ds
0

IA
o E R

£
Il

1

gt(%(k) - xa(k—n) (say).

I
s

£
Il
-
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By Jensen inequality, therefore,

Vi< (mypt Y / dxm{Hgt ok — Tohe mr (2.2.8)

~ ([, gf(x)dx)m ([ [ [ pwas] )"

To proceed, we need to show that the integral on the right hand side is
finite. Indeed, by By Gaussian integration,

DYIE

P i3 120
oy

Therefore, by the fact that

<1

¢ P d(p—1) b ae-n P
/ [/ ps(a:)ds} de < (2m)” 2 {/ EET ds} < 00. (2.2.9)
R [ Jo 0

As the second step, we establish the identity

dip—1)
2p

E[ac(Arx - x 4,)"] (2.2.10)

p m
— /(Rd)m dry - dzy, U /Rd N dzy -+ .dzm( Hpe(zk — xk)>

k=1

X Z / . < dsm, HPSk Sk— 1 o(k) — Ro(k— 1))

€S,
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By Fubini theorem,

E (41 x ~-~><Ap)m}

= / dxy -+ -dxy, H / dsy - ds,,E H Pe (W(s) — xk)
(Rd)m k—1

= /( : dxy - - dxy, H Z / oo dsp,E H pE(W(s) — xa(k)).
]Rd' m he1

For any (s1,---,sm) € (A4;)7, the probability density of the random
vector (W(s1), -+, Wp(sm)) is

I psi-sioi (e —26-1) 21,0+ 2m € R

where we adopt the convention that so = 0 and 2o = 0. Thus, (2.2.10) follows
from the following computation.

ﬁ — To(k)
- ~dzm( ﬁ Pe(zr — xa(k))) ( ﬁ Psp—sp_r (2 — Zml))

1 "dzm( ﬁPE(Za(k) - ‘Trf(k) )(ﬁ[ Psi—sia( Fo(k) — Zﬂ(k—l)))
= /(Rd) dzm( H (25 — Tk ) ( ﬁpsk—sk,l(za(k:) - Za(kq)))

k=1 k=1

where 2,9y = 0, where the second step follows from index permutation and
the third from the fact that

::]3

pe(z Zo(k) a(k H 2k — ka

k=1

Before starting the third step, we reduce our task to a suitable point. For
1<j<p,set

fi(wy, - Z / 51+ dsm Hpsrsk_l(%(k) — To(k—1))

oEY, k=1
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and

€] — d dm B — . St Zm)-
Jes /(Rd)m “ ? (kI:[lp(Zk xk))f](zl Zm)

By (2.2.8) f; € LP(R¥™). By Lemma 2.2.2, f.; converges to f; in
LP(RI™) as ¢ — 0. Observe that the multilinear form

P
L(gh... ’gp) :/( ) dxy -+ - dx,y, ng(xla"'xm) gj € ,Cp(]Rdm)

is continuous on the product space ®§:1 LP(R%™), Thus, the right hand side
of (2.2.10) converges to the right hand side of (2.2.7). Therefore, it remains
to show that (2.2.6) holds in the sense of L™(Q,.A,P) for all integers m > 1.
By (2.2.10) and the convergence of the right hand side, we have

supE[ae(Al X oee X Ap)m} <oco m=1,2,---.
e>0

Therefore, all we need to prove is the convergence (2.2.6) in £2(£2, A, P). To
this end, all we need is to prove that the limit

lim E{ae(Al XX Ay - ae (Ag X - X Ap)}

€, e/ —0+
exists. That is the task of the third step.

A slight modification of the computation for (2.2.10) (with m = 2) gives
that

]E{ae(Al XX Ay) e (A X e x Ap)}

P
= / / dedy | / / dz1dzopc(z1 — x)per (22 — y) fi(21, 22)
Rd xR4 j=1 R4 xR4

where

fi(z,y) = /(A‘)Q dsdt{ps(ff)ptfs(y — @) + ps(Y)pe—s(x — y)}~

A slight modification of Lemma 2.2.2 gives that for each 1 < j < p,

/ / dxdy
R4 xR

= // dzidzope(21 — x)per (22 — y) fi(21, 22)
R4 x R4

—0 (e, —0M).

fj(xvy)

p
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This leads to the requested conclusion. |

The equality (2.2.7) is called Le Gall’s moment identity . By Holder
inequality, an immediate consequence of Le Gall’s moment identity is the
following inequality,

P 1/p
E[a(A1 X Ap)m} <11 {E[a(Ag?)m]} m=1,2,-. (2.2.11)
j=1
The next thing we intend to do is to extend the limiting family

{a(Al X ---x Ap); bounded Ay, -, A4, C R+}

into a random measure on (R™)P. Strictly speaking, for each (Ay,- -, A,) the
notation a(Ay X --- x Ap) represents an equivalent class of random variables
which are equal to each other with probability 1. We need to prove that
this family has an extendable version. Our approach is to show the random
measure can be generated by a continuous distribution function. Our major
tool is Le Gall’s moment identity.

Here we introduce the notation
t=(ty, - ,tp) t1, - ,t, €ERT

and for two multiple times parameters s, t € (RT)P write

[6 =8Il = /(tr = 51)2 - + (1, — 5,)?

and [s,t] = [s1,61] X - X [sp,t,] if s < t (which means s; < t; for j =
17”' »p)

Lemma 2.2.4 Let T > 0 be fized. There is a constant C = C(T') > 0 such
that for any s,t € [0, T)P and for any m =1,2,---

(p Doy

Ela([0,]) — a([0,s)| < (m)rcmje —s||*

Proof. We fist consider the case s < t. Write [0, t]\ [0, s] into the union of p
disjoint boxes. For each 1 < j < p, the jth box is of the form A; x --- x A,
where A; = [0, 5] or [0,¢] for I # j, and A; = [s;,¢;]. By (2.2.7) in Theorem

223, forl=1,---,p
E|a(AP)™ :/ d m[ / U
la(ap)"] o . 22: »

m P
X Hpuwuk_l(%(k) - xa(k—n)] :

k=1
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For I # j, we use the estimate given in (2.2.8) and (2.2.9), which gives

that
[(AP)} (m)PC™  m=1,2, - (2.2.12)

where C' > 0 represents a constant independent of s, t and m (To simplify
our notation, we allow C' to be different from place to place).

For [ = j, observe that

/ dul ce dum H Pup—up_1 (xa(k:) - xa(kfl))

(A4;)2
< (/ Pu(Zo(1) dU) H/ u(To (k) — To(k—1))du.
S 0,t;—s;

By an estimate modified from the one used for (2.2.8),
E[a(49)"]

< (m!)l’{ /R d { / t pu(x)du]pdx}{ /R d dm[ /0 v pu(x)du]pdx}ml.

27

By the estimate (2.2.9)

/R d { /0 v pu(a:)du] i

_d=D) g9 2p p
< - - g
<@m) 7 p (Zp—d(p— 1)) (tj = s;)

2p—d(p—1)

By modifying the estimate used for (2.2.9),

/]R ) { / f pu(x)du] i

t;
d(p—1) 7 _d(e=1)
<(2m)~ 72 p_d/Q/ 5= ds
S

53

- (27()_%])_(1/2 (27]))17(7“%@—2?—1) - S%P—é(pp—l) )p
2p—d(p—1) J J
dp—1) d/z( 2p )P 2p=d(p-1)
2 ’ —— ) (=8, 2 .
<(2m)” P 3 —dp—1) (t; —s5)

Summarizing what we have accomplished,

E[a(42)"] < (nirom (1, - 5,) =50, (2.2.13)
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Thus, by (2.2.11), (2.2.12) and (2.2.13) we have

2p—d(p—1)

E[G(Al X oo X Ap)m:| < (mh)PC™(t; —s5)” 2»

This leads to

2p—d(p—1)

E[a((0,t]) - a((0,s))] " < (mbrem e — 5|

Observe that when s < t,
o([0,t]) — a([0,s]) > 0.

Hence, we have proved the desired conclusion in the special case when s < t.

For the general s = (s1,---,sp) and t = (t1,--- ,tp), write
s'=(s1 At - sp Aty),  t=(s1 Vi, o, sp Vi)

By monotonicity of the functional «([0, t]) in t,
[([0,4]) — a([0,s])| < a([0,t]) — ([0, 5]

By What we haVe proved
2p—d(p—1)
2p v

Ela((0, ) - a((0,s])|" < (myremj — |

2p—d(p—1) .,
2p v

= (mh)PC™[|t —s||

O

Two processes {X;}tco and {Y;}ico are said to be modification to each
other, if P{X; = Y;} = 1 for every t € ©. By Kolmogorov’s continuity
theorem (Theorem D.7, Appendix) and by Lemma 2.2.4, the process

{a0,t); te 0,717}
has a continuous modification

ol = {aT([O,t]) t e [O,T]p}.

For any T' < T’, we have that P{aT([O,t}) = ocT/([O,t])} =1foralt e
[0,T77. By continuity,

IP’{aT([O,t}) =a”'([0,t]) forall t € [O,T]P} =1
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Let 0 < Th < Ty < -+ < T < --- be an increasing sequence such that
T, — 0o as k — oo. Then outside a null event, the limit

a([0,t]) = lim o™*(]0,t])

k—oo

exists for every t € (RT)? and, as a function of t, &([0,t]) is continuous on
(RT)P. In addition, the process {d([&t]); te (R*)p} is a modification of

{a([qt]); t e (Rﬂp}.

By the measure extension theorem, the continuous distribution function
@([0,t]) can be extended uniquely into a (random) measure G(-) on (R*)P.
We call a(+) the mutual intersection local time generated by the independent
Brownian motions Wy (t),-- -, W,(t).

It is straightforward to see that for any bounded sets A;,---, A, C RT,
]P’{a(/h X x Ap) =a(Ap x - xAp)} =1.

To simplify our notation, from now on we use «(A), rather than &(A), to
denote this continuous version.

We now turn our attention to establishing properties for the intersection
local time «(A).

Proposition 2.2.5 The measure «(-) is supported on the set

{(tr,- 1) € RT)P Wi(tr) = = Wy(tp)}

Proof. By continuity of Brownian trajectories, the set
O ={(t1, . tp) € RT)P; Wi(t) = = Wy(tp)}

is a close set. Let A = [s1,t1] X -+ X [sp,t,] C (RT)P be a deterministic box
with rational coordinates si,--- ,sp;t1, - ,t, and write

BAZ{(U; Aﬂ@:@}

On the event Ba, lim,_,o+ a(A) = 0, which implies that «(A) = 0. Observe
that the fact that © is a close set leads to

o°=J{4 Ane=0}

where the right hand side is a countable union. Hence, we have that a(©°¢) =
0. O
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Proposition 2.2.6 For any a,t > 0,

d 2p—d(p—1)

a(0,at]’) =a= =2 a([0,t]7)
Proof. By definition and integration variable substitution,
Pt
e ([0, at]?) = a”/ dx H/ pe(Wj(as) — x)ds
rR: 55 Jo
Pt
4 ap/ da:H/ pe (VaW;(s) — z)ds
rR: 5 Jo
- Pt
o /Rd dxH/O Pesa(Wj(s) — (z//a))ds
j=1

2p—d(p—1 P t
=a = / dx I | / ps/a(Wj(s) - x))ds
RT 5770

= Qc/a ([O’ t]p)

where the equality in law follows from the Brownian scaling. By Theorem
2.2.3, letting € — 0T on the both sides proves the conclusion. O

Our construction of the intersection local time a(A) constitutes the no-
tation

P
a(A) = / [/ 11 6-(W;(s5))ds - - sy, | da. (2.2.14)

Rt LA
Recall that in the special case d = 1, the occupation measures p;(-) (¢t > 0)

pe(B) :/0 15(W(s))ds BCR

of an 1-dimensional Brownian motion W (¢) are absolutely continuous with
respect to Lebesgue measure on R; and that the family of the associated
Radon-Nikodym derivatives formally given as

L(t,z) = /Ot 6:(W(s))ds x€R (2.2.15)

has a modification jointly continuous in both time variable ¢t and space vari-
able z. We call the continuous random function L(¢, ) the local time of W (t).
Let Ly(t,z), -+, Lp(t, ) be the local times of the independent 1-dimensional
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Brownian motion Wi (t),--- , Wp(t), respectively. We then have that for any
th,ooe >0

oo

ac(10,12] x - x [0, 1,]) :/

— 00

[f[l/_‘: pe(y — ) L;(t5, y)dy} dx.

A deterministic argument by Lemma 2.2.2 establishes the fact that when
d=1,

a([0,t1] x -+ x [0,8,]) = /Z [ - Lj(tj@)]dx. (2.2.16)

Jj=1

Write
p—1 p—1
o+ ap) = [ (=) [T (3o~ o) da,
R4 . .
j=1 k=j

It is easy to verify that h(-) is a probability density on R“P=1, When € — 0%,
the function
he = e P Vp(e ey, e, )

approaches to the Dirac function

p—1
So(@r, -+ ap1) = [ dola))
j=1

in distribution. It is straightforward to check that for any bounded set A C
(RF)?,

ac(A) = / dsy - -dsmy, (2.2.17)
A
X he (Wl(sl) — Wa(sa), -, Wp_1(sp-1) — W(sp))~

This relation justifies the notation introduced in (2.1.2).

We have seen the fundamental role played by Le Gall’s moment identity
in constructing the intersection local time a(A). In Chapter 3, we shall see
an even greater role by this powerful tool in establishing the large deviations
for a([0,¢]P). In the following we demonstrate that Le Gall’s moment identity
takes a simpler form if the Brownian motions run up to exponential times.
To this end, we first introduce the following analytic lemma.
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Lemma 2.2.7 For any continuous functions ¢1(t), -, om(t) satisfying

/67t|80k(t)|dt<oo k=1,--,m
0

/ dte*t/ dsy -~ dspm [ [ or(sk — sk1) = H/ e or(t)dt
0 (0,8 - 0

where we following the convention sg = 0.

Proof. By the substitution
th =58k —5sk—1, (k=1,---,m) tyqp1=t—sn

we have

/ dte™? / dsi---ds, H or(Sk — Sk—1)
0 [0,4]7

k=1

0 0 bel
= H/ e Lo (t)dt.
k=10

Let 71, -7, be independent exponential times with parameter 1. We
also assume the independence between {71, - 7,} and the Brownian motions

Wy, W,}.

Theorem 2.2.8 For any any integer m > 1,

qqpﬁp«nxpnwﬂ (2.2.18)
m p
= / d.]?l s dxm, |: Z H G(‘ra(k) - xo‘(krfl))
(Rd)m CES k=1

where

G(x) :/ e“'pi(x)dr  x € R?
0

and z4(0) = 0.
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Proof. First, it is easy to see from (2.2.3) that the right hand side of the
equation is finite. For any t1,--- ,t, > 0, by (2.2.7)

]E{a([o,tﬂ x - x [0, ])m]
/(Rd)m dme Z / 1 -dsm

j=10€n,, ’ ([0:t]

X Hpsk Sk— 1 o(k)y =T (k—l))
By Fubini theorem,

E[a([O,Tﬂ X X [Ova])m]

:/ / dtl...dtpef(tw.--ﬂp)/ dzy - - dzm,
0 0 (RE)m

p m
X H / dsy - dsm, H Psp—sp_1 (xa(k:) - 3?0-(}9,1))
5, 7 ([0,t;]

m

j=10€Zm i< k=1

:/(Rd) dmmH Z/ dte™"

j=lo€eX,,
X / dsi---dsm H Psi—si1 (To(k) = To(k—1))-
([0,t] k=1

Finally, by Lemma 2.2.7,

/ dte_t/ dsy - dsp, Hpsrsk_l(%(k) — To(k—-1))
0 ([0,t]Z

k=1

H/ e " Di(To(r) — To(p—1))dt = HG To(k) = To(k-1))-

As an application of Le Gall’s moment identity, we prove the following

Theorem 2.2.9 There is a constant A > 0 such that

Eexp {)\a([O, 1]p)ﬁ} < 0.
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Proof. Notice that Tyin = min{7y,---,7,} is exponential with parameter p.
By the scaling property given in Proposition 2.2.6 and independence between
Brownian motions and exponential times,

E[a([O,ﬁ] X o [o,Tp])’"] (2.2.19)
ZE[Q([O,Tmm] ) } ET2P e 1)mIE[cu([07 1]1’)7"}

_ pfig”‘dé”‘”mflr(l yodel) dQ(p — 1)m>Ea([O, 7)™

On the other hand, by (2.2.18) and an argument by Jensen inequality

E[a([o,n] % (0,7, < (m!)p< Gp(x)dx)m. (2.2.20)

Rd

In view of (2.2.3), an estimate by Stirling formula based on (2.2.19) and
(2.2.20) leads to the bound

d(p 1)

E[a(0.1)"] < ™5™ m=1,2,-
The rest follows from a standard application of Taylor expansion. O
The Brownian motions Wi (¢),--- , W, (t) are allowed to started at some-

where rather than the origin. When W1 (0) =y1,---, W,(0) = yp, we use Ey
and Py for the expectation and probability, respectively, of the random path
of (W1 (t),--- ,Wp(t)). Here we adopt the notation § = (y1,--- ,yp). In the
important special case y; = --- =y, = 0, we still use “E” and “P” instead.
Under the law Py, by the same procedure one can construct the intersection
local time «(A). We list some similar properties here.

Similar to the identity in law given in Proposition 2.2.6, for any a,t > 0,
2p— d(p 1)
ci{a(o.atl)} = £5) 5] a(j0.47) }. (2.2.21)

Under Py, the Le Gall’ moment identity takes form

E, [a(Al X x A )m} (2.2.22)
5, e
(RE)™ j=lo;eX, A2

X Hpskfsk—l(‘raj(k) - xaj(k—l))
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where Ay, -+, A, C (RT)P are bounded, sy = 0 and ¢;(0) = y; for j =
1’ DRI 71).

Taking A; = --- = A, = A and applying Hélder inequality to (2.2.22),
P
Eg[a(Ap)m] < H{/ dx1-~-dmm[ > / dsi -+ dsp,
j=1 L@ 0, €%, /AT

1/p

m p
X H pskfsk_l (l.o'j (k) - xo‘_j(k—l)):| }
k=1

Notice that for each 1 < j < p, the jth factor on the right hand side does not
depends on the value of z,, (o). Consequently, the right hand side is equal to

]E{a(A”)m]. Thus,
Ey[a(4)"] <E[a(an)"] vye @y (2.2.23)

This inequality shows that for the Brownian motions Wi (t),--- , W,(t), the
best strategy to get maximal intersection within the fixed period is to start
at the same point.

2.3 Self-intersection local time

Let W (t) be a d-dimensional Brownian motion. The main goal in this section
is to construct the random measure 8(A) on (RT)2 formally given by (2.1.1)
or, equivalently, by

s = [ o [asas, [[a00Gs) Ac®@ @
, 1

Let the numbers 0 < a1 < b1 < as <by < -+ < ap—1 < b, be fixed and
write A
WO () =W(a;+t) 0<t<bj—a; j=1,---,p

We assign each of the independent Brownian motions Wi (t),---, Wy(t) an
initial distribution p with the density

h(z) = Cge™ 1"l 2 e RY
where Cy > 0 normalizes h(z) into a density function.

Write T = [0,b1 — a1] X - -+ X [0,b, — a,]. We view the random fields

(W(l)(t1)7~-~7W(p)(tp)> and (Wl(tl),-~-,Wp(tp)) (tr, - ty) €T
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as two random variables with values in the space C{T, (R?)?} and with the
distributions, respectively, 1 (dw1, - -, dwp) and yo(dws, - - , dwy).

Lemma 2.3.1 ~(-) is absolutely continuous with respect to vyo(-) with the
associated Random-Nikodym derivative

O(wy, -+ ,w C " exp { Z lw; (0 }pa1 (w1(0)) (2.3.2)

x Hpaj—bj—l (w;(0) = wj—1(bj—1 — aj1)).
In particular

/ O%(wr, -+ ,wy)y2(dwy, - -+, dwy,) < oo. (2.3.3)
{r,®ayr

Proof. Foreach1<j<p,let0—s()<3()< <s£fj)—bj—ajbea

partition of [0, b; —a;]. It is straightforward to verify that the random vector
(WO, WO s W), W)

has the probability density

1
FaiD, 2. xgp)’..., gl;r;))
p
T = T o -2

where byp = 0 and x(o) = 0; and that the random vector (with the given initial
distribution)

1
(Wi, WA () W (s, - W (LD)))
has the probability density

gD, ey L )

y Ly » <y,

P
) i
:”C =’ | Ilpm s9) JUkJ)—ﬂUg)l)
Jj=1
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Hence,
f(x(()l)a xgbll);"' x(()pv"' x”p)
g(xg)l)a stll)’._. 'T(()p)v"' x"p)

P
=C; Pexp{ZlﬂU J)‘}pm (1) Hpaj—by 1 51]71))
Jj=2

This leads to the identity
= / @(wla e 7wp)72(dw17 e adwp)
A
for any A C C{T,(R*)?} of the form

A - {(wlv"' awp)a (wl(s(()l))v o 7w1(t£111))7 7wp(5l()p))? awp(tstp))) S B}

Notice that O(w,--- ,wp) does not depend on the time set we choice. By
standard measure extension, the identity holds for all A ¢ C{T, (R%)P}.

Finally, a straightforward calculation gives that

/{ O%(wy, -+ ,wy)y2(dwy, - -+, dw,) = EO*(Wy,--- W) < oc.
T,(Rd)P

For each € > 0, define the random measure () on (RT)Z:
Be(A) = / [/ dsy---dsp I_Ip6 }dx AcC (R,
R4

A measure on a complete metric space is called Radon measure if the
measure value of every compact set is finite.

Theorem 2.3.2 Assume p(d — 2) < d. With probability 1 there exists a
Radon measure 3(-) on (RT)2 such that,

(1) For any compact subset of (RT)2 of the form Ay x --- x A, where
Ay, -+, A, are finite close intervals,

lim ]E|5€ A x o x Ap) = B(Ar x - x Ap)|" =0 (2.3.4)

e—0T

for all m > 0.
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(2). The measure is supported on:
{(s1,+  5p) € RT)Z; Wi(s1) =+ =W(sp)}.

In addition, 3({s; =t}) =0 for any 1 < j <p and any t > 0.

Proof. Let the numbers 0 < a; < b; <--- < ap < b, be given and write
I =[a,b] =[a1,b1] X -+ X [ap, by)]. (2.3.5)

We first construct a random measure 3/(-) on I which will appear as the
limitation of 5(-) on I. Notice that the fact that for any ¢ > 0,

{Bt+a; Ac@r}L{a) Ac®)]

where t + A = {(t +s1, -+ ,t+p); (s1,--+,5p) € A}. We may assume
a; > 0, for otherwise we may consider [1 +ai,1+b1] X -+ X [1 + ap, 1 + by)
instead.

We adopt the notations used in Lemma 2.3.1. Let t € I and define the
function & on C{I, (R*)P} as

p ti—aj
/ pe(w;(s) — z)ds|dz.
0

twn ) = [ |11

j=1
By time shifting one can see that

Be(la, t]) = &(W(l), .. ,W(p)).
By Lemma 2.3.1, for any ¢,¢ > 0,

E| 6. ([, t)) - B (fa. 6|

- /c{T,(Rd)p} ey wp) = Eor(wn, o wp)|™

X ("')(UJ1,"' 7wp)72(dw1a"' 7dwp)

< {/C{T(]Rd)p} @2(11)17 e wp)ye (dwy, - - ,dwp)}l/z
x {E|0‘e([0,t —a)) — o ([0,t — a])|2m}1/2,

By Theorem 2.2.3, therefore, there is a non-negative random variable 37 ([a, t]),
such that

Jim B ([, t]) = 3" ([a, t]) (2.3.6)
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in all positive moments.

For any s, t € [a,b], by Lemma 2.3.1 and a procedure same as above,

E ﬂe([av t]) - 56([a1 S])

‘ m

1/2
< {/ 62(w11"' 7wp)72(dw17"'?dwp)}
cf{r.®r}

x {E|L€(t —a,0) — L(s — a, 0)|2m}1/2.

By Lemma 2.2.4, for any M > 0 there is a C; > 0 such that for any s,t €
[0, M]P

I I m 1P m 2p—d(p-1)
E|6" ([a,s]) — 5" ([a. t]) | < (m)PCP[|s — ]|~ =
By Kolmogorov continuity theorem (Theorem D.7, Appendix), the process
{ﬂl ([a,t]); tel } has a continuous modification (which still denoted by
B’ ([a,t])). The continuous distribution function $’([a,t]) then generates
a Borel measure 37(A) on I, which is extended to a measure on (R*)? but
supported by I. Clearly, the continuity of 37 ([a, t]) leads to B ({s; = t}) =0
for any ¢ > 0 and 1 < j < p. In addition, an argument used in the proof of
Proposition 2.2.5 shows that the measure 3!(-) is supported on

{(s1,-+,sp) € RT)E; W(s1)=---=W(sp)}.

m=1,2,-.

Take a countable collections {Ij}r>1 of compact rectangles of the form
given in (2.3.5) such that

oo
() &+ = | I

k=1
(ii) if j # k, I; NI} is contained in a finite union of “hyperplanes” {s; = ¢};
(iii) any compact set of (R™)? intersects only a finite number of the rect-

angles Ij.

By our discussion, for each k, there is a finite measure 37 (-) supported on
I1, and on the time set on p-multiple points such that 37+(-) does not charge
the hyperplane, and that as € — 07, 3.(I') — B%(I’) in all moments for
any sub-rectangle I’ C Ix. Define the measure 3 on (R*)2 by

o0

BA) =3 B%(A)  Ac RV

k=1

One can easily see how (2.3.4) follows from (i) and (ii). Finally, the property
(iii) ensures that §(-) is a Radon measure. |
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The random measure 3(A) is called p-multiple self-intersection local time
of the Brownian motion W (t).

Similar to (2.2.17)

Be(A) = /Ad81 “eedsy (2.3.7)
X he(W(s1) = Wa(s2), -+, W(sp-1) — W(sp))

which justifies the notation given in (2.1.1).

From the proof of Theorem 2.3.2, we have seen some connections between
the mutual intersection local time «(-) and the self-intersection local time
B(-). Compared with Proposition 2.2.6 the following proposition shows that
B(-) has a scaling rate same as «f(-).

Proposition 2.3.3 Assume p(d — 2) < d. For anyt >0, and A € (RT)~,

2p—d(p—1)
2

BtA) £ B(A) (2.3.8)

Bt +A) L 5(A) (2.3.9)

where t + A= {(t+s1,--- ,t+5sp); (51, ,8p) € A}.

Proof. By a standard argument of monotonic measure extension, we need
only to consider the case when A is of the form given in (2.3.5). Indeed, by
variable substitution,

P by
dx H / pe(W(ts) — x)ds

j=17ai

o[ dxn/ pe(VIW (s) — ) ds
tp——/RddxH/a Py i (W(s) - (2/VD)ds
S H / (W) —)ds

2p—d(p—1)

=t 2 B,x4)

sea) = [

R4

where the equality in law is implied by the Brownian scaling. Thus, (2.3.8)
follows from part (1) of Theorem 2.3.2. The proof of (2.3.9) is similar, where
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the key ingredient is the increment stationary of Brownian motion and trans-
lation invariance of the Lebesgue integral on R¢. ]

The next proposition shows that the connection is even more direct when
it comes the double intersections.

Proposition 2.3.4 Assume that p=2 and d < 3. For any 0 <a <b <,

B([a,b] x [b,d) £ a([0,b—a] x [0,¢—b]).
Proof. Let b < b’ < ¢ and notice that as p = 2,
Be([a, ] x // —W(b)) — (W(s) — W(b)))dsdr
b o / / /
/b / —r) = W) — (WO +5)— Wb )))dsdr

/bb _a/ — Wa(s))dsdr

where Wy (r) = —(w(b') — W - r)) (0 <7<V —a) and Wa(s) = W(0 +
s) —W(b) (0 < s < c¢—V) are independent Brownian motions. Letting
e — 0% gives

B([a,b] x [, ¢]) £ ([t — b, —a] x [0,c—b)).

Letting ' — b leads to the desired conclusion. O

In another special case d = 1, the self-inter section local time can be
written in terms of the interal of the local time L(t,z) of the 1-dimensional
Brownian motion W (¢). For example, by an analysis (omitted here) similar
to the one used for (2.2.16) we have

Proposition 2.3.5 Asd=1 and p > 2,

B([0, %) = %/OO LP(t,x)de t>0.

—0o0

Here comes a bad news. Sharply contrary to the 1-dimensional case, the
self-intersection local time of a multi-dimensional Brownian motion can blow
up even in a finite time period.
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Proposition 2.3.6 Asd > 2, for any 0 <a <b

B(la,b]2) =00 a.s.

Proof. By Proposition 2.3.3, we may only consider the case a = 0 and b = 1.
Set
1 2 2p—1) 2p—1
I=19= [0’_} > [_’i} ST, [(pi)’p_}
2p 2p 2p 2p 2p
and more generally for any k > 0,1=0,1,---,2F — 1
1 2p—1) 2p—1
IF =197F 4 27k0 = [zz—k + —2—@ X oo [12—’“&, p—2_’“].
2p 2p 2p

Then for each k, the random variables B(I}) (I =1 = 0,1,---,2% — 1) are
independent and identically distributed. By Proposition 2.3.3,

2p—d(p—1)

BUIF) £ 27 R 51,

It follows that
2k_1

E| Z B(I)| = 2 E(B(D)

pL
Var [ 37 AIf)] = 27 Cr-deD=Dkvar (5(1)).
1=0
By the fact that 2p —d(p —1) = 1> 0,

2k 1 2k 1 2k 1

oo oo /
S| sab) —E[ Y sub H S {var [ s} <o
k=0 1=0 1=0 k=1 1=0
Consequently,
oo 2F-1
Z Z BUIF) =00 a.s.
k=0 1=0

as d > 2. Finally, the conclusion follows from the fact that I} C [0,1]% and
and that the intersection of any two members of the family {I[} is contained
in a finite union of “hyperplanes” {s; = t}. O

The reason behind this problem is that when d > 2, the short range
intersection is too strong compared with long range intersection. In the case
d =2, a way to fix it is the renormalization method which will be discussed
in the next section.
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2.4 Renormalization

In this section, we consider the case d = p = 2. Because of the problem
pointed out in Proposition 2.3.6, the polymer models suggested in (2.1.3)
and (2.1.4) are not mathematically defined. In this section we construct so
called renormalized self-intersection local time ’y([O, t]<) formally written as

2) = T)— S ras 4.
v([0,t]2) = //{O<T<S<t} So(W(r) —W(s))drd (2.4.1)

_E / /{ oy V) W)

The idea is that if we replace 3([0,t]2) by ([0, ¢]<) in (2.1.3) and (2.1.4) (of
course, the normalizing constants C and C have to be redefined properly),
the models keep intact in physics.

Let ¢t > 0 be fixed and set

20 20+1 20+1, 20+2
k _
A _'[2k+1t’ ok+1 ) {2k+1  ok+1 ) (2.4.2)
1=0,1,---,2-1 k=0,1,---
(See the Figure 2.1).
Theorem 2.4.1 The series
0o 2F-1
S { Y (sab) - macap) |
k=0 * 1=0
convergences with probability 1 and in L*(Q, A, P).
Proof. By Lemma 2.3.3 and Lemma 2.3.4 we have that
B(AF) £ 270+ 5((0,4] x [t,2¢]) £ 2-*+Da([0,1]?). (2.4.3)

In addition, for each k > 0, the finite sequence
/B(Af)a lZO,l7~-~,2k—1
is independent. Consequently,

2k 1

Var ( Z ﬂ(Af)) =27k 2Var (a([07t]2)) =C27".
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Figure 2.1: triangular approximation

Finally, the conclusion follows from the estimate

s I}

k
gi{var(gw)}” ‘o

k=0

3 (scat) - moab)
l

=0

O

The approach used in the proof is called triangular approzimation , due
to the geometric intuition from Figure 2.1.

Write

H0.02) =3 { Zi (ah) - Eﬂ(fﬁ“))} t>0. (2.4.4)

k=0 =0

By Lemma 2.3.3, one can see that Ev([0,#]2) = 0 and that for any a > 0,

([0, at]2) £ ay([0,1]2). (2.4.5)
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We shall use the notation v(A) = B(A) — EG(A) and some related prop-
erties without further notification whenever it makes obvious sense. For ex-
ample, if ¢’ < t, then by performing the same approximation on the triangle
[t',¢]2 we can define y([t/,t]2). By Proposition 2.3.3, one can verify that

y(It12) £ ([0, — 1'12). (2.4.6)

In the rest of the section, we solve the following two problems: First, we es-
tablish the exponential integrability for 7([0, t]2<), in order to give mathemat-
ical justification to the polymer models in (2.1.3) and (2.1.4) (with 5([0,#]%)
being replaced by v([0,¢]2)). Second, we prove that the family

{(0.12): 1> 0f

yields a continuous version.

With regard to our first task, we may take ¢ = 1 in following theorem,
due to the scaling property given in (2.4.5).

Theorem 2.4.2 Let v([0,t]2) be defined by (2.4.4).
(1). For some A >0

E exp {M([O, 1]2)} < 0. (2.4.7)

(2) For every A >0

Eexp{ = (10,1]2) } < oc. (24.8)

Proof. We first prove (2.4.7). Again, our approach is the triangular approx-
imation based on Figure 2.1 with ¢t = 1.

Let AF be defined by (2.4.2) with ¢ = 1. By (2.4.3) one can see that
A(Af) £ 27 {a((0,1)? ~ Ea((0,1%}.
By Theorem 2.2.9 (with d = p = 2) there is a A; > 0 such that
E exp {/\104([0, 1]2)} < 0.
By Taylor expansion, therefore, there is a C' > 0 such that for sufficiently

small A > 0
Eexp {)\(a([O, 1) — Ea([0, 1]2)>} < ¥,
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Fix a € (0,1) and a small A > 0. For each N > 1 set
N
by =2\, by = 2A H(1—2 a(j= 1) N=23-.

By Holder inequality

=

N 2F-1
E exp {bNZ Z ( —Eg Af))}
k=0 1=0
N-12F—1
Eexp{bN_1
k

=0 [=0

2N 1
Eexp {2“<N—1>bN > (ﬁ(A{V ) —EB(A )) }]

=0

<Eexp{bN 1%:12%1( _ES A’“))}

5(1—a)(N=1)

g {20y (a8 - ) |
Notice that by < 2X. We have

E exp {QG(Nl)bN (5(Aév) . Eﬁ(Aév)) }

= [Eexp {2N1+G(N1)bN (a([oa 1]2) - Ea([O, 1}2)) }

< exp {Cb?v272N+2a(N71)}.

Summarizing what we have

N 2F-1

Eexp{bNZ S (st - aa) §

k=0 1=0
12F—1

< X ) k }x Io(a—1)N
<Eep{bN1k§:l§;(ﬁA EﬁA)) ep{02 }

0
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Repeating above procedure gives

N 2F_1
Eexp {bNZ Z (ﬂ(A;C) _]Eﬂ(AfD}

k=0 [=0

con{or Y <o o(i-2) )

k=0

o TT (1 _9-G-D) =
bee 2/\j1:[2(1 P J1)>0

By Fatou lemma, letting N — oo we have

Eexp {boo’y([O, 1]2<)} < exp {C’(l — 2“_1>_1} < 00.

Observe that

_Similar to the the above argument for (2.4.7), one can prove that there is
a A such that

]Eexp{ ~ (o, 1]1)} <oo WO<A<A (2.4.9)

Define 1
Zy = —5-tlogt - v([0,£]2) t=>o0. (2.4.10)

For any s,t > 0,
Zory = —%(s +t)log(s +t) —v([0,]2) —v([s,s + 1]2)
— B([0,s] x [s,5 +1]) + EB([0,s] x [s,5+1])
<~ (s + 1) log(s + 1) — 7([0,512)
—([s,s +t]2) + EB([0, s] x [s,s+1]).

By Proposition 2.3.4
EB([0,s] x [s, s +t]) = Ea([0, s] x [0,1])

= /Rz dx{/ospu(x)du] {/Otpu(x)du} = /Os/otpquu(O)dudv

where the second equality follows from the Le Gall’s moment formula in the
special case d = p = 2 and m = 1. By a straightforward calculation,

s rt 1 s prt 1
u+v 0)dudv = — dudv
/0/0p+() 277/0/[)u+v
1

{(s+t) log(s +t) —slogs—tlogt]

™
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Summarizing our argument,
Zst < Zs+ Z4 (2.4.11)

where 1
—%tlogt —([s,s + t]2<)

7=
is independent of Z,; and Z 4 Z¢. This means that Z; is sub-additive
Consequently, (2.4.8) follows from Theorem 1.3.5. O

To our second task, we first prove

Lemma 2.4.3 For any T > 0 there is a ¢ = ¢(T) > 0 such that
0,2]2) — ([0, 2
{ch([ ]<) 7([ 3]<){} < oo.

sup Eexp |t—3|1/2

s,t€[0,T
s#t

Proof. For0<s<t<T,
7([07t}2<) _7([078]1)

= fy([s,t]i) —1—7([0,3] X [s,t]).

Notice that 4
’y([svﬂi) = (t - 8)7([07 1]2<)

By Theorem 2.4.2, theta is a ¢; > 0 such that

AT

sup Eexp it — s|1/2

5,t€[0,T]
s<t

In addition, by Proposition 2.3.4
7([0, 5] x [5,]) £ a([0, 5] x [0, — 5]) —Ea([0,s] x [0, — s]).

By (2.2.11),

E[a([o,s] x (0,1 — s])m} < {E[a([o,s]z)m} }1/2{1E[a([o,t— s]z)m}}l/2

=572t = 5" [a((0,112) "] < T/2(t - 5)"/2E[a(j0,1%)"]

for m =1,2,---. By Theorem 2.2.9, there is a co > 0 such that

ap Bop{alEAZED)

5,t€[0,T] |t — 3|1/2
s<t
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The proof is complete. |

By theorem D.6 in Appendix and by the extension argument used for
a(A), there is a continuous modification {7([0,#]%)} of the random family
{7([0,£)%)}, such that for any 7' > 0 there is a ¢ = ¢(T") > 0 such that

E exp {Cogil,ltpgT 7([0,412) = ~([o, S]2<)|} < o0. (2.4.12)

Notice that ’y([O, s]2<) =0 as s = 0, in particular,

E exp {coittlgTH([O,t]i)’} < 00. (2.4.13)

For the sake of simplicity, from now on we use 7([0,t]2<), rather than
7([0,t]2<), to denote this continuous process. And we call it renormalized
self-intersection local time generated by the planar Brownian motion W (t).

2.5 Notes and comments

Section 2.2.

We refer the reader to the book by Lawler ([109]) and the long monograph
notes by Le Gall ([122]) for the general information on the intersections and
self-intersections of Brownian motions and random walks. In addition to the
historic works by Dvoretzsky, Erdos and Kakutani ([64], [65]), we mention
the survey paper by Khoshnevisan ([103]) for an elementary proof of Theorem
2.2.1.

The first work on the intersection local times of independent Brownian
motions is the paper by Wolpert ([161]). Dynkin ([66]) developed a way
to construct additive functionals of several independent Markov processes,
which includes Brownian intersection local times as a special case. In [67],
Dynkin treated the special case of Brownian motions. Our approach of con-
structing a(A) is modified from Le Gall’s work [122]. This treatment also
leads to Le Gall’s moment identity which plays a central role in Chapter 3.

A different method known as local non-determinism can be found in Ge-
man and Horowitz [81] and in Geman, Horowitz and Rosen [82], where the
idea is to view intersection local time as a local time of certain random field,
and where the basic tool is Fourier analysis. We design the following exercise
based on their idea.
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Exercise 1. The following way of constructing the intersection local time
a(A) constitutes the notation introduced in (2.1.2): For each A C (RT)P,
define the occupation measure p4(-) on R¥P~1) given by

jia(B) = /A L (Wi(s1) = Wa(s2), s W1 (sp_1) — Wy (sp))ds1 - ds,

where B C R4P—1),
(1). Prove that when p(d — 2) < d,

IP’{ 1a(+) is absolutely continuous with respect to the Lebesgue

measure on R4P~1) for every measurable and bounded A C (R+)p}

=1

Hint: Define the random measure y(-) on R¥P=1) as

e e}
IU(B) = / . e / dsy - dspe—(sl-i,-m_t,_sp)
0 0
x 1g(Wi(s1) = Wa(s2), -+, Wp—1(sp-1) = Wy(s,)) B C RV

and reduce the problem to the proof of almost sure absolute continuity of y(-)
with respect to the Lebesgue measure on R¥P~1: then establish the identity

/ E[Z(A1, -5 Ap_1)|2dAs - -dX,—y = 2m)4P~Y | GP(2)dz < oo
(R)p—1 R

where

AL Apm1) = /(Rd) 1 O mt iAot (- iy )

is the Fourier transform of . Finally, use Plancherel-Parseval theorem (The-
orem B.3, Appendix) to complete the proof.

(2). Let a(x,A) be the related Radon-Nikodym derivative. It can be
shown ([82]) that there is a version version of a(x,A) (still denoted by
afxz, A)) such that for each z, a(x,-) is a random measure on (R+)P, and
for each A C (R+)?, a(-, A) is continuous on R?. We define a(A4) = a(0, A).
Prove that this construction produces the same intersection local time as the
one defined in section 2.2.

Section 2.3.
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The existence and continuity of self-intersection local time of Brownian
motion has been investigated by Rosen ([138], [139]), by Yor ([165], [166]) and
by Le Gall ([122]). The study has been extended to the setting of diffusion
processes by Rosen ([142]) and to the setting of Lévy processes by Le Gall
([119]). The method used here is due to Le Gall ([122]). By different method,
Rosen ((2.15), [139]) estimated the moment of 3(I) for I in a class wider than
one defined in (2.3.5), in the setting of fractional Brownian motions.

Exercise 2. We demonstrate that when p = 2, the construction of 5(A)
can be greatly simplified.

1. Let h(z) be a bounded function on R? and let W (¢) and W(t) be two
independent d-dimensional Brownian motions. Prove that for any 0 < a <

b<c<d,
/ / B(W (1) — W (s))dsdt
{la,b] x[c,d]

4 / / h(W(t) — W (s))dsdt.
{[c—b, c—a]x [0, d—]

2. Simplify the construction of the random measure G(A) in the special
case p =2 and d < 3.

Section 2.4.

The idea of renormalization goes back to the paper by Varadhan ([153]),
where for the first time the method of triangular approximation was intro-
duced for some related but different models. This brilliant idea was later
adopted by Le Gall ([115], [122], [123]) to the setting of self-intersection local
time ([122]). The method used in this section comes from [122] and [123].

An alternative way of renormalization is by Tanaka formula. We refer to
Rosen and Yor ([140] , [163], [145]) for this approach. See the paper [68] by
Dynkin for a different treatment.

The renormalization of the p-multiple self-intersection local times is far
more complicated as d = 2 and p > 3 and is not included in this book. We
refer interested readers to the papers by Rosen ([141]), Rosen and Yor ([145]),
Le Gall ([122]) on this problem.

In the case d > 3, the self-intersection local time of a d-dimensional Brow-
nian motion can not be renormalized in the same way as when d = 2. Indeed,
Yor ([164]), Calais and Yor ([20]) have proved that random variables

(log(l/e))_l/z{@([o, 112) — BB, ([0, 1]2;)} ifd=3

d—3

e {B.(10.112) — BA. (0, 112) } ifd >4
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weakly converge to symmetric normal distributions as ¢ — 0. In particular,
the blow-up of the renormalized quantity

ﬂﬁ([ov 1]2<) - Eﬁe([ov 1]2<)

(as € — 07) shows that the renormalization fails in the case d > 3. In
addition, Calais and Yor’s observation links to the central limit theorem
stated later in Theorem 5.5.3 in a natural way. See also the paper [92] by Hu
and Nualart for extension of Calais and Yor’ work to the setting of fractional
Brownian motions.



Chapter 3

Large deviations: mutual
intersection

3.1 High moment asymptotics

One of the major goal of this chapter is to provide precise estimate to the
tail probability

P{a(0,117) > ¢}

as t — 0o. By Theorem 1.2.7, the problem is in connection to the study of
the high moment asymptotics posted as

E[a([o, 1}13)"”] (m — o).

By comparing (2.2.7) and (2.2.18), it seems that the the high moment asymp-
toticshigh moment asymptotics for

]E|:Oz([077'1] N [077_])])7,,}

is more tractable. The question is: what can we say about the quantity

m P
/(Rd)m dl‘l e dl‘m [ Z H G(l‘o—(k) — Jjg(kl)):|

cEXN, k=1

when m — 00?

69
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For future reference, we generalize this problem to the study of

/ w(dxy) - - w(day,) [ > HK To(k-1) To(k))

UEZHL k=1

P
where (E,&,7) is a measure space, K(x,y) is a non-negative measurable
function on E x E and z4(g) = o is an arbitrary but fixed point in E.

Theorem 3.1.1 Let p > 2 be fized. Assume that the kernel satisfies
(1). Irreducibility: K(z,y) > 0 for every (z,y) € E x E.
(2). Symmetry: K(z,y) = K(y,z) for every (z,y) € E X E.
(3). Integrability:

e=sw [ [ Ko f@)f@)ndony) < oc
f ExE
where the supremum is taken over all f satisfying

[ 1@ () = 1.
E

Then
m p
it - dog s [ () alann) | 50 ] Kooy o)
m—co m " (m!) €S k=1
(3.1.1)
> plogo.

Proof. Let f € Lot (E, &, 7) be a bounded and non-negative function such
that

5= inf  Glag,x) >0 312
o Fyzo F1F0 %) (312

/E F75 (1) (de) = 1.

Let g(x) = f22(1>7—1(x) and h(z) = f%p—l( ). Then f(z) = y/g(z)h(z) and

| o @mtan) = [ r@p(ao) =

and that
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By boundedness of f(z), there is a € > 0 such that g(z) > eh?(x). By Holder
inequality,

{/m m(dey) - m(dam) { Z HK%k 1) xa(k))]p}l/p (3.1.3)

o€EX,, k=1
Z/m mw(dxy) - - m(day,) (Hg Tk )ng:mf[lf( To(h—1)s To(k))
- m!/m (dar)- --W(dxm)( ﬁg(mk)) ﬁ K (x5, 25)

k

=m! / - w(dxy) - - m(dxm )G (20, 1)/ g(z1)

X [H V(1)K (-1, z) g(xk)} 9(xm)
k=2

> dem! / - w(dxzy) - - - w(dzm)h(z1)

| TT VoK (s 0o 1)
k=2
= dem!(h, T™ 'h)
where the linear operator T: L2(E,&,71) — L2(E,&,7) is defined as
=g / K(z,y)\/g h (dy) BEEQ(E,S,T().

For any hy,hs € L2(E, &, ),
h1 Thg / K 33 y V3 h1 \/ hg dy)
EXE
/ K y x V3 h1 \/ hg dy) <T]’L1,h2>.
ExXE

That is, T is symmetric. In addition,

<h1,Th2> = %{Ull + hQ,T(hl + h2)> — <h1 — hQ,T(hl — h2)>}

Notice that
’<h1 + ho, Ty + h2)>’

/ K(z,y) |h1 ) & ha ()|
x v/g( |h1 ) & ha(y) |7 (dz)m(dy).



72 3. LARGE DEVIATIONS: MUTUAL INTERSECTION

By Holder inequality,

/E|\/g(x)(h1(x)ihg(x)){gj—flﬂ(dx)

{/ gpfwx)w(dx)}%{ / m(x)ihz(x)%(dx)}”%
_ {/Efzipl(x)ﬂ(dx)}ﬁ)—_ll{/];hl(x)ihg(x)|27r(da:)}2f—_l

- {/Ehl(x)ihg(x)ﬁﬂ(dx)}zfl.

Consequently,

[ o, T )| < Q/E\hl(x)ihg(xﬂzﬂ(da:).

Hence,

1
(h, Tha) < 2o{llhn + hal[* + [|h1 = hal[*} = elllall - [[Ba]|

Therefore, T is a bounded linear operator. This, together with symmetry,

implies that T is self-adjoint.

By Theorem E.1 in Appendix, the self-adjoint operator T admits the

spectral integral representation
T= / AE(dN).
By Corollary E.4 in Appendix,
el = / A LE(dN)
— 00
By (E.15) in Appendix, the above representations lead to

oty = [~ vy

— 00

(o)
() = [ ()
— 00
where py, is a measure on R with

no(®) = [ #(aym(d) =1

(3.1.4)

(3.1.5)

(3.1.6)

(3.1.7)
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(i.e., pp, is a probability measure).

When m is odd (so m — 1 is even), by Jensen inequality,

(h, T h) 2 (/ A d/\> " (7)™
— (/ EXEK<x7y)mh($)mh(y)ﬂ(dx)w(dy)>m_1

-(/ ExEK(rmy)f(rf)f(y)W(dw)W(dy))m1.

Summarizing our argument, when m is odd,

/m m(dzy) - - - w(dam) { > HK To(ho1) a:g(k))}

cEX, k=1
p(m—1)
> <6e)P<m!>f’( /] EK(@vy)f(x)f(y)ﬂ(dw)ﬂ(dy)> .

When m is even, a slight modification of (3.1.3) gives

py1/p
{ d(E] dl.m |: Z HK To(k—1),T rr(k)):| }

ceEX, k=1
> c(6, €)m!{h, T™ 2h)

for some ¢(d,€) > 0. So the argument based on spectral representation leads
to the lower bound

/m (dzy) - m(dzm) ng: kl_[lK U(k’—l)axa(k)):|p
> cP(6, e)(m!)p< / EXEK(x,y) f(x) f(y)w(dx)w(dy))p(m 2),

Thus, we conclude that

o] 1 - !
lgrl}gof p— log W / - m(dxy) - w(day,) { Z H K(l’a(k_1)7l'0(k)):|

Finally, the desired conclusion follows from the following two facts:
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First, the supremum in the definition of p can be taken among the non-
negative f.

Second, by irreducibility assumption the set of functions f satisfying
2
(3.1.2) is dense in non-negative function in £z 1 (E). O

The upper bound is much more difficult. Indeed, we can establish the
upper bound only in the case when FE is a finite set.

Theorem 3.1.2 Fiz p > 2, let E be a finite set and let K: E x E — RT
be non-negative function such that K(x,y) = K(y,z) for any xz,y € E. Let
7w be a non-negative function on E. Then

p
lﬁnjgcp log( 1)p Z () [ Z HK To(k—1)s To(k))

T1, -, m€EE o€EX,, k=1
(3.1.8)

< plogsup > K(,y)f(2)f(y)r(@)n(y)

z,yel
where the supremum is taken over all functions f on Q satisfying

> If @) 7 () = 1.

z€E

Proof. We may assume that 7(z) > 0 for every x € E, for otherwise we can
remove all zero points of 7 from E.Let

1 m
= Lx = —
H m m Z 6$k
k=1
be the empirical measure generated by x = (z1,---,2,,). Notice that for
each o € X,
Y. Mun=mlimer—yy =1
Y1, YmEE
We have
Z H K(xa(k—l)7x0(k))
c€YX, k=1
= D lurew Y LYoo=y [T E@ope-1) o)
Y1, YymEE €S, k=1

= > Y= [ E@e—nm) D Txoomyy-

Y1, Ym€EE k=1 oES;,
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75
We claim that
Z 1{xoo‘:y} = H (m/’['(x))'
€Y, zelE
Indeed, for each x € E there are, respectively, exactly mu(z) of z1,--- , zp,

and exactly mu(x) of y1, - ,ym which are equal to x. Therefore, there are

(m,u(a:))! ways to match each z-valued component of y to an each z-valued
component of x. Thus, the claim follows from multiplication principle.

Consequently,
Z H K(‘Trr(k—l)a ‘rrr(k))
cEX, k=1
=T (mu(@)t > vy [T E e, m)-
rel Y1, Ym€EE k=1

Let ¢ > 1 be the conjugate number of p and define ¢, (z) = pu(x)/ 97 (x)!/?.
Then

m

Z @/t(yl QO/L Ym H yk 1ayk

Y1, YmEE

>y wu(fl)"'ﬁpu(xm)l{ﬂ'n:u}HK(ykflvyk)

y17n.7ym€Q k:1
m

= ( 11 @;m(l‘)m“(m)> > Yawn—w [T K@e—1,m0)
w€R Y1, ym € k=1

where the last step follows from the fact that when LY, = u, there are mu(x)

factors in the product ¢, (21) - -¢u(@m) which are equal to ¢, (x) for any
reE.

Summarizing above steps,

(mlu)p Y. @) -~7T(95m)[ ﬁ K(frr(k—l)v%(k))]p

. x1, -, TmEE oc€YX, k=1

< Z m(z1) - 7(Tm) [%( H )( H o (@) ™®) ) 1}
T1, T EE rxEFE zEFE

X{ > @M(yl)"'@u(ym)HK(yklayk)]-

Define g, (z) = p(z)97(z)~1/9. Then ¢, (z) = g.(z)m(z) for every x €
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FE and
Z gh(z)m(x) = Z u(x) =1, supgu(z) < sup w(x)*l/q(x).
e E e E relR zeE
Consequently,
1

Ty, TmEE

D SRR CIREI NI Sl | EICH) [ CEK)

< Z m(x1) - (@) [%( x))!> ( H <Pu(x)mﬂ(m))1]p
T1, -, TmEE . ot ok
X [SUP Z (Y1) - 7 (Ym) (ﬁ )ﬁ K(yr—1,yr) r
g Y1, Ym€EE k=1 -

where the supremum on the right hand side is taken for all non-negative
functions g on E satisfying

Z gl(z)m(x) =1, supg(r) <c
zeFE ecl
and where ¢ = sup,cp W(x)fl/q(x)

For each g,

> ) mym) (

::]3

oty )

u:js

K(yk—1,yx)
Y1, YmEE k=1
= Z 71-(yl) U ym)K Zo, yl vV g
Y1, YmEE

< C( ms:lepEK(x, y)) ( Z ﬂ(x)) Z W(yl) .. .ﬂ(ym)ho(yl)

zCE Y1, ym€E

[ VAT TT 1.0 Va0 | o)
k=2

= el sup K Ge) (30 7(@)) (o T h0)

z€E

—1/2
where h,(y) = (EzeEw(ac)) on F and the bounded self-adjoint linear
operator T: L2(E,E,7) — L2(E,E, ) is defined by

= V(@) Y K@, y)Vayh(y)n(y) he L (E,E ).

yek
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Similar to (3.1.7),

(ho, T™ 'hy) :/ N (dN).

By the fact that ||ho|| = 1, pn, is a probability measure on R. By Theorem
E.2 in Appendix, pp, is supported on the interval

inf (h,Th), sup (h,Th)|.
[Ilhllz1< ) ||h,||I:)1< >]

Thus,

(ho, T™ hy) < (max {‘ |”’1Lﬂf71<h, Th)|,

||il|1|31<h’ Th) ‘ }>

m—1

> K(z,y)vg(@)h(@)V/g)h(y)r(@)m(y)

T, yeE

Write f(z) = v/g(x)h(z). Then f(x) > 0 and

p—1 p

1 ono] g

zelE zeE z€E

= sup
[lA]|=1

Consequently,
(ho, T™ tho) < 0™

where

9=sup{ZKmy ) (@)= ):1}.

z,ye & zel

Summarizing our argument,

1
lim sup — log sup Z m(y1) - 7 (Ym) (3.1.10)

m—oo M
- 9 y1, ym€E

m

X (kl:[lg(yk)) I K (wr-1,90) <logo.

k=1

In view of (3.1.9), it remains to show

1
lim sup — log S @) w(am) (3.1.11)

m—oo
L1, ,EmEE

<[ (TT o)) ( T oter) ] <o

zeE zelE
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Let P, (E) be the set of the probability measures v on A such that for
each x € E, v(x) = k/n for some integer 0 < k < m.

Z m(z1) - m(zpm) [%< H (m,u(:c))!> ( H sou(x)m#(w)>_1r
T1, -, TmEE zeE T€FE
= Z —_ Z m(x1) 7 (X))

VEP, (E) T1,,tm€EE

X [%( l—IE (mu(x))') ( r[E@V(x)mV(m))—l}p
= > oo (@) w(am)

VEP, (E) z1, ,xmEE

(I ewn) (I o)

z€E zeE
By Stirling formula, m! ~ v2mmm™e™™ and

(my(z))! < C\/mu(:c)(mu(x))mu(z)em"(r) x € E.
Hence,

1 ( 11 (mV(x))!) < Cm* B2 T v(a)m ™.

m!
relR zeEE
Recall that ¢, (z) = v(x)Y/ 97 (x)'/?. Therefore,

Z m(21) - 7 (Tm) [%( H (my(x))!> ( H SOV(Z')mV(m))1:|p

T1, -, TmEE z€E zeE
mu(x)

< OPmP#(E)/2 oo (V(x)
< CPm Z m(xy) -7 ( ) H ’/T(SC))

T1, -, m€EE xeFR
— Cpmp#(E)/z Z y(xl) N Z/(ij) = Cpmp#(E)/z.

T1, M EE
Consequently,

1 mu(x) -7
> et | o (TT o)) (T o)

z1,emEE " z€eE z€E

< C«pmp#(E)/2#{'pm(E)}_

Finally, (3.1.11) follows from the fact that #{P,,(E)} is equal to the number
of the non-negative lattice solutions (k(z); = € E) of the equation

Z k(z) =m.

zeE
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The later is equal to

(" 1)

3.2 High moment of a([0, 7] x --- x [0,7)])

We now return to the intersection local time «(A) of independent d-dimensional
Brownian motions Wi (t), - - , W (). Throughout we assume that p(d —2) <
d.

Define
p = sup { J[. G- i@y [ (5] - 1} (3.2.1)

Lemma 3.2.1 . Under p(d —2) < d,

1/p
0<p< ( Gp(m)dm> < 0.

Rd

Proof. The lower bound p > 0 is obvious. We now prove upper bound. We
may only consider non-negative f. By Hélder inequality,

//Rdxw Gz —y)f(2)f(y)dady

— 2(p—1)
B //Rd Re Glz - y)(f(x)f(y)) v (f(l‘)f(y)) 2= drdy

< ( JC y)(f(w)f(y))“pldxdy)l/p

<[], G dy>1/q

- (/ /RR G"(z —y)(f(2)f(v)) ﬁdwﬂ) "

where ¢ = p(p— 1)~ is the conjugate number of p. By translation invariance

and Fubini theorem,

/ /RR GP(x — y) (f(2) f(4)) ™ daxdy
- GP(JJ)(/W (f(m+y)f(y))““’%1dy>dm.

Rd
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By Cauchy-Schwartz inequality,

/Rd (Fl+y)f )™ Tdy

. 1/2 . 1/
<( [ serwa) ([ rwea)

- [ 1wy =1,

2

where the second step partially follows from shifting invariance. Thus,

/ / G?(x — ) (f@)f () ™ Tdedy < [ C(x)d.
R4 xRd

Rd
|
Recall that 71, -, 7, are i.i.d. exponential times of parameter 1 and that
T1,- -+ ,Tp are independent of Wy(t),---,Wp(t). The following is the main

result of this section.

Theorem 3.2.2 . Under p(d —2) < d,

o1 1 m] _
Jim —log W]E[a([o,ﬁ] x - % [0,7,]) } = plog p.

Proof. By (2.2.18), the lower bound of (3.2.2) is a direct consequence of
Theorem 3.1.1, and the upper bound is equivalent to

1 1
lim sup — log ——— dzy---dzy, 3.2.2
mowp Lo s [ o, (322
m p
X [ Z H G(Tor) — xa(kl)):| < plogp.

UEZHL k=1

Based on Theorem 3.1.2, our approach relies on compactification and
democratization. The fact (Theorem A.1, Appendix) that the function G(z)
is discontinuous at 0 when d > 2 makes matter delicate.

The compactification procedure depends on the folding method. Let N >
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0 be large but fixed.

- Z / dys -+ - dym
2. ([=N,N]%)™

1y Z2m €24

m p
x [ > T G(@Nzo) + Yor) — (2N 2a(e—1) +ya(k1)))}

oc€X, k=1

e dy,
/[ NN]d)m Y Z

21, ,ZmEZd

m p
X [ H G(2N (zo(k) = Zo(k—1)) + Wo (k) — yo(k—l))):| .

oEX, k=1

Fix y1,- -+ ,ym € [-N, N]4 By triangular inequality,

{ > [ > ﬁG(QN(Z“<k>_Zv<k1>)+(yg<k)—y(,(kM)F}l/”

21, ,szZd cEXN, k=1

m 1/10
< Z { Z H GP(QN(ZU(k) - Za(k—l)) + (yn(k') - yn(k—l)))}

€Y 21, ,z2m €LY k=1

= > T GvWo) = vor-1)-

TEY, k=1

where

Gn(z) = { > Gp(zsz)}l/p.

2€74

Clearly, Gn(z) is symmetric and periodic:
Gny(z+2Ny)=Gy(z) zeR? yezd

and

/ GR (z)dx = Z / GP(2Nz + x)dx = GP(z)dx < 0.
[-N,N]? [-N,N]4

d
2€7Z4 R
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Summarizing what we have,

m p
/( ) dxl.-.dxm[ > HG(xo(k)—xa(k_l))} (3.2.3)
Rd)m

oEX, k=1

m p
< / dyy - dym[ GN(Yo(r) — ya(k—l)):| .
o 2 1

cEX, k=1

For integer n > 1, partition [~ N, N]¢ uniformly into 2% small boxes with
the side length 2e = N/2™. Let E be the set of the geometric centers of these
small boxes. Write

Qc = [—¢, €.
Then

i P
/([N’N]d)m dxy - - dao, LEEE:W kl;[l GN (T — xa(k_l))}
= Z / dzy - dz,

1, ymeE Y QT
x [ > T En (Gotry = 2oth-1)) + oty — ya(kl)))r.
€T, k=1

By triangular inequality,
m P
/ dzy - ~-dzm{ > T En (ot = 2ot-1)) + o) — ya(k—l)))]
Qe o€y k=1
<[ 21

m 1/p1p
dzy - deg [ G ((2k = 26-1) + o) — yo(kl)))} }
k=1

UEEm Q;n
d s :
< (2e)™ { ST Gvclvon - ya(kl)):|
oc€X,, k=1
where

1 » 1/p
Gn.(z) = {Wyseug 0. GN(x—i—y—l—z)dz} .

Clearly, Gn () is symmetric and enjoys the periodicity described by

Gn.e(z+2Ny) =Gpn.(z) zeR? yezt
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Summarizing our discussion since (3.2.3),

/(Rd) dffm{ ) HG o(k) ~ To(k— 1))r

oYX, k=1

< (2e)md Z [ Z H GN,e(Wo(r) — yo(k—l)):| .

Y1, Ym€EE S o€Xy, k=1

Applying Theorem 3.1.2 (with 7(z) = (2¢)9) to the right hand side gives,

1 s P
lim sup — log / x1 - dT, [ G(To(k) = To(k- )]
oo TN (m!)P (Rdym Z H (k) (k—1)

o€EX,, k=1
<plogpn,
where
- {(%)M S Grelo — ) f@)f(y): (3:2.4
z,yel
Z |f(x ZP 1 (2€)4 1}.
xeFR

Finally, (3.2.2) follows from the following Lemma 3.2.3 and Lemma 3.2.4.01

Lemma 3.2.3 Let py,. be defined in (3.2.4).

limsup pn,e < pn
64)0+

where

e { //{[N,N]dx[N,N]d} G (u =) f(u)f(v)dudv; (3.2.5)

[ CIES TS
[~ N,N]d

Proof. For fixed ng write 26 = N/2™. Set
GV (@) = Gy ()1 G (x) = Gu()1
N (@) =GN (@) lagqsy.  GN () = GN(2){zeqs)-
Then Gg\l,) and GS\Q,) are symmetric and periodic. By triangular inequality

Gn.o(z) < GY.(2) + GRF.(x)
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where

1/p
@y b 0] P 19
Gy () { 2o yseug / [GN7€(x +y+2)] dz} i=1,2.

€

Consequently,
where
Ke={eon T 6@ T ir@ie -1
T, yer relR
i=1,2.

By modifying the argument in the proof of Lemma 3.1.1, one can prove
o) a W el
W< 29 S [60o))
relR

Indeed, the periodicity of the function Gg\l,)e(x) allows the argument by trans-
lation invariance carried out in the proof of Lemma 3.1.1.

By the definition of G%?E(x), therefore,
M W b, 17
pNE_{Zsup/ [GN (z +y+ 2)] dz}

mGEyEQ€ €

Notice that for any y € Q,

/ [Gg\lf) (r+y+ z)]pdz = / [Gg\lf) (x + z)]pdz

Qe y+Qe

) P, _ 1)/ 1P
< /2‘ (GN (z+2)]"dz = /H_QQ( [GN (2)]"dz.

Observe that the family {z+Q2, x € F} is contained in [~ N —¢, N +¢]¢
and that every point in [N — ¢, N +¢]? is covered by this family at most 2¢
times. Thus

1/p
P < { Z/ [ERUE pdz} (3.2.7)
z€R T+Q2¢

< Jod oW (1P e — 9d/p P v
< [GN (2)]"dz =2 G (z)dx .
[-N—¢,N+¢€]? Qs
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By the fact that Gy (z) is continuous and bounded away from 0, there
is a constant K > 0 such that Ggg)(a:) < K for any x € R% Write
G*(xz) = min{Gn(x), K}. Then G*(x) is a continuous, symmetric and peri-
odic function such that Gg\?) < G* < Gy. In particular,

PN < ot (3.2.8)
where
i =sw {0 ¥ 6ilo ) IMECESIEE
z,yelE rel
and

G (z) = {(21) sup/ [G*(x+y+z)]pdz}1/p r € R

YEQe J Q.
By continuity of G* one can easily establish
lim |GE(u) — G* (u)’pdu =0.
e—0t [—N,N]4
By triangular inequality,
Ac= sup |Gi(u)—Gi(v)]—0 (e—07).

lu—v|<2e

Fixed the non-negative function f(x) on E with
N ()20 = 1.
rel

We extend it into a function on [~ N, N|¢ by letting f(u) = f(x) for u in the
small box centered by x. We have

22
[-N,N]4 frrtmde=1

(26° Y Gz —y)f(@)f(y)

z,yeE

) //{[N,N]dx[N,N]d} G (u —v)f(u)f(v)dudv
-‘r// |G (u—v) = G*(u— )| f(u) f(v)dudv

[-N,N]4}

A, .
4 / /{ o T e

and
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For the first term, by the relation G* < Gy

// G*(u—v)f(u)f(v)dudv < pn.
{[=N,NJ4x[-N,N]4}

For the second term, a procedure similar to the proof of Lemma 3.1.1

leads to the conclusion that

/ / G2 (1 — v) — G (u — )| £ (w) £ (v) dudo
{[=N,N]¢x[-N,N]4}

< {/{N’N}d |GE(u) — G*(u)!pdu}l/p.

As for the third term,

2
// fw) f(v)dudv = </ f(u)du)
{[=N,N]J4x[-N,N]¢} [-N,N]4

2p—1

<<(2N)d>1/p(/[N’N]dfzs—fl(u)du) ’ :<(2N)d>1/p.

Summarizing our argument,

1/p 1/
pzot{ [ e -cwlaf o)
[7N7N]d

By (3.2.8),
lim sup pg\??e < pn.

e—0

In view of (3.2.6) and (3.2.7),

1/p
imsup . < p + 207 i Gh(ads}
5

e—0t

Letting 6 — 07 leads to the desired conclusion.

Lemma 3.2.4 Let p and pn be defined as in (3.1.1) and (3.2.5), respectively.

limsup py < p.

N—oo
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Proof. Let M < N be fixed and set
G (z) = G@) iy aa(z), GP(x)=G(x) - Gi(w).

By triangular inequality

where
1/p
GO (x { 3 [GRE@Nz+ )" } i=1,2.
ezd
Consequently,
pn < oY + oY (3.2.10)
where

— @ .
W=l [ G0

/[ ]d|f(u)|%——1du:1} i=1,2.
—N,N]¢

By a argument similar to the proof of Lemma 3.1.1,

1/p
pg\z{) < {/ [Gg\z,) (x)]pda:} (3.2.11)
[N, N]4

1/p
= {/ Gp(x)dx} .
{RA\[-M, M]4}

By definition, Gg\l,) (z) is periodic and

GV () =GV (@) ze[-2(N - M),2(N— M)~ (3.2.12)
Write Ex = [-N, N|¢ \[N M,N — M]? and let f(z) > 0 be a non-
negative function on [—N N]? such that
/ 2P T(z)dz = 1.
N N]”

We extend f into a periodic function on R? with

f(x+2Ny) = f(x) zeR? yezi
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We claim that there is a € [~ N, N]|? such that

|EN|
(2N)4

/ £ (2 + a)de < (3.2.13)
En

where |En| is the volume of Ey.

If not, we would have

_2p |En|
S (4 y)dady > / dy = |En|.
/[N,N]d En —n,n]d (2N)4

This can not be true since
/ / f T (z + y)dxdy
[-N,N]¢d JEN

:/ / fﬁ_fl(x—i—y)dydx:/ dx = |En]|.
Ey J[-N,N]4 En

Define f(z) = f(z + a). Then

Fo2P 2P
e 71 (x)dx = e [T (x)dx = 1.

)

Define
h(z,y) = GV (@ — ) (@) f(y).

By the translation invariance led by periodicity,

/] GV (@ =) f(2)f (y)dwdy

[—N,N]dx[—N,N]d

:// h(x,y)dzdy
[-N,N]¢x[—N,N]4

= // h(z + a,y + a)dzdy
[-N,N]¢x[—N,N]4

-/ GV (@ - y)f(@)(y)dudy
[-N,N]dx[—N,N]d

< / / GV (x — y)f(x)f(y)ddy
([-N,NJY\En)x([-N,N]9{\En)

(1) _ - _
+2//EN><[—N,N]" Gy (xz —y)f(z)f(y)dzdy.
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Notice that as (z,y) € ([-N,N]?\ En) x ([-N,N]¢\ Ey), z —y €

[—2(N — M),2(N — M)]. By (3.2.12),

/ / GO (@ — ) f(x) F(y)dedy
([=N,NJY\EN)X([-N,N]4\EN)

- / / GO (@ - y) F(2) () dady
([-N,NJ9\En)x([-N,N]Y\En)

= //[_NyN]dX[—N7N]d G(x _y)f( )f( )dl‘dy <p.

In addition,

2(p—1)

(f( ) (y) 2T dady

- {//N NJ4x[-N,N]d (6N - y)]p(f(x)f(y))ﬁdxdy}l/p

p—

{//ENX[ - (f(@)f( ))23P1dxdy}7.

v (3.2.13)

-

Fa) Fly)) BT - N
//ENx[—N,N]d (F@) 1) drdy < (2N)e’

By periodicity
/x/[—N N]dx[—N,N]d [Gg\lr)(x - y)]p(f(f)f(y))“%ldxdy
B //[N N]d [*N N]d [Gg\})(x)]p(-f_(x + y)f(y))zp%ldl'dy

- /[N’N]d @)’ /[N’N]d (7o + 07 0) 7y
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Therefore,
// (G (@ — )] () F) 7 dady
[~ N,NJdx [~ N,N]d

P (x)dx = W ()] dx P(x)dx.
< [ o= [ [@0@ < [ @

Rd

Summarizing our argument,

// G (x — y)f () f(y)dwdy
[~ N,N]dx[~N,N]d

<pt 2((2]?)'0?;1{ g Gp(‘”’dx}l/p'

Taking supremum over f on the right hand side gives

(1) |EN]| 5 P v
PV <pt 2((2N)d) [ Gy (3.2.14)
By the obvious fact
En
W — 0 (N —o00),
lim sup pg\}) <p.
N—o0

In view of (3.2.10) and (3.2.11)

1/p
limsuppny < p+ {/ Gp(x)dx} .
N—oo {RN[—M, M]¢}

Letting M — oo on the right hand side yields the desired conclusion. O

3.3 Large deviation for oz([(), 1]p)

By Theorem 1.2.7, an immediate consequence of Theorem 3.2.2 is the follow-
ing result in large deviations.

Theorem 3.3.1 Under p(d —2) < d,

. _ p
Jim ¢=4/7 logP{a([O,Tﬂ X% [0,7,)) > t} =
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We are more interested in the tail of the intersection local time up to a
deterministic time. In view of the scaling property given in Proposition 2.2.6,
we may let the Brownian motions run up to the time 1.

Theorem 3.3.2 Under p(d — 2) < d,

Jim ¢776° 0 log P{a([0,1]7) > t| (3.3.1)
_ _d(pQ— 1) (219 - c;(p - 1)) e o
p

where p is defined by (3.2.1).

Remark 3.3.3 . Let k(d,p) > 0 be the best constant of the Gagliardo-
Nirenberg inequality (Section C, Appendiz)

d(p—1 d(p—1)

(PZ ) 1— oo
1fllzo < ClIVFl ™ 1IF1l fewh2(R?) (3.3.2)

where
WEARY) = {f € L2(RY); Vfe LR}
According to Theorem C.2 in Appendix,
(p—dp— D\ A DY
p= (T) (T> k(d,p)”. (3.3.3)

Consequently, (3.8.1) can be rewritten as

lim ¢~ 7D logP{a([O, 17) > t} - —gﬁ(d,p)——wﬁn. (3.3.4)

t—o0o

The relation (3.3.3) will serve as a bridge between two very important
and very different approaches used in this book: The large deviations by
high moment asymptotics and the large deviations by Feynman-Kac formula
(the later will be introduced in Chapter 4).

The problem on the exact value of Gagliardo-Nirenberg constant has some
significance in physics but remains largely open. The case d = 1 is an excep-
tion in which

whp)=p 1/2<(p—1)(2p+1)3(p11’%)>

(Theorem C.4, Appendix), where B(-,) is beta function. By (2.2.16),

a([0,1]7) = /R {f[Lj(Lx)]dx

Jj=1
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when d = 1, where L;(t, z) is the local time of W;(¢) (1 < j < p). The above
leads to the following corollary.

Corollary 3.3.4 When d =1, for any p > 2,

P
Jlim, 47777 logP{ /Rd [HLj(l,x)]da: > t}

Jj=1

_ p (p+1)2%’f3< 1 1>2
 4p—-1\ 2 p—1"2/"

Remark 3.3.5 . The large deviation stated in (3.3.4) implies that

2 p -3ty
Eexp{9<@([0,1]p))d(p_l)}{ - f < gnld.p) (4 )

=00 0> gﬁ(d,p)7d<rﬁl>.

which appears to be improved version of Theorem 2.2.9.

Proof of Theorem 3.3.2. By Theorem 1.2.7, we need only to show that

]. p— m
lim — log(m!)~ 2 ”]E[a([o, 1]7) ] (3.3.5)
2p—d(p—1) 2p
= 1 1 .
plogp+ 5 o8 5 1)
Let 71,---,7, be independent exponential times with parameter 1. We
assume the independence between {7,---,7,) and (Wi, --,W,). In view

of (2.2.19), Stirling formula and Theorem 3.2.2 lead to the requested upper
bound

1 pP— m
lim sup — log(m!)™ e E[oz([O, 1]7) } (3.3.6)
2p—dlp—1) 2p
<pl 1
< plogp+ 9 Og?p—d(p—l)
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We now establish the lower bound for (3.3.5). By the moment inequality
given in (2.2.11)

E[a([O,Tﬂ X X [Oan])m]
/ / dty - dtyexp { zp:t]}E[a 0,02) % -+ x [0,8,)"]

j=1

/ / dty ---dt exp{ p tj}ﬁ(ﬂ«:[a([o,tj]p)m])l/p

Jj=1 Jj=1

= {/Do e‘*(ﬂ«j[a([o tJP )"”Dl/pdt}p

_]E )" { e m, tdt}p
el (2=t

where the fourth step follows from scaling property given in Proposition 2.2.6.
Consequently,

o0 > ()] T2 0]

By Stirling formula and by Theorem 3.2.2,

]. p— m
lim inf — log(m!)~ 2 E[a([o, 1]7) ] (3.3.7)
2p—dlp—1) 2p
>pl 1
= plogp+ 9 Og2p—d(p—1)
Finally, (3.3.5) follows from (3.3.6) and (3.3.7). O

A direct application of the above result is the law of the iterated loga-
rithm. To establish it, we recall that for § = (y1, - ,yp), Py is the proba-
bility distribution of the random path W (t) = (Wi (t), -+, Wj(t)) started at
Wl(o) =Y, 7Wp(0) = Yp-

Lemma 3.3.6 Under p(d —2) < d, for any C >0

S p _
lim taG- log inf Py { ([0,1]7, ) > t} = —iﬁ(d,p) -1

t—o0 gl<c
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Proof. By (2.2.23) and (3.3.5),

1 d(p=1) m
lim — log(m!)~ By (0,17)"]
i log(m!) ™= sup By a([0,1]7)
2p —d(p—1) 2p
=pl 1 .
plogp+ 5 8 3 1)
If we can prove that
1 - m
lim inf — log(m!)~ e sup Eg [(X([O, 1]7) } (3.3.8)
Mmoo m lyl<c
2p—d(p—1) 2p
>pl 1
> plogp + 5 S P p—y

by Theorem 1.2.7 and by Remark 3.3.3 we will have Lemma 3.3.6.
By (2.2.22),

Ey [([07 1]p)m}
p
= /(Rd)m dry - dam, H Z /[0,1]2 dsy - -dsm,

j=10€%m

X Dsy (xrf(l) - yj) H Psp—sip_1 (‘ro(k) - xa(k—l))~
k=2

Let the small number d > 0 be fixed for a while. A straight forward verifica-
tion gives that for 0 < e < §/2, there is ¢ > 0 such that

inf ps(z—y) > cps_c(x) Vs>0, xzeRL
ly|<C

Thus

m

/ dsy -+ dsmps, (To(1) = Uj) [ [ Po—snor @) — To(e-1))
[0’1]< k=2

> C/ dsy - dsmps, —c(To(1)) H Psr—si_1 (Ta(k) = To(k—1))
(6,112 k=2

= C/ dsy -+ dsmps, (To(1)) H Ps—si1 (To(k) = To(k—1))
[0—€,1—¢] E—9

where the last step follows from time translation.

Summarizing our argument, we have obtained that

nf B, [0(10,117)"] = E|a(l5 — &1 - )" (3.3.9)

> ’E [a([é, 1-— (5]p)m}.
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By triangular inequality,

{]E[a([o,1 —5]P)m]}1/m
< {E[a([d, 1 5]1’)7"} }Um v {E[a([o, 1 6P\ [5,1— 5}P)]m}1/m.

Partition the set [0,1 — P \ [§,1 — &]P into p essentially disjoint boxes
By,---,Bp. For1 < j <p, Bj = A x---x A, with 4 = [4,1 — 6] or
[0,1—0] for I # j and A; = [0,6]. By (2.2.11)

sl = (sotwr ) (o)) ”

= R a([0,17)"]

where the second step follows from the scaling property stated in Proposition
2.2.6. By Triangular inequality again,

{Ef.1-ar\15.1- 51?)]m}1/m <= s [a(0.11)"] }Um-

In addition, by Proposition 2.2.6

{]E{([O, 1- 5]p)m] }“m =(1-5" {E[a([o, 1]p)m]}

Summarizing our argument since (3.3.9) and by (3.3.5), we have obtained
that

1/m

I 1 _dp=1) m
liminf —log(m!)™" = sup Ejy [a([O, 1]7) }
m=oe m EG
> log [(1-8) 7%= =5 5]
2p—d(p—1) 2p
1 1 .
+ plogp + 5 Og2p—d(p—1)
Letting 6 — 0T on the right hand side gives (3.3.8). O

Theorem 3.3.7 Under p(d —2) < d,

—d(p-1) (»—1)
limsupt*% Ele (loglogt)*dp2 :

t—o0

o([0,t)P) = (]—)) Tf{(d,p)zp a.s.
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Proof. By the scaling property described in Proposition 2.2.6,

P{a([o,t]p) > M 2emdp=t) (loglogt) e }

- P{a([O, 17) > A(loglogt) = }

)d(l’2—1)

Replacing ¢t by A(loglogt in (3.3.4), we have that for any A > 0

tlirglo Toglog? log P{a([o,t]p) > A (loglogt) — }

= —\ d(pal) gn(d7 p)i d(ﬁfn .

Notice that
) _d»=1)

Ao = (5> © k()

is the solution of the equation

d’p)iﬁ = 1

dip—1
Aﬁ%gﬁg(

For any A1 > Ag, there is a € > 0 such that

P{a([o,t]P) > A1t2p—d2(p—1) (log logt) d(pz_l)}

< exp{—(1 + €)loglogt} = (logt)~(1+9

P{Ol([o,t]P) > A1t2p—d2(p—1) (log logt) d(pz_l)}

> exp{—(1 — €)loglogt} = (logt)~ 1~
as t is sufficiently large. Let 6 > 1 be fixed but arbitrary and define t;, = 0¥
kE=1,2,---. We have

oo

2p—d(p—1) -
ZP{a([O,tk]P) > Mty * (loglogtk)d(pz 1)} < 0.
k=1

By Borel-Cantelli lemma,

limsupt72p_d2(p_l) (loglogt 5 0 ([0, £4]P) < A
k glogty) a([0,t]P) <A1 as.

k—oo

For any large t there is a k > 1 such that ¢t <t < tx. So

_2p—d(p—1) d(p—1)

t > (loglogt)™ = ([0, t]")

_ 2p—d(p—1) )_d(p

<tg 7 (oglogty) ™7 a((0,tep]?)
Zpmdp=l) 5 41y

_dp-1)
< (9+0(1) Tt 7 (loglogtien)T T a((0, b ]P)
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as k — oo. Consequently,

lim sup i (log logt) ([0 ) <O\ as.

t—o0

Letting 6 — 17 and Ay — )\Sr on the right hand side gives the desired upper
bound

([0 tP) <X a.s. (3.3.10)

lim sup == (log log t)

t—o0o

An obstacle for the lower bound is that the needed part of classic Borel-
Cantelli lemma requires the independence of the event sequence, which does
not hold in our case. To fix this problem we introduce an extended Borel-
Cantelli lemma .

Lemma 3.3.8 Let {Ax}r>1 be a sequence of events that is adaptive to the
filtration {Ax}x>1. Then almost surely,

{ Ay, occur infinitely often} = {ZIP’ Apt1|Ag) = }
k=1

This lemma was established in the book by Breiman (Corollary 5.29, p.96,
[16]), where the proof appears as an elegant application of the martingale
convergence theorem.

We now return to our work on the lower bound. Take s = k* (k =
1,2,--+). By Lemma 3.3.6 and (2.2.21),

9 )

I log inf P { (0,47, &) > Xt™2" " (log] t)"”“‘”}
im ————10 mn 0og 10 2
t—o0 loglogt gmwz 508

:_)\d(p 1) (d p) %

Consequently, for any A\ < \,, the series

oo

2p—d(p—1) d(p—1)
inf ]P’ﬂ—c{a 0,8p01 — SE|P,T) > Aos; 42 loglog sg+1) ™ 2 }
;lilsm (10,51t .2) et +1)

diverges.

On the other hand, recall the classic law of the iterated logarithm for
Brownian motions which states that
W)l

limsup —=—==1 a.s.

t—oo /2tloglogt
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P{|W(3k)‘ <u _ Okt eventually} =1.
loglog sk+1

Hence, with probability 1,

Consequently,

o0

2p—d(p—1) d(p—1)
Z]P’W(Sk){a([O,skH — sk]p) > XSy’ (loglog sg+1)” 2 } = 00.
k=1

By Markov property of Brownian motions, this is equivalent to

2p—d(p—1) d(p—1)

ZP{Q([sk+1,sk}p) > AoSj (loglog sg+1)™ 2 |Ak} =00 a.s.
k=1

where Ay, is the o-field generated by {W(s); 0 < s < s;}. By Lemma 3.3.8,

. _2p—d(p—1) d(p—1)
limsups, , ? (loglog sg+1)” " 2 a([sk,sk+1]p) > )X a.s.
k—oo
This leads to
. _2p—d(p—1) _dp—-1)
limsupt it (loglogt) A a([O,t]p) > Xy a.s.
t—oo

Letting A2 — Ay on the right hand side gives the lower bound

limsup ¢~ B (log logt)_d(p;)a([o,t]p) > X a.s. (3.3.11)
t—oo
Finally, Theorem 3.3.7 follows from (3.3.10) and (3.3.11). O

3.4 Notes and comments

Section 3.1

The study of the high moment asymptotics was initiated by Koénig and
Morters [107]. Their investigation leads to the large deviation for Brownian
intersection local time limited to a finite domain and killed upon exit from the
domain. Their approach relies on some sophisticated combinatorial estimate
(given in I1.2, [47]) for the tail of the empirical measure

1 n
L, = n Zé(Yk,Yk+1)
k=1
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where {Y}} is an i.i.d. sequence taking values in a finite catalog. The treat-
ment given here appeared in Chen [28] and in Chen and Mérters [33].

At its beginning stage, the study of high moment asymptotics has shown
its power of solving hard problems in large deviations which are out of reach
of the conventional methods. We shall see later in the proof of Theorem
7.5.3 how this powerful tool is applied to the super-critical dimensions. In
addition, we point out the references Chen [26], Chen [28], Chen [29], Bass,
Chen and Rosen [8] for the key role played by the method of high moment
asymptotics in the recent progress on the large deviations for the local times
self-intersection local times and Riesz potentials of Additive Processes, where
the asymptotics of the form

/(Rd)m w(dA1) - m(dAm) [ 3 ﬁ Q(Ek: A,,(j))r

TES,, k=1 j=1

is investigated. For further application, a challenge we face is how to extend
the upper bound established in Theorem 3.1.2 to the settings of reasonable
generality where, for example, the state space E can be non-compact or
non-discrete.

Section 3.2

Concerning developing the general theory of high moment asymptotics,
main result Theorem 3.2.2 serves as a good example supporting generalization
of Theorem 3.1.2. The folding technique leading to (3.2.3) is partially inspired
by a similar idea going back to Donsker and Varadhan [54].

We propose a “cheaper version” of Theorem 3.2.2 in the following exercise.

Exercise 1. Assume that d(p —2) < d. Write

i P
Hm:/ ) dl’ldl'm|: Z HG(I’U(k) —xa(k_l))} m:]_72’_,_
()™

oEX, k=1

By (2.2.20) for each integer m > 1,

Hy < (ml)? { Gp(a:)da:} "

Rd

which gives the bound

_ 1 1 .
h;znjélop - log W]E{a([o,n] X -+ % [0, 7p]) ] <log y GP(x)dx.

In the following we establish the existence of the limit.
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(1). Prove for integers m,n > 1,

1 1 1

Hint: Let ¥ ., be the set of 1-1 maps from {1,--- ,m+n} to {1,--- ,m+

n} that map {1,---m} to {1,---m}. First show that

m-+n

m+n / [
Hm n — d.l? e dxm n G(Jjﬂ. — Tr(f— )
* ( m ) (Rd)m+n ! + Z kl;[l (k) (k—1)

’
0627n+n g

m+n p—1
x [ S 1] Gow —xo(kn)] .

oc€EX,, k=1
Then use Holder’s inequality.

(2). Prove the weaker version of Theorem 3.2.2: There is a constant
—o00 < C < oo such that

) 1 1 m| _
o 2 log WE[O‘([OJJ x - x [0, 7)) =C.

Hint: Use Lemma 1.3.1.

Section 3.3

Theorem 3.3.2 was obtained in [24] by a very different method. Prior
to that, Le Gall ([117], [123]), Brydges and Slade ([17]) had estimated the
moment of a([O, 1}1"). Together with Chebyshev inequality, some of their
results give bound to the tail probability of a([O, l]p) that are sharp up to
constant.

In addition to their pioneering paper on the high moment asymptotics,
Konig and Mérters ([108]) applied their method to the exponential moments
for a functional of intersection local times of independent Broanian motions.

The Gagliardo-Nirenberg inequality has a close tie to Sobolev inequality
(see Section C). The full class of Gagliardo-Nirenberg inequalities defined in
the analysis literature is wider than the one given in (3.3.2). We point out the
books by Ziemer ([169]) and by Saloff-Coste ([146]) for the general reference.
Finding the best constants for Gagliardo-Nirenberg inequality appears to
be a difficult problem when d > 2 and still remains open in general. It
has been attracting considerable attention partially due to its connection to
some problem in physics. The best constant for Nash’s inequality, which is
a special case of Gagliardo-Nirenberg inequality, was found by Carlen and
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Loss ([21]). See also papers by Cordero-Erausquin ([36]) and by Del Pino
and Dolbeault ([42]) for a recent progress on the best constants for a class of
Gagliardo-Nirenberg inequalities and logarithmic Sobolev inequalities. For
a connection between the best constants of Gagliardo-Nirenberg inequalities
and logarithmic Sobolev inequalities, the interested reader is referred to Del
Pino and Dolbeault [43]. In the critical case p(d — 2) = d, (3.3.2) becomes
the Sobolev inequality
1£]].24 < CIIV S]]z

The best constant in this case has been known (see, e.g., Theorem 1.3.2; p.
20, [146]).

Unfortunately, none of these progresses was made for the kind of Gagliardo-
Nirenberg inequalities given in (3.3.2) as p(d — 2) < d. .

The paper directly related to k(d, p) for p(d — 2) < d are [125] and [157].
In [125], Levine obtained a sharp estimate for x(2,3), which claims that

1 1
2,3) <4/ .
16016 < "33 <\ 15081

~4/9.

Based on that, he conjecture that x(2,3) = =

Weinstein ([157]) studied the problem of the best constants for the Gagliardo-
Nirenberg inequalities given in (3.3.2). It was shown (Theorem B, [157]) that
under p(d — 2) < d, the best constant in (3.3.2) is attained at an infinitely
smooth, positive and spherically symmetric function fy, which solves the
non-linear equation

dip—1)

2 Af -

f+ Pt =o. (3.4.1)

2p—d(p—1)
2

In addition, fo has the smallest L?-norm among all solutions of the above
equation (such solution is called a ground state solution). Further

w(d.p) = (pllfol 5" 7) (34.2)

Using this result, Weinstein obtained the following numerical approximation

in the case d = p = 2,
2,2) = i/ —— (3.4.3)
S =\ T X 1.86225... -
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Chapter 4

Large deviations: self
intersection

According to the discussion in Section 2.3 and Section 2.4, self-intersection
local time B([0,t]%2) exists in the case d = 1 (Proposition 2.3.5) and is renor-
malizable in the case d = 2 (Theorem2.4.1). The gaols of this chapter are
to establish the large deviation principles for the self-intersection local times
in 1-dimension and for the renormalized self-intersection local time in 2-
dimension, and to apply them to the laws of the iterated logarithm. Our
approach consists of the following three main ingredients:

1. Feynman-Kac formula combined with some some ideas developed from
the area of Probability in Banach spaces. The method is used for the the
p-square integral of the local time given in (2.3.5).

2. Comparison between 7([0,#]2) and «([0,1]%). The connections be-
tween the self-intersection local times and mutual intersection local times
have been seen in the discussion in Section 2.3 and Section 2.4. We shall
explore this link in a much more quantitative way.

3. Argument by sub-additivity. This method has been developed into
effective tool in large deviation theory. Even so one might still be surprised
to see throughout this book how often that the relations such as (2.4.11) holds
in our models. Naturally, the sub-additivity method becomes an important
part of the methodology adopted in this book.

103
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4.1 Feynman-Kac formula

Let W(t) be a d-dimensional Brownian motions and let f(x) be a bounded
continuous function. Write

Tig(x) = E(exp { /0 f(x + W(s))ds}g(m + W(t))) t>0. (4.1.1)

We now show that for each t > 0, T} defines a continuous linear operator
on the Hilbert space £2(R%). The linearity is obvious. One can see that when
t =0, Ty = I is an identical operator. In particular, Tj is an continuous
operator on £2(R9). Assume t > 0.

/Rd [Ttg(x)]zdx:/w lE(exp{/Ot flz+Wi(s ds} (z+W(t )de
</Rd]E<eXP{2/Ot flx+W(s } (z+W(t )d:c
:E/Rdexp{Q/Otf(x—i-W ds} (z + W (t))da

:/Rdexp{Q/Otf(x)ds} Ha)dr <e /Rde(x)dx

where the second step follows from Cauchy-Schwartz inequality, the fourth
step from translation invariance, and the last step from the boundedness of

f.

Therefore, {T3;t > 0} is a set of linear bounded operators on the Hilbert
space £2(R?). For any t > 0, g, h € L?>(R?),

/Rd Tog(x) - h(z)dz

= ]E(/Rd exp { /Ot flz+ W(s))ds}g(x + W(t))h(x)dm)

= E(/Rd exp { /Ot flz+W(s)— W(t))ds}g(x)h(x - W(t))dm}

= E(/Rd exp { /Ot fla+W(t—s)— W(t))ds}g(x)h(x - W(t))dx}

:/ g(z) - Tih(x)dx
Rd
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where the last step follows from the identity in law

{W(t—s)—W(t); ogsgt} £ {W(s); ogsgt}.

The above relation means that 7} is symmetric. By the boundedness of T
established earlier, T} is a self-adjoint operator on £2(R?) (see the discussion
in Section B).

Lemma 4.1.1 {T};t > 0} is a semi-group in the sense that for any s,t >0

Ts+t = Ts 9] Tt.
Proof. For any g € L(R?),

Torig(z) = E(exp { /08+t flz+ W(u))du}g(m +W(s+ t)))

= E(exp{/osf(x—FW(u))du}

X exp { /:H flz+W(s)+W(s+u)— W(s))du}

X g(z+W(s)+W(s+t)— W(s)))

= E(exp { /0 flz+ W(u))du}(Ttg) (z + W(S))> = Ts(T;g) ()

where the third step follows from independence of increment and Fubini
theorem. m|

A self-adjoint operator T is said to be non-negative if (g,Tg) > 0 for
any ¢ in the domain D(T') of T' (In the case of bounded operator, of course,
D(T) = L£2(R?)). By semi-group property and self-adjointness,

(9, Trg) = (g, Tyyo0Ty2g) = [|Tep2gll3 >0 g € L2(RY).

Therefore, for each ¢t > 0, T; is non-negative.

An important aspect of a semi-group is its infinitesimal generator A, which
is a linear operator satisfying

Tog —
lim %:Ay

t—0t
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on a subspace of £2(R?), where the limit is taken in an appropriate sense.
To make the matter less complicated, we first consider the case when g(z) is
a rapidly decreasing function. A infinitely smooth function g(z) is said to be
rapidly decreasing, if g(x) and its derivatives of all orders decay at infinity
faster than any negative power of |z|.

We now state the famous Feynman-Kac formula.

Theorem 4.1.2 For any rapidly decreasing function g(x) on R?,

LoD =90 _ I ng(a) + fagla) @R, (4.1.2)

lim
t—0t t

Proof. First we consider the special case when f = 0, in which

0 Tr) = 1Lglx) = + x = t — T
Tyg(z) = Tig(x) /de(y)g( +y)dy /de(y )g(y)dy

By Fourier transform,

tAP?

ffo\g()\) = / e Tyg(z)dz = G(N) exp{ — —} A e R?

Rd
where

3 = / P Tg(a)dr.

By Fourier inversion (Theorem B.1, Appendix),

Thola) ~ o(0) = 5 [ G0N [exp{ i 1} ax.

Consequently, by dominated convergence, and by the fact that the Fourier
transform of a rapidly decreasing function is rapidly decreasing,
1 1

- TYg(z) —g(z) _ / oy |2 1
tgrgl+ ; = 3@ Rde IA[“g(A)dA = 2Ag(x) (4.1.3)

where the last step follows from (B.8), Appendix. So we have (4.1.2) when
f=o.
We now prove (4.1.2) with full generality. First notice that

exp{/otf(x—i-W(s))ds}
- 1—1—/0tf(x—|—W(s)) exp{/:f(x—i-W(u))du}ds.
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Multiplying both side by g(z + W (t)), taking expectation and applying in-
crement independence on the right hand side,

Tig(z) = TPg(x) + /0 E{f(m + W(s))Ty—sg(x + W(s)) }ds.

Therefore, (4.1.2) follows from (4.1.3) and the fact that

i 3 [ B{ o W) Tsa(e + W) s = oot

O

Let S(R?) be the set of all rapidly decreasing functions on R?, which is
also known as Schwartz space. Write

Ag(x) = 589(x) + f(2)o(r) g€ SR, (4.1.4)

The linear operator A is called the infinitesimal generator of the semi-group
{T;, t > 0}. In (4.1.4) we momentarily limit the domain of A to S(R?). By
integration by parts one can see that

(g, Ah) = (Ag,h)  g,h € S(R?). (4.1.5)

This means that A is a symmetric operator (see Section E, Appendix for
definition of symmetric operator on the general Hilbert space).

As pointed out in Section E of Appendix, an unbounded symmetric op-
erator does not have to be self-adjoint. It appears to be extremely difficult
to examine the self-adjointness of the unbounded operator A. On the other
hand, the self-adjointness is crucially needed for the later development. Our
treatment is to extend A into a self-adjoint operator. Notice that for each
g € S(RY),

(4g.9) = | f@t@)is =5 [ [Vala)Pds < Cloll

where C' = sup |f(z)|. A symmetric operator with such property is said to be
z€R
upper semi-bounded . By Friedrichs extension theorem (Theorem 2, Section

7, Chapter XI, [168]), an upper semi-bounded symmetric operator admits
a self-adjoint extension known as Friedrichs’ extension. We still use the
same notation for the Friedrichs’ extension of A and still call it infinitesimal
generator of the semi-group 7;. We denote D(A) for the domain of the self-
adjoint operator A. Clearly, S(R?) C D(A) C L%(R?).
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Recall our notation
whAR?) = {g e L2RY); Vge 2R}

and set
Fa={ge L2®); llgll=1 and ||Vg|l2 < oc}.

In the following lemma we determine some basic structure of the operator A.

Lemma 4.1.3 We have that D(A) ¢ WY2(R?), and that

(g, Ag) = /Rdf(w)gz(x)dx—% /Rd|w<x>|2da: geD(A),  (416)

1
sw (g.49) = s { [ @an =g [ VowPar). @
g€D(A) g€Fa Rd Rd

llgll2=1

Proof. Let g € D(A) and write, for each € > 0,

ge(x) = /R ) 9(Y)pe(y — z)dx

where p.(z) is the density of W (e). It is easy to see that g. € S(R?). By
(4.1.4),

(Age, 9) / f(z)ge(x )dx—i—; dAge(x)g(x)dx.

We shall let € — 07 on the both sides. For the left-hand side, observe that
ge — g in L2(R?). Consequently,

(Age, g) = (9e, Ag) — (9, Ag) (e = 0T).

By the boundedness of f(z), the first term on the right-hand side ap-
proaches to

[ 1@g?a)as

To treat the second integral on the right-hand side, we apply the tool
Fourier transformation. By Parseval identity ((B.9), Appendix), the con-
volution identity ((B.11), Appendix), and the fact ((B.8), Appendix) that

= Mg,

Mgyt = s [ WFexn { = SR EOIEN

R4
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Therefore, we must have

[ PR < oc
Rd

By Theorem B.2, Appendix, g € W12(R%) and

(0.40) = | @*@ds - 5o [ IAFGEOIEN

1
- [ t@e@a =3 [ Vo).

Finally, (4.1.7) follows from the relation S(R?) ¢ D(A) C W12(R?), the
fact that S(RY) is dense in W12(R%) under the Sobolev norm +/||g]|2 + [[Vgl[3,
and the continuity (in g) of the quadratic form on the right-hand side of
(4.1.6) under the Sobolev norm. O

The quadratic form (g, Ag) given in (4.1.6) is often known as Dirichlet
form of the semi-group {7}}.

By the fact that ||T;|| < e“? (¢ > 0) for some constant C' > 0, the following
linear operator

Grgla) = / e MTyg(@)dt g e L2(RY) (4.1.8)
0
is well defined and is a bounded self-adjoint operator on £2(R%).
Lemma 4.1.4 For any g € S(R?) and x € R? Tyg(x) is differentiable on

(0,00) as a function of t and

d

= (T9(@) = (A0 Tg(a) = (Ty 0 A)g(a). (4.1.9)

In addition, there is a C > 0 such that for any A > C,

M —A)oGrg=Gro(M —-Ag=g gecSRY). (4.1.10)

Proof. We first pointed out the following analytic lemma (the proof can be
find in p.239, Section 3, Chapter IX, [168]): Let u(t) be a continuous function
on (0, 00) such that its right derivative

. u(t + At) — u(t
DT u(t) = Allg%ﬁ %
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is finite and continuous on (0, 00). Then u(t) is differentiable on (0, c0).
To establish (4.1.9), therefore, it suffices to show that

T, — T
lim tratg () t9(7)
At—0+ At

(AoTi)g(x) = (Ti o A)g(x).

Indeed, this follows from the equality

Tt_;,_Atg(Jf) — Ttg(.lf) TAt — I TAt — I
=Tio——— =———0oT,
t o P gw) = T o Tig(e)
and (4.1.2) in Theorem 4.1.2.
By (4.1.9),

(M = )0 Grgle) = Grgla) = [ (Ao Tglalat
= Grg(z) — /OOO e*/\t% (Ttg(ac)>dt.

Thus, (4.1.10) follows from integration by parts. |

An very important fact is that the semi-group {T%; t > 0} can be written
in terms of some functions of A. Our discussion here is based on the material
introduced in Section E, Appendix. Generally speaking, a function £(A) of
the self-adjoint operator is another self-adjoint operator. Being precise, we
consider the spectral integral representation (Theorem E.1, Appendix)

A= /Oo AE(d)) (4.1.11)

of the self-adjoint operator A, where {E()\); —oo < A < oo} is a resolution
of the identity , a family of projection operators on £2(R9) with distribution-
function-type properties. In addition,

D(A) = {g € £2(RY); /: A2, (dX) < oo} (4.1.12)

where pg is a finite measure (known as spectral measure ) on R induced by
the distribution function F(A) = (g, E(\)g) with

ne(R) =|lgll3 g€ LXRY). (4.1.13)

Given a Borel function £(A\) on R, the function £(A) of A is a self-adjoint
operator defined by the spectral integral

£(A) = /_ T EE(@) (4.1.14)



4.1. FEYNMAN-KAC FORMULA 111

with the domain D(£(A)) given by

p(e() = {oe 2@ [~ leWPu@y <o} 1)

— 00

Given A > 0, for example, we take £(7) = (A — 7)~! and define the
following operator

(A — A)~ / A_ E(dv) (4.1.16)

Here we use the fact ((4.1.7)) that

X = sup (g,Ag) < oo. (4.1.17)
geD(A)
llglla=1

By Theorem E.2, Appendix, p, is supported by (—oo,Ao] for every g €
L£2(R4). Consequently, by examining the integrability listed in (4.1.15) the
operator (Al — A)~! is defined on the whole space £L2(R?) as A > \g. Further,
by (E.14) in Appendix,

o 1

or=aygl] = [~ Gty < g=plel o€ 2R,

This implies that (AT—A)~! is a bounded operator. As its notation suggested,
(M — A)~! is the inverse operator of A\I — A in the sense that (A — A)~!
(M — A) and (M — A) o (AI — A)~1 are identical operators on D(A) and on
L£2(R%), respectively. To see this, first notice that by (4.1.11)

A=A = [~ (=B,

Our claim follows immediately from Theorem E.3, Appendix.

Further, applying (Al — A)~! to the both sides of (4.1.10) we see that
(M — A)~! and G agree on S(RY) when \ > 0 is sufficiently large. By the
fact that S(R?) is dense in £2(R%), and by the continuity of the operators
(M — A)~! and G, we have that for large A > 0,

(M — A"t =G\, (4.1.18)

For given ¢ > 0, we now take £(\) = exp{tA} and consider the self-adjoint
operator exp{tA} defined by

oo

exp{tA} = / exp{tA} E(d)). (4.1.19)

—00
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By Theorem E.2 the support of the spectral measure 4 is bounded from
above by Ao given in (4.1.17) for all g € £2(R?). Consequently, exp{tA} is
defined on whole space £2(R?). Moreover, by (E.14) in Appendix,

||exp{tA}g||” = /oo exp{2tA} g (dN) < exp{2tAo}]|g]3-

Hence, exp{tA} is a bounded operator. Further, by (E.15) in Appendix

oo

(gepltatg) = [ (b (@) 20 g€ LR

Consequently, exp{tA} is non-negative.

Now, we state the following representation theorem.

Theorem 4.1.5 For eacht >0, T) = et4.

Proof. First, we reduce Theorem 4.1.5 to the equality

<g, exp{tA}g> = (9, Trg) g€ L2*RY). (4.1.20)
Indeed, for any g, h € L%(R?),

<h, exp{tA}g> = %{<g+h, exp{tA}(g+h)> + <g—h, exp{tA}(g—h)>},

(h.Tig) = T{lo+ b Tolg + ) + (g~ h, Tilg — )}
If (4.1.20) holds,
<h, exp{tA}g> = (h,Trg).

Since g and h are arbitrary, this leads to the conclusion of Theorem 4.1.5.

To establish (4.1.20), we begin with the operator equation (4.1.18) (We
always keep A > 0 sufficiently large in our argument), which can be written

as s -
(I— X) = )\/0 e MTyds.

Iterating n times (in the sense of operator composition) on the both sides,

(-3

= )\n/ exp{—/\(81 4+ 4+ Sn)}Tsl 0---0 Tsndsl Ce dSn
(R+)7L

=\" / exp{—A(s1 + -+ 8p) } sy +-ts,dS1 - - - dSn.
()
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By the spectral integral representation (4.1.16) and by Theorem E.3, Ap-
pendix, the left-hand side can be represented as

/jo (1- %)%E(m).

oo

By (E.15) in Appendix, therefore,

/_OO (1- %)%ug(dw _ <g7 (1 §>ng>

— )\n/ | exp{—A(s; +---+ sn)}<g7 T51+...+Sng>dsl - ds,,
(RF)m
= / exp{_(81 4+ Sn)}<gv TA_1(81+---+sn)g>d81 - ds,.
(R+)n
Replacing A by n/t,
/ (1=30) hold) = Elg. Tic,0) (4.1.21)

— 00

where the expectation on the right hand side is taken with respect to the

random variable
T+ +

n

Cn:

which appears as the sample average of i.i.d. exponential random variables
Ty, ,Tp With parameter 1.

By the classic law of large numbers, ¢,, —— 1 as n — oo. By the continuity

of (g9,Tsg) as a function of s and by the bound (g, Tsg) < C1€°2* one has

HILH;O E(g, T, 9) = (9, Tt9)-

By the fact that the supporting set of the measure 4 is bounded from
above, and by the dominated convergence theorem,

o0 o0

lim (1 - %)%Mg(dy) z/ g (dy) = <g, exp{tA}g>

n—oo
— 00 — 00

where the second equality follows from (E.15), Appendix.
Finally, letting n — oo on the both sides of (4.1.21) leads to (4.1.20). O

An interesting application of Feynman-Kac formula is the following large
deviation result.
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Theorem 4.1.6 For any bounded, continuous function f on R?
1 t
tlim zlogEexp{/ f(W(s))ds}
— 00 0

B b 1 2
—gs;;»d{ [ @i [ 9o dx}7

where

Fa= {g € L2(RY); /Rd g*(z)dx and /Rd |Vg(z)|?dr < oo}. (4.1.22)

Proof. By the boundedness of f there is C' > 0 such that

C™! <exp { /01 f(W(s))ds} <C. (4.1.23)

Let g € S(R?) be compactly supported and satisfy

/ g*(z)dx = 1.
]Rd
We have

Eexp{/ltf(W(s))ds}
> ||g||ZE (g(W(l)) exp { Atf(W(S))dS}Q(W(t))>

= |lgllIZE (g(W(l)) exp { /11_ FWQ@) +W(1+s) - W(l))dS}
< g(W(1)+W(t) - W(l))>

- |g|;2E(g<w<1>)n_1g<w<1>>)
= lo2 s [, 0@ g (o)

On the supporting set of g, e~171°/2 is bounded from below by a positive
number. Therefore, we have established

Eexp{/o fw }>5/ ) Ty_1g(x)de = 6(g, Tr_1g). (4.1.24)
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By Theorem 4.1.5 and by (E.15) in Appendix (with £(A\) = exp{tA}), for
eacht >0

(9, Trg) = / N " g (dN) (4.1.25)

—00

> exp {t/_z /\Mg(d/\)} = exp {t<97Ag>}

—ew{o( [ @5 [ W) |

where the inequality follows from Jensen inequality and the fact ((4.1.13))
that pug(RT) = 1, which shows that the spectral measure p, is a probability
measure; and where the third step follows from (E.15) in Appendix (with

§(A) = A).
By (4.1.24), therefore,
t
litm inf % log E exp { / f(W(s))ds}
— 00 0
2 1 2
2 | fl@)g(z)de -5 | [Vg(z)]da.
Rd Rd
Taking supremum over g gives the desired lower bound:
1 t
lifrl inf n log E exp { / f(W(s))ds} (4.1.26)
L — OO O
1
> s { [ s - g [ IVowPas).
9g€Fa R4 2 Jra

We now establish the upper bound. For each ¢t > 0

so{ [ 10V ()}

< E<1{|Wm|§t2} oo{ [ f(W(S))dS}luwumz})
{E (1{|W(1)|>t2} exp { /lt f(W(s))ds})
+E<exp{ / tf(W@))ds}lﬂW(tn»a}).

By boundedness of f, there is C' > 0 such that

E<1{|W(1)|>t2} exp { /lt f(W(s))ds}) < CP{W(1)] > 2} < CeCle /2
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where the second estimate follows from estimation of Gaussian tail. Similarly,

t

E(exp{/ f(W(s))ds}1{|W(f)|>t2}> < GCtIP{H/V(t)‘ > t2} < CGCte_t3/2,
1

Thus,

lim sup - logEexp{ /j f(W(s))ds} (4.1.27)

t—o0

t
<hmbup 10gE<1{|W(1)|<t2}eXp{/ f(W(S))dS}l{W(t)<t2}>.
1

t—o0o

For each t > 0, let g; € S(R?) such that g;(z) = 1 for |z| < 2, gi(z) =0
for |z| > 2t? and 0 < g4(z) < 1 for all z.

E<1{W(1)§t2}eXp{/1 f(W(s))ds}1{|W(t)|§t2}> (4.1.28)

< lg:|3E (gt (W(1)) exp { /; f(W(S))dS}?Jt(W(t))>
|z

(27r1)d ||gf||2/ exp{ 5 } (@) (Ty—15¢) (z)da
1
)

(271- d/z”gf“ (G, Te—13¢)

where gi(x) = g:(x)/]]9¢]]-

Notice that ||g||2 = O(t??) as t — oo. By Theorem 4.1.5 and (E.15) in
Appendix,

[e.e]

(Gt Ty—1Gt) = / ew\ﬂgt (dN).

—0o0
By (4.1.13) pg, is a probability measure. In view of (4.1.17) and (4.1.7), by
Theorem E.2 in Appendix the smallest supporting set of g, is bounded from
above by

sup (g, Ag) = sup { f(x) dx — —/ [Vg(z)] da:}
‘g‘e"L‘)(Al) gE€Fa
gll2=

Hence,

(gt Tr—19t) (4.1.29)

< exp (t sup { fx) dr — —/ [Vg(z |2dx}>
g€Fa
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Combining (4.1.23), (4.1.27), (4.1.28) and (4.1.29) we have

1 t
lim sup n logE exp { / f(W(s))ds} (4.1.30)
t—o0 0
1
<sw { [ s -5 [ IVowPas).
gej:d Rd 2 Rd
Finally, the desired conclusion follows from (4.1.26) and (4.1.30). m|

4.2 One dimensional case.

The local time L(t, z) of an 1-dimensional Brownian motion W (t) exists and
for any integer p > 2. By Proposition 2.3.5, the self-intersection local time
B([0,t]%) is equal to

1 oo
o) LP(t, z)dz.
By (2.3.8) in Proposition 2.3.3,
/ LP(t,x)dx £t / LP(1,z)dz. (4.2.1)

Thus, we focus on the large deviation principle for the L,-norm of the Brow-
nian local times up to the time 1. The following theorem is the main result
of this section.

Theorem 4.2.1 When d = 1, for any real number p > 1,

lim a 77 logIP’{/ LP(1,z)dx > a}

— 00

C
() B )

where B(-,-) is beta function.

Proof. By Corollary 1.2.4, Theorem 4.2.1 holds if we can prove for each

0 > 0 that
2 pt1 o 1/p
lim @~ 71 logEexp {aP<P1> 9(/ L”(l,x)da:) }

_2(p—1)

N=: V2 1 1 T
:(1_9> ((p—l)(p+1)B(p—1’5>> '
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By (4.2.1) and (C.8) in Theorem C.4, Appendix, this is equivalent to

1 oo} 1/[)
tlim zlogEexp { (/ Lp(t,x)dx) } (4.2.2)
00 1/p 1 0o
—sup{ ([T lgwpar) -5 [ gl
geEF —0 —o0

f:{g; /_ \()|dx—1and/ dx<oo}

The proof of (4.2.2) is a combination of Feynman-Kac formula and some
method developed along the probability in Banach space. Let ¢ > 1 be the
conjugate number and f be a bounded continuous function on R such that

where

/OO |f(z)|dz = 1. (4.2.3)

— 00

By Holder inequality,

(/_O:O Lp(t,ﬂﬁ)ch;) 1/p > /_O:o f(@)L(t,x)dz = /Otf(W(s))ds.

By Theorem 4.1.6, therefore,

o 1/p
hm mf logEexp { (/ Lp(t,x)da:> }
1 o0
> sup {/ f(@)g®(x)dx — —/ |g’(x)|2da:}.
geF 2 o

Notice that the functions f satisfying our conditions are dense in the unit
sphere of £L9(R). Taking supremum over f on the right hand side gives

oo 1/p
hm mf logEexp { (/ Lp(t,x)da:> } (4.2.4)

>supf{([” |g<x>|2p;x)l/p 5[ wpaf.

The upper bound is more delicate. The self-intersection outside any com-
pact set of R is not negligible. Indeed, for any M > 0, by the argument for
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the lower bound (4.2.4),

1 o) 1/10
lim inf - log E exp { (/ LP(t, a:)dx) }
t—oo M

> ([ ttwpras) ol [ gl

By shifting the space variable x, one can see that the variation on the right
high side is equal to the right hand side of (4.2.4). Consequently, L(¢,x) is
not exponentially tight when embedded into £?(R).

To resolve this problem, we wrap the real line R into a big but compact
circle. Let M > 0 be large but fixed. We have

o] M M
/ LP(t, x)dx = Z/ LP(t,x + kM)dz < / LP(t, z)dx (4.2.5)
- kez 0 0

where ~
L(t,x) =Y L(t,z +kM).
keZ
For any s > 0, the process

Ws(u)=W(s+u)—W(s) u>0

is an 1-dimensional Brownian motion. If we write Ls(¢,x) for the local time
of Wi(u) and write

Ly(t,x) =Y La(t,kM + )
keZ

then for any ¢ > 0,

a; [ p—M~p:c— x—M~pxaz
/0 [L(s+t,z) — L(s, z)] da:—/o L2(t, W(t))d —/0 LE(t,x)d

where the last step follows from periodicity of i’; (t, -). By independence and
stationarity of the Brownian increments, therefore, the quantity

M ~ ~
/0 [L(s+t,2) — L(s, a:)]pdx

is independent of {W(u); 0 < u < s} and has the same distribution as

M ~
/ LP(t,z)dx.
0
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By triangular inequality, for any s,¢ > 0,

</OM LP(s +t, x)dx) v (4.2.6)

< ( /0 " ip(s,x)dx)l/p + ( /0 Y ot i(s,x)]pdx)l/p.

Based all properties discussed above, we conclude that the non-negative pro-

cess
M 1/p
(/ Lp(t,ac)dx> t>0
0
is sub-additive. By Theorem 1.3.5,

E exp {0(/0M EP(1,x)da:>l/p} <00 (4.2.7)

1 M 1/p
tlim ElogEexp {9(/ Lp(t,ac)dac> } < 0. (4.2.8)

for every 6 > 0.

We view I~/(t,~) as a stochastic process taking values in the separable
Banach space £P[0, M]. For any z € R we adopt the notations P, and Ex
for the distribution and expectation, respectively, of the Brownian motion
W (t) starting at = (i. e., W(0) = x). We let ¢ = 1 and claim that for any
€ > 0 there is a compact set K C £P[0, M] such that

i L(1,- >1—e 2.
;gﬂfQPﬁ{L(l’ JEK}>1—¢ (4.2.9)
Indeed, by continuity of L(1,z) as a function of x and by the fact that

only finitely many L(t,- + kM) is non-zero at any given moment, L(1,z) is
continuous. We have that for any v > 0

supPo{ sup |L(L,y) - L(1,2) = 7}

z€R ly—z|<d
= sup]P’{ sup |L(1,z+y) — L(1,z+2)| > 'y}
z€R ly—=z|<é
=p{ sup |L(Ly) - L1227} —0 (5-0h).
ly—=]<s

By Arzeld-Ascoli theorem (Theorem D.2, Appendix), there is a compact set
K compact in C[0, M] such that such that

icrel]}f&PI{L(l’ JeEK}>1—e
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Notice that

/OM LQ,z)dx = /OO L(1,z)dx = 1.

— 00
Hence, our claim follows from the fact that the set

M

KEI?O{fGC[QM]; f >0 and f(a:)dx:l}

0
is relatively compact in £P[0, M].
Notice that for any z € R and A > 0,

E, exp{/\</0M B’(Ly)dy)l/p}
=Eexp {/\(/OMiP(l,x—&-y)dy)l/p}
= Eexp {A(/OM Ep(Ly)dy)l/p}

where the last step follows from periodicity. By (4.2.7), the right hand side
is finite. Thus,

M 1/p
supE, exp {/\(/ Lp(l,y)dy> } <oo  VYA>0. (4.2.10)
zeR 0
By Theorem 1.1.7, the uniform tightness of the family
{z:m (L(,)); ze R}

and (4.2.10) imply that there is a convexed, positively balanced and compact
set K C LP[0, M] such that

31€1§]ET exp{qK(i(l,-))} < o0. (4.2.11)

For any s,t > 0 and x € R, by sub-additivity of Minkowski functional
given in (1.1.8) and by Markov property

E, exp {qK (f/(s +t, ))}
< B, exp {arc(L(s.) +ax (Ls +1.) = L(s,) |
=E, (exp {QK (L(s,-)) }]EW(S) exp {qK (L(t,-)) })

< E,exp {qK (It(s7 ))} ZlelﬁEy exp {qK (z/(t, )) }
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Thus,

supE; exp {qK (E(s +t, ))}
z€R

< zlég E, exp {qK (i(s, )) } zlég E, exp {QK (i(t, )) }

The sub-additivity established here implies (Lemma 1.3.1) that

lim % log sup E, exp {qK (I~/(t, ))} = inf E log sup E, exp {qK (I~/(s, )) }

t—oo z€R 5>08 " zeR

By (4.2.11), the right hand side is finite. Hence,

lim %logEexp {qK (I~/(t, ))} < 0. (4.2.12)

t—o0

Let A > 0 be arbitrary and write

E exp { </OM LP(t, x)dx) Up} (4.2.13)
exp { (/OM LP(t, x)da:> Up}l{;i(t,-)ef\ff}]
exp { ( /0 " E”(t,x)dx)l/p}l{% e )@K}]

For each g € MK, by Hahn-Banach theorem (Corollary 2, p.108, Section
6, Chapter IV, [168]) and by the facts that £9]0, M] is the topological dual
space of LP[0, M] and that bounded and continuous functions are dense in
L]0, M], there is a bounded and continuous function f such that

=E

+E

f(0)=f(M) and / x)|9dx =1 (4.2.14)

(f N |g<x>pdx)1/p <ot [ " f@gla)is

By the finite cover theorem, there are bounded and continuous functions
fi,-++, fm on [0, M] satisfying (4.2.14) such that

M 1/p
(/ g(x)|Pda:> <e+ nax / filx dr Vg€ K.
0 <i<m

and
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Consequently,

M 1/p
E [exp { </0 LP(t, x)dm) }1{1E(t,-)EAK}]

<eaZEexp{/ filx t T dm}

By the first equation in (4.2.14), f; can be extended into a bounded, contin-
uous and periodic function (with period M) on R. By periodicity,
M

fi(x) txdx—Z/ fi(x)L(t, kM + x)dx

0 kEZ

/ fi(x) Lt z)dz = /0 F(W(s))ds

By Theorem 4.1.6, therefore,

hm logEexp{/ fi(z)L(t, m)dm}

_ L e
- [ w5 [ e}

Using periodicity again,

/ fi()g? (x)dx = ()Y g*(kM +

kEZ

(/ (Zg (kM + = )dm)l/p

keZ

where the last step follows from Hoélder inequality. Summarizing our argu-
ment, we have

1 M 1/p
li?isogp n log E [exp { (/0 LP(t, a:)dx) }1{%i(t7,)€/\K}1

<e+ 222{(/0]” (Zgz(kM+x))pdx> e %/OO |g’(x)|2d;v}.

keZ >

Letting € — 07 on the right hand side gives

exp{</0M ip("‘?”dx) ”P}l{%i(n_)em}] (4.2.15)
<sm{ ([ (o)) -5 [ i)

keEZ

limsup - log E

t—o0o
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We now return to (4.2.13). By Cauchy-Schwartz inequality,

exp { </0M ﬂp(t7x)dx)l/p}l{%i(t7,)€AK}‘|
Eexp {2(/0M i, x)dx) Up}] v [P{%E(t, )¢ )\K}] 7

Observe that
P{%E(t, ) ¢ )\K} < IF’{qK(()\t)*lf/(t, ) > 1} = P{qK(E(t, 9) > )\t}

where the second step follows from the positive homogeneity of the Minkowski
functional given in (1.1.8).

By (4.2.11) and Chebyshev inequality, therefore,

E

hm lim sup n logP{ L(t,") ¢ /\K} —00.

A—00  t—o00

This, combined with (4.2.8), leads to

M 1/p
hm hmsup logE [exp { (/ Lp(t,ac)dx> }1{1£(t ~)g)\K}‘| = —00.
0 L

A—00  t—o0

By (4.2.13) and (4.2.15), therefore,

1 M 1/p
limsup?logEexp{</ Lp(t,x)da:> }
t—oo 0
M » 1/p 1 [
< su 2(kM + x da:) ——/ "(x de}.
s { ([ (T otwar+ o) INE)

kEZ o0

From (4.2.5) we have

S 1/p
lim sup & logEexp { (/ LP(t, ac)dx) }
t—o0 —00

fs‘gﬁ{(/f (Lot sa)'a) "5 [ o).

keZ

By Lemma 4.2.2 below, letting M — oo on the right hand side gives the
upper bound

o0 1/p
lim sup % logE exp { </ Lr(t, ac)dac) } (4.2.16)

t—o0 — 00

<suf( [~ |g<x>|2pdx)l/p 5[ lwpaf.
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Finally, (4.2.2) follows from (4.2.4) and (4.2.16). O
Lemma 4.2.2
M » p 1 poo
lim sup sup{(/ (Zgz(kM-i-(E)) dx) — _/ |g/(x)|2d$}
M—oo geF 0 kez 2 —o00

<sup { ( /- |g<x>2pdx) e 5/ |g’<x>|2dx}.

Proof. Without loss of generality we may assume that the right hand side,
denoted by J, is finite. We only need to prove that given e > 0, there is a
M > 0 such that for all g € F,

(/OM (Zgz(ch + $)>pdx> " %/OO g’ (z)*dz (4.2.17)

kezZ —oe
§e—|—( ! )ﬁJ.
1—c¢

The hard part is that M > 0 has to be independent of g. We shall
determine the value of M later. Let

o) = (ko + x>)1/2.

keZ

Then g is absolutely continuous with

M
/ F@)dzr =1 and [g@) < 3 |g'(6M + ) (4.2.18)
0 kEZ

where the second fact follows from direct computation of g’(z) and Cauchy-
Schwartz inequality.

Next we need to construct a function f € F which is equal to g on
[M1/2, M — M'/?] and is negligible outside this interval. Write E = [0, M]U
[M — M'/2, M]. Similar to (3.2.13), there is a € [0, M] (possibly depends on
g) such that

/ G(x + a)2da < 2M /2. (4.2.19)
E

We may assume that a = 0, for otherwise we replace g(-) by g(- + a).
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Define
zM~1/2 0<z<MV/?

1 MY2 <z < M- M2

MY?2 — g pM—1/2 M-M72<z<M

0 otherwise.
It is straightforward to verify that for each x € R,
0<C() <1, [C'(x) <M~Y2 |(C¥x))| <2M~ Y2

Define f € F by

fa) = ( /- o2<y>92<y>dy) @it

and set -
a=/_ C*(y)3* (y)dy.
We have
/ 2 1 2 P 2 / 2-2 L, l(=2 !
P = H{C@Ig@F + 1P + 5(C@) ()}

o <x>{g'<x>2 + M) + M—”2|(§2<x>)’!}~

In addition,

M M
/0 (72(@))|da = 2 / 5()7 ()| da

<2 | N oo ) 1/2( / N /(o) -
—( N /() -

M
/0 | (2)dz (4.2.20)

1 M M 1/2
< a{1\4—1+/ |g'(x)|2da:+2M_1/2</ |g'(x)|2da:> }
0 0

Consequently,
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On the other hand, notice that f = a~/2g on [-M, M]\ E.

(/ON[ g(x)IQPdm>1/P S (ap /oo |f($)|2pd$+/Elg(x)|2de> 1/p

— 00

<ol [T ir@par)” + ([ 1a@pas)
oo E

In view of (4.2.19),

1/p .
( / g<x>|2pdx) < (M) sup g2

0<z<M
(recall that ¢ > 1 is the conjugate of p).

Observe that for any x € [0, M], if  + 1 € [0, M]

|g<:c>|<[+1|<>|dy+/ ([ 19 Ga:)ay
< (/M |g<x>|2dm)1/2+ (/ /) v
=1+ (/OM |g’(x)|2da:>1/2.

Notice that this inequality holds even 241 ¢ [0, M] in which case we integrate
on [z — 1, ] instead on [z, + 1].

Consequently,

( /0 Y e )|2de> ( |2de>1/p (4.2.21)
+ ((2M)~1/2 1/”{ (/ 2da:>1/2}2/q.

Combining (4.2.20) and (4.2.21),
(/ Q(de)w -5/ "l )P
- \/LM(/OM |g/($)|2dm>l/2 - ((2M)‘1/2)1/p{1 + </OM g/(gj)de> 1/2}2/q

<ol ([ O;If(ac)|2pdm>1/p— [ ks

o0

P

1—e¢ 1 \&5
<
= oM +a(1—e> 7
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where the last step follows partially from the substitution

1= (7)™ ((72) ™)

Since ¢ < 2, there is a sufficiently large M = M (e) such that

1 —1/2\1/p e C 22
\/—Mx—k((?M) )1+ ) §2(1+ )

for all z > 0. For such M,

(f |§<x>|2pdx)1/p -5 " @)

e l—c¢ 1 \5&q
< — .
=3t 9r +O‘(1—e) J

\V]

We may take M > e~!. Notice that o < 1. Finally, (4.2.17) follows from
the inequality in (4.2.18) which gives that

M o
_/ 2 ’ 2
/0 7 (@) dxs/ o (o).

— 00

|

In the case d > 2, the local time L(¢, z) no longer exists. We may introduce

L(t,x,e) = /0 Pe (W(s) — x)ds

instead. With some slight modification on the proof of (4.2.2), we can prove
(the reader is also refereed to Theorem 3.1 of [24] for a detailed proof) the
following

Theorem 4.2.3 For each d>1,p>1 and €,0 > 0,

1 1/17
lim —logEexp {9(/ Lp(t,ac,e)dx) }
t—oo t Rd
2 Ur
= sup {9(/ [g(x,e)] pdac) - —/ |Vg(x)|2dac}
gE€Fa Rd 2 Rd

where Fq is defined in (4.1.22) and

g(z,€) = {/Rd Pe(y)g” (z — y)dx}1/2 zeRL
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4.3 Two dimensional case

Recall that in Section 2.4 we constructed the renormalized self-intersection
local time v([0,#]2) (formally written in (2.4.1)) run by a 2-dimensional
Brownian motion W (¢). The discussion naturally leads to the “renormalized”
polymer models

Py(A) = C’;lE(eXp {20, 1}1)}1{W(_)€A}> Ac {01, R?} (4.3.1)

Py(A) = 5’>\1E(exp {-2(0, 1}1)}1{W(_)€A}) Acc{0,1],R?} (4.3.2)

C\ =Eexp {)\7([07 1]2<)} and Cy = Eexp{ - Xy ([0, 1]2<)}

are normalizers.

In view of Theorem 2.4.2, Cx < oo for all A > 0. In the term of physics,
it shows that there is no phase transition in the self-repelling polymer model
given in (4.3.2). On the other hand, we shall show that there is a Ay > 0 such
that [123] that Cy = oo for sufficiently large A > 0. An important question
is to find the Ag > 0 such that

< 0 A< X
Eexp{m([o,u’i)} . (4.3.3)
=0 > Ag.

In physics, the value \g is critical to the “melt-down” of a self-attracting
polymer. We shall identify A\ in terms of Gagliardo-Nirenberg constant.

Theorem 4.3.1
1
Jim ~1ogP{7([0,1]2) > t} = —r(2,2)7*.

Here we recall that k(2,2) > 0 is the best constant of the Gagliardo-Nirenberg
inequality

1flls < CVIIVARVI R - feW2(R?) (4.3.4)

where
WHYA(R?) = {f € L2(R?); Vfe LR}
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Proof. Let 0 < Ao < 0o be defined by (4.3.3). Then

limsupllog}?{’y([o, 12) > t} = —)p.

t—oo t

By Theorem 2.4.2 Ay > 0. To establish the upper bound, we need to show
that Ao > x(2,2)~%. For this purpose we may assume that \g < co.

Consider the decomposition
7(10,1]2) = v ([0, 1/2]%) +([1/2,1]%) + 7([0,1/2] x [1/2,1]).

It gives that for each ¢ > 0,

—Xo < max { lim sup % log]P’{’y([O, 1/212) +v([1/2,1)2) > L+ Et},

t—o00

11msup%10g]?{’y([0,1/2] x [1/2,1]) > 1;Et}}.

t—o0
By Proposition 2.3.4,

4

{a(l0,12) — Ea(0,11%) }.

N =

v([0,1/2] x [1/2,1])
Taking d = p =2 in (3.3.4),
tliglo %1og]P’{oz([0, 1%) > t} = —k(2,2)7%

Consequently,
1—e€

lim % logIP’{'y([O, 1/2] x [1/2,1]) > t} = (1-r(2,2)7%

Observe that v([0,1/2]%) and 7([1/2,1]2) are independent and have the
same law as (1/2)y([0,1]2) Thus,

E exp {)\('y([O, 1/212) +~([1/2, 1]2%))} = {Eexp {%7([0, 1%) }]2 < o0

for every A < 2)\g. Hence,

1imsup%10gp{7([o,1/2]i) +y(1/2,12) > 1;%} < —(1+ 6.

t—oo
Summarizing our argument,

X < max{ —(14+er, —(1-— 6)5(2,2)74}.
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By the fact that Ao > 0, we must have \g > (1 —¢)x(2,2)"%. Letting e — 0T
we have proved the upper bound

lim sup % logIP’{v([O, 12) > t} < —k(2,2)7% (4.3.5)

t—o0

To establish the lower bound, recall that
t
L(t,xz,¢e) = / pe(W(s) — z)ds
0
and notice that

/]R2 L2(t,x, €)dr =2 //{o§r<s§t} pac(W(r) — W(t))drds.

By Theorem 4.2.6 (with p = 2) for any 6 > 0,

1/2
lim 1log]EeXp {9(// p2e(W(r) — W(t))drds) }
t—oo 1 [0<r<s<t}

= sup {% (/W 94(x,6)dm>1/2 B %/}Rd Vg($)2dm}.

Let t = n be positive integer and write
// pac(W(r) — W(t))drds (4.3.6)
{0<r<s<n}
n—1 n
= > Be((0,K] x [k b +1]) + > Be([k = 1,k]2).
k=1 k=1

Here we recall that

Be(A) = /Apg6 (W(T) — W(s))drds,

B(A) = /A 50(W (r) — W (s))drds

are the random measures discussed in Section 2.3 (with p = d = 2). By
Theorem 2.3.2 and a treatment similar to the one used in Proposition 2.3.4
we conclude that for any fixed n,

n—1

ni:ﬂe([ovk] x [k k+1]) =% > B([0,k] x [k, k +1])

k=1
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in £Lm(Q, A,P) for all m > 0.

Notice that the second term on the right hand side of (4.3.6) is bounded
by Cen for some constant C. > 0. So we have

lim % log E exp {0(2166([07 K] x [k, & + 1})) 1/2}

k=1

0 12
4 2
= sup § — T, € da:) ——/ Vyg(z dx}.
s {5 ([ o 5 [ Ivoto)
By Lemma 1.2.5, this leads to

n—1

lim. % logmijjo %{ELX_: B.([0,K] x [k, k + 1})] m}1/2 (4.3.7)

(L) )

We now claim that for any € > 0, integers m,n > 1

E{i Be([0, k] x [k, k + 1})} " < E[i B([0, k] x [k, k + 1])} m. (4.3.8)

Indeed, write

n—1

D= J[0,k] x [k, k+1].

By Fourier inversion (Theorem B.1, Appendix),

p2c(z) = (271')_2/ e exp { — ¢[A” }dA.
R2
Thus,

n—1

iﬁe([o,k] x [k, k+1]) :/ drdspae (W (r) — W(s))drds
k=1 D

= dhexp { —€[A[*} / drdsexp { —ix- (W(r) — W(s))}.
R? D
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Consequently,

E[fﬁe([&k} X [k,k+1])r
k=1
= /(RZ)M d/\1~--d)\mexp{ - 6; |/\k|2}

X dridsy -+ - drpdsm, exp{ - %Var (i Ak - (W (rg) — W(sk))> }
k=1

Dm

Therefore, for any 0 < €’ < ¢,

E[Ti:lﬁe([o, k] x [k, %+ 1])r < E[Eﬁe,([mk} x [k, k + 1])]m
k=1 k=1

which leads to (4.3.8) by letting ¢’ — 0.
By (4.3.7) and (4.3.8),

hnrggfﬁlogz { [nzlﬁ X [k, k+1 ])]m}l/2

m=0 k=1

>§;€u£{f9(/ (xedm) ——/ Vo(z dm}

When € — 07, the right hand side converges to

1/2
1 1
5 sup {\/_9</ lg(x 4dx> - 5/ |Vg(:r)|2dx} = 502&(272)4
gEF2 R4

where the equality follows from Theorem C.1, Appendix (with d = p = 2).
Thus,

— m~ 1/2
1 f—1 x [k, k+1 4.3.
gglognog; { [; +])] } (4.3.9)
1
> 502;@(2,2)‘1 (6 >0).
Notice that (4.3.9) along is not enough for the lower bound of the large
deviation. In the following effort, we strengthen (4.3.9) into an equality.

By scaling property, (4.3.5) can be rewritten as

lim sup — logIP’{ ([0,n)%) > )\n2} < -Mk(2,2)70 0 (A>0).

n—oo
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Similar to the decomposition (4.3.6),

ﬂ[o,@i):ig([o,k} [k, k+1]) Z]Eﬁ [0,k] x [k, k+1]) (4.3.10)
k=1
+Z’Y([k_ 1’k]2<>'

Notice that
n—1 k+1
E k| x kkl dsd 4.3.11
Frsuanaen 28 [ e

1 1
=5 Z:l {log(k+1) —logk} = ﬁnlogn.

The random variables 7([O,n]2<) (k=1,2---) forms an i.i.d. exponen-
tially integrable sequence. By a standard application of Chebyshev inequal-

ity,
n

lim 1 log]P’{' Z’y([k - 1,k]2<)‘ > enz} = —00. (4.3.12)

n—oo N,
k=1
Summarizing our argument,

lim sup — logIP’{ Zﬂ [0,k] x [k, k+1]) > )\nz} < —Ak(2,2)71

By Lemma 1.2.8 (part (2)) and Lemma 1.2.9, this leads to

Jim sup — logz { [Zﬂ [0, k] % kk+1])r}l/2

n—oo
m= 0

1 1
< sup {9/\1/2 - 5/\/£(2,2)_4} = 592/1(2,2)4.

A>0

Combining this with (4.3.9) gives

oS n—1 m~y 1/2
m 1
nlingo%logE %{E[E ﬂ([O,k]x[k,k+1})] } :59%(2,2)4.
m=0 : k=1

By Theorem 1.2.6,

n—1

lim l1og19>{ ST B([0, k] x [k k +1]) > )\n2} — Ak(2,2)71

n—oo N,
k=1
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We bring this back to the decomposition (4.3.10). By (4.3.11) and (4.3.12),

o1 _
lim - log]P’{fy([O,n]i) > )\nQ} = —Ak(2,2)7*

n—oo

which ends the proof. ]

By comparing Theorem 4.3.1 with (3.3.4) (with d = p = 2), one can see
that the intersection local time «([0,1/2]?) obeys the same large deviation
principle as 7([07 1]2<) This observation is crucial in our proof the upper

bound part of Theorem 4.3.1, since «([0,1/2]?) 4 271a([0,1]%) so the tail
of a([0,1/2]?) is given by Theorem 3.3.2. We try to turn our mathematical
argument into the following intuitive explanation:

Cut the Brownian path {(t, W(t)); 0<t< 1} into two paths at the

middle point (1/2,W(1/2)) and shift the whole system so the cutting point
(1/2,W(1/2)) becomes the origin after shifting. If we reverse the direction of
the path before the time ¢t = 1/2, then the resulted two paths are trajectories
of two independent Brownian motions running up to time 1/2.

The total self-intersection of the original path {(t, W(t)); 0<t< 1} is
the sum of intersection within each sub-path and the intersection between two
sub-paths. When d = 2, the first type intersection out-numbers the second
type intersection (that is the main reason why 3([0,1]2) = oo (Proposition
2.3.6). The renormalization subdues the short range intersection so that
these two intersections are comparable. By chance, the ratio is 1 to 1 here in
the sense of large deviations. That is to say, about half of 7([0, 1]1’) is made
of a random quantity distributed as «([0,1/2]?). As for another half, it is
equal to the sum of the (renormalized) self-intersection local times of two
independent paths and each of them can be analyzed in the way proposed
above.

The proportion between these two types of intersection varies in different
settings. From later development, we shall see that finding this proportion
is an important part of establishing the large deviations related to self inter-
sections.

The following theorem shows a completely different tail asymptotic be-
havior.

Theorem 4.3.2 There is a constant 0 < L < oo such that for any 6 >0

tlirglo =20 log]P’{ - 7([07 1]2<) > Glogt} =—L.
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Proof. One needs only to prove Theorem 4.3.2 in the case § = (2)~!. That
is,

lim %log]P’{ — ([0, 1]2) > (2m) logt} = L. (4.3.13)

t—o0

for some 0 < L < oco. Indeed, the general statement will follows from (4.3.2)
if we substitute ¢ by t277.

Recall ((2.4.10)) that
Zy = —%tlogt —~([0,42) t=>o0.
By (2.4.11), for any s,t > 0,
E exp {271’Z8+t} < Eexp {QWZS}Eexp {%Zt}
or,
(s + 1) CHEexp { —27([0,s + t]2<)}

< (s_sIEexp{ — 2my([0, 5)) }) <t_tIEexp{ — 27m7([0, %) })

By Lemma 1.3.1, the limit

1
tli)rglo n log (t_tIE exp{ — 2#7([0,t]2<)}> =A (4.3.14)

exists with A < co. By Lemma 4.3.3 below, A > —oco. Let t = n be integer.
By Stirling formula and by scaling,

.1 1
lim — log aEexp { —2mny ([0, 1]2<)} =A+1.

n—oo N

Finally, applying Theorem 1.2.7 to the non-negative random variable

Y =exp { —2my([0, 1]2<)}
leads to (4.3.13) with

L =exp{-1— A}. (4.3.15)

We ends this section by establishing the following lemma.
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Lemma 4.3.3

lim 1nf log ( ”Eexp{ — 2777([0,n]2<)}> > —o0.

n—oo N

Proof. By (4.3.10) and (4.3.11)

n~"Eexp { - 2777([0,n]2<)}
= exp{ - QWZ’}/(UC —1,k2%) - 27725([07/5} x [k, k+ 1])}
k=1 k=1

n—1

> 6_2WMnE€Xp{ - QWZﬂ([O’ k] x [k, k + 1])}

k=1
_Q”M"]P’{ny k—1,k2 >Mn}.
k=1

By Chebyshev inequality, for any 0 < A < x(2,2)*

{Zry ) > Mn} o~ nAM (]Eexp {)\7([0, 1]2<)}>”

and the right hand side can be exponentially small to any requested level by
choosing sufficiently large M. To establish A > —oo, therefore, we need only
to establish the lower bound

n—1
Eexp{ —2w25([0, k] x [k,k+1])} >cf (4.3.16)
k=1

for some constant ¢; > 0 and sufficiently large n.

Let the 1-dimensional Brownian motion W, (¢) be the first component of
W (t) and write

D, = { sup |[Wy(s) —s| < (5}

0<s<n
where 0 < 0 < 1/2 is fixed. Notice that on D,,,

n—1 n—1

> ([0, k] x [k k+ 1)) =Y B([k — 1, k] x [k, +1]).

k=1 k=1
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Consequently,

n—1

Eexp{ —2m > B([0,k] x [k,k+1})} (4.3.17)

> E[exp{ —27r7§:ﬂ([k— 1, k] x [k,k+1])}1Dn]

k=1

. eszn{IP(Dn) - }P’{ Sﬁ([k — Lk x [k k+1]) > Mn}}

k=1

Write
Zﬁ k—1,k] x [k k+1])

_25 ), 2k — 1] x [2k — 1, 2k])
+Zﬂ 2k — 1,2K] % [2k, 2k + 1]).

By triangular inequality,
{Zﬂ k=1, k] x [k, + 1)) ZMn}
< }p{ Zﬁ ), 2k — 1] x [2k — 1,2K]) > 2—1Mn}
—HP’{ Zﬂ 2k — 1, 2Kk] x [2k, 2k +1])) > 2’1Mn}.
p

By the fact that the sequence
ﬁ([2(l<;—1),2/<:—1] X [2k—1,2k}) k=1,---

is i.i.d. with common distribution same as ([0, 1]?),

{Zﬂ 1),2k — 1] x [2k — 1,2K]) 22*1Mn}

<72 mAM (E exp {)\a([O, 1%) })
where A > 0 is chosen in order that

Eexp {)\a([O, 1]2)} < 0.

n
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Similarly,

IP{ 3" B([2k — 1,2k x [2k, 2k + 1])) > 2—1Mn}
k

< 2 imM (E exp {Aa([0,1%) }) "

Thus, by triangular inequality
{Zﬁ k=1, k) [k, k+ 1)) ZMn}
< 2¢72 'mAM (]E exp {)\a([O, 1%) }) .

On the other hand,

Dy={ suwp [Wy(s) -3/ <o}

0<s<n—1

ﬁ{ sup |(Wo(n—1+s) — Wo(n—l))—s—|—(W0(n—1)—(n—1))|Sé}.
0<s<1

By independence of increments,

P(D,) > P(D,_1) inf P, sup [Wy(s) —s| <dr.
(Da) 2 B(Dn-) inf Pl sup [Wols) =] <

Repeating our argument,

< _ < — ot
o0 2 (s pof g 09 o 2} =t

where

co = inf P, sup [Wy(s)—s|<dp >0
NS {03521’ (=5l <9}

Thus, one can take M > 0 sufficiently large so that
1
{Zﬂ k= 1K x [k +1]) > Mn} < SP(Dn).

Hence, (4.3.16) follows from (4.3.17). O
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4.4 Applications to LIL

In this section we apply the large deviations established in Section 4.2 and
Section 4.3 to the laws of the iterated logarithm for self-intersection local
times.

Theorem 4.4.1 Let L(t,z) be the local time of an I1-dimensional Brownian
motion. For any p > 1,

limsupt ™" (log logt) ™" / LP(t, z)dx

t—oo —00
+

pt1 1 1\—-(-D

Proof. By the scaling (4.2.1), Theorem 4.2.1 can be rewritten as

logIP’{/ LP(t,x)dx > )\t%(log logt)pgl}

— 00

I
s loglogt

3-p
_ s 1 <p+1>p_1B< 1 ’1>
4p—1)\ 2 p—1"2
Notice that
r 1 1\ —(»-1)

solves the equation

NER (p+1)%3< 1 1)_1
4p—1)\ 2 p—1'2/ 7

A standard approach similar to the one used for (3.3.10) gives the upper
bound

limsup ¢~ (log logt) " / LP(t,x)de < )Xy a.s.

t—o0

To establish the lower bound, write ¢, = k¥ (k= 1,2---) and let \' < )¢
be arbitrary. We have

RNk

> p ), B p-1
P [L(tks1,2) — L(tg, x)]"da > N't, %, (loglog tgy1) 2

oo fo’e) Pl .
Z {/ LP(tgq1 — tg,x)dx > )\'t:j_l(log logtkﬂ)zl} = o0.
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Notice that
| e - L) e k=12,
is an independent sequence. By Borel-Cantelli lemma

oo

lim bup tkHZ (loglogtg+1)~ 'z / [L(tit1, ) — Ltk a:)]pdm >N as.
k—

— 00

which leads to

limsupt ™" (log logt) ™" / LP(t,x)dx > N  a.s.

t—o0 — 00

Letting A’ — Ay on the right hand side gives the lower bound. O

Theorem 4.4.2 Let 7([0, t]2<) be the renormalized self-intersection local time
of a planar Brownian motion W (t).

1
li ———([0,4)%2) = K(2,2)* as. 4.4.1
PP Floglogt ) 1<) =#(:2)7as (40
limin féw([o t2) = L a.s (4.4.2)
t—oo tlogloglogt < 27 - o

Proof. Let § > 0 be fixed but arbitrary and write ¢, = 6. By Theorem
4.3.1 and Borel-Cantelli lemma,

1
hﬂ%ip T loglogr” v([0,t,)2) < k(2,2)*  a.s. (4.4.3)

Given € > 0,

]P’{ sup |7([0,t]2<) — 7([O,tn_1}2<)| > ety loglogtn}

tn—1<t<tn

< IP’{ sup |’y([0,t]2<) — ’y([O, 8]2<)| > ety log logtn}
lt—s|<(0-1)tn
s,t€[0,tn)

= IP’{ sup  |v([0,8]%) — ([0, s]2)| > 6loglogtn}.
[t—s|<(6-1)
s,t€[0,1]

where the last step follows from scaling. By (2.4.12), therefore, one can have

Z]P’{ sup  [v([0,8]2) — ([0, tn-1]2)| > €ty loglogty, } < 00

tn—1<t<tn
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by making 6 close to 1 enough. By Borel-Cantelli lemma,

. 1 ‘ 2\ 2
hin:olip ty loglogty, t"jg)gtn |7([O’t]<) 7([0,tn_1}<)| scoas

Combining this with (4.4.3) we establish the upper bound

1
li _ 12) < k(2,2)4 .S. 4.4.4
lﬁiﬂptloglogtmo’ I2) <k(2.2)"  as (4.4.4)
Write K,, = [loglogty,] and s, = t,/K,. For (I —1)s, <t <ls,

-1

—(0,02) < =Yy (I(k = Vs, ksal2) = 7([(1 = Dsn, 512)
k=1

+ 37 EB([0, (k — 1)sa] x [ksn, (k + 1)s,])
k=1
K,

< Z sup { —y([(k 1)3n73}2<)}

k=1 (kfl)sn <s<ksp
K,—1

+ > EB([0, (k — 1)s,]  [ksn, (k + 1)sn]).

k=1
The second term on the right hand side is equal to

Kp,—1
1

— (k +1)s, log ((k + 1)sn) — ks log(ksy) — sp log sy,
2m Pt { }

1 1
= —Kpsplog K,, < —t, loglogt,.
2T 2

Thus, for any € > 0,

IP{ sup { - 7([O,t]2<)} > (1+e)ty logloglogtn}

1<tn

K,
< IP’{ Z sup { —y([(k - 1)sn,s]2<)} > ety logloglogtn}.

—1 (k—1)sp <s<ksn

The random sequence

sup { —7([(k—1)sn,s]2<)} k=1,2,---
(k—1)sp<s<ksy

is an i.i.d. with the common distribution same as

Sp Sup {—’y([O,s]i)}.

0<s<1
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By Chebyshev inequality, therefore,

IP’{ sup { — 7([0,t]2<)} > (1+ ety logloglogtn}

t<t,

< exp{ — K, logKn} (Eexp {/\ sup { - 7([0,3}’1)}})1(”

0<s<1

where, by (2.4.13), we can take A > 0 small enough so

]Eexp{)\ sup { —7([075]1)}} < 0.

0<s<1

Therefore,

Z}P’{ sup { ([O,t]i)} > (1 + €)t, loglog logtn} < 0.

t<tn

A standard procedure via Borel-Cantelli lemma gives the upper bound

1 1
li 7<— 0,t]> ><— .S. 4.4.5
I?izoptlogloglogt 7([ ]<) 27 @8 ( )

We now work on the lower bound. Recall that ¢, = 6. This time 6 > 1
stands for a large number. For any A\; < (27)*. By Theorem 4.3.1 an by
scaling

ZP{V([% 1 ta)2) > Altnloglogtn}
Z { >/\1tt710glogt} e

n —tp—1
for sufficiently large 6. Notice that
’Y([tn—lvtn]i) n= 172a"'

is an independent sequence. By Borel Cantelli lemma

1
li —  A([tn1, ta]2) > A .8. 4.4.6
lrl?ibolipt loglogt, 7([ ! ]<) =A@ ( )

In addition,

([0, %) = 7([0,tn-112) + 7 ([tn—1,ta]%)
+ B([0, tn—1] X [tn—1,tn]) = EB([0, ta—1] X [tn—1,1x])
2 '7([0 ln— 1} )"‘7([ n—1,1 } ) "‘Eﬁ([o tn—1] X [tnflvtn])
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and the last term on the right hand side is equal to
1
—{tn 10g tn — tn1logtn_1 — (tn — tn_1)log(t, — tn_l)} — O(t,).
™
By (4.4.5),

1
liminf —— tho1]?) = .S.
Fes nloglogn’y([o7 <) =0 as

Hence, it follows from (4.4.6) that

1
li — t12) > k(2,2)*  a.s. 4.4.7
lggptloglogtv([o» 12) =2 k(2,2)"  as (4.4.7)

Write u,, = exp{n?} (n = 1,2,---). By Theorem 4.3.2, for any Ay <
(2m)

ZP{ — Y ([tn-1,un)2) = Aoun logloglogun}

= > B{ ~7(10.112) = do—"— logloglogu | = co.

n — Un—1

By Borel-Cantelli lemma,

1

i . —(_ i 9 ) -
1rrln_)solip i Tog log log 1, ’Y([u 1, U ]<) >

1

5o G- (4.4.8)

Notice that

_'7([0»Un}2<) > —’y([O,un,ﬂi) —ﬂ([O,un,l] X [un,l,un]) —’y([un,l,un]i).

To control the first two terms on the right hand side, we use the fact that
as n — 0o

Uy, logloglogu, > Jupu,—1loglogu, > u,—1loglog ., 1.
Indeed, by (4.4.4) and (4.4.5),

1
lim ———— no1]2)=0 .S.
nt60 uy, log log log unﬁ’([()? un1<) -5

According to Proposition 2.3.4,

6([0,un,1] X [un,l,un]) 4 a([O,un,l] x [0, 1y, — un,l]).
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For any integer m > 1, by (2.2.11),
E[ﬁ([oaunfl} un 17un m]
E

< {E[a(0. w1} {E[a(0. 40 - uaa®)"] }

m/2 m
= (-1 = 1) "*Ea([0,12)"]
By Theorem 2.2.9 (with d = p = 2), therefore, there is a ¢ > 0 such that
sup E exp {c(un_lun)fl/zﬂ([o,un_l] X [un_l,un})} < 00.

By a standard way of using Chebyshev inequality one can see that for any
e >0,

ZIP’{ 0 Up—1] [un,l,un]) > euy, logloglogun} < 00.

By Borel-Cantelli lemma

1

li 1 n— n—1,Un|) = e
ngr;ounlogloglogunﬁ([o’u 1 X [, ]) 0 as

Therefore, it follows from (4.4.8) that

1

1

Finally, Theorem 4.4.2 follows from (4.4.4), (4.4.5), (4.4.7) and (4.4.9). O

4.5 Notes and comments

Section 4.1

The Feynman-Kac formula goes back to Kac [98]. It has become a popular
tool in the study on Markov processes and exists in literature in several
different forms. We refer to the books by Fukushima ([77]), Rogers and
Williams ([136], [137]), Sznitman (Chapter 1, [150]) for Feynman-Kac formula
in the general context. Essentially, the well-known Donsker-Varadhan large
deviations ([53], [55], [58]) for empirical measures of Markov processes are
closely related to Feynman-Kac formula. Some idea in the proof of Theorem
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4.1.6 comes from Remillard [132]. We also mention the book by Pinsky [131]
for the applications of Feynman-Kac formula to the logarithmic moment
generating functions of the occupation times of the diffusion processes.

Section 4.2

Theorem 4.2.1 is philosophically linked to the famous Donsker- Varadhan’s
large deviations for the empirical measure

1 t
Ly(A) = ;/0 Liwsyeayds A€ B(R)

Viewing £:(-) as a stochastic process taking values in P(R), the space of the
probability measures on R equipped with the topology of weak convergence,
Donsker and Varadhan ([52]) establish a weak version of the large deviation
principle claiming

lim %log]P’{ﬁt(-) €U} =—inf I(p)

t—oo pneU
for a class of Y C P(R), where the rate function
L | f (@)
I(p) =< / dx
W5 )L T
for absolute continuous probability measure p with the density f.

Define the function ¥ on (a subset of) P(R) by

wmz(/Zﬁmmym

Varadhan’s integral lemma (a functional version of Theorem 1.1.6, see The-
orem 4.3.1 in [44] for full detail) morally supports (4.2.2) in the following

way
1 ] 1/17
tlim n log E exp { </ Lp(t,ac)dac> }

.1 o
= f]ggo 7 log E exp {t\I/(Et))} = #65;1(%(1) {\I/(u) - I(,u)}

o { ([ ) " [ )

where the supremum on the left-hand side is taking for the probability density
functions f on R. Hence, it comes to (4.2.2) under the substitution f(x) =

g*(x).
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To make above heuristics into a mathematical argument, one has to over-
come two major obstacles: the singularity of the function ¥(u) and the
absence of the full large deviation for £;. Theorem 4.2.1 in the special case
p = 2 was first obtained Mansmann [127] in this approach. To make it work,
some very delicate approximation is adopted.

Prior to Mansmann’s work, Donsker and Varadhan ([52], [53], [54], [55],
[56] [57], [58]) had investigated the large deviations for their powerful results
to a variety of the models appear to be the functionals of the empirical
measure £, . In addition, see Bolthausen ([15]), ven den Berg, Bolthausen
and den Hollander ([10], [11]) for the application of this approach to some
models related to the topics of this book.

By excursion theory, Csdki, Konig and Shi ([39]) established the large
deviations for self-intersection local times of Brownian bridges that take a
form exactly same as Theorem 4.2.1. The result given in Theorem 4.2.1 was
obtained by Chen and Li [21] in a more general form and the argument used
here essentially comes from that paper.

The following exercise proposes an alternative approach (given in [21] and
[24]) of establishing Theorem 3.3.2. We focus on the case d = 1 for simplicity.

Exercise 1. The crucial fact in this method is the inequality

([ o) <15 o)

where fi,---, fp € LP(R) are non-negative functions.

(1). Recall that

o P
= / H Li(t,x)dx
—o0 iy

as d = 1. Based on the above inequality and (4.2.2), establish a upper bound
for the limit

lim sup - log]EeXp { (04([0’ ﬂp)) 1/”}

t—o0

where 6 > 0. Transform it into a upper bound for

lim sup — logz { O[m([o’t]p)}l/lﬂ

t—o0o

(2). Establish a lower bound for

o1 = om m 1/p
liminf ~log >~ —{Ea™ ([0.4)") }

m=0
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Remember, you are not allowed to use the lower bound established in Chapter
3.

Hint: Use Jensen inequality and Theorem 4.1.6.

(3). Combine above results to establish the large deviation for ([0, 1]7).

Duplantier-1
Section 4.3

Duplantier ([62]) points out that in quantum field theory, “Families of uni-
versal critical exponents are associated with intersection properties of sets of
random walks”. The large deviation in Theorem 4.3.1 and the related ex-
ponential integrability problem in (4.3.3) correspond to the continuum limit
of the physical model known as Edwards model. We refer the reader to the
papers by Westwater ([158], [159], [160]) and by Duplanier ([61], ([62])) for
details. The result stated in Theorem 4.3.1 comes from the paper by Bass
and Chen ([4]). Prior to [4], the critical exponential integrability given in
(4.3.3) was studied by Yor ([167]) and by Le Gall ([123]) without identifying
the constant A\g. In the context of the random walks with discrete time and
state space, same type of exponential integrability was obtained by Brydges
and Slade ([17]). Further, Brydges and Slade provided a heuristic argument
(p- 294, [17]) by using Donsker-Varadhan large deviation suggesting the rel-
evance of Gagliardo-Nirenberg constant x(2,2). For the random walks of
lattice values but continuous time, Bolthausen ([15]) obtained a large devia-
tion with a form essentially same as Theorem 4.3.1, except that in his model,
the self-intersection local time does not have to be renormalized.

Among all the works prior to ([4]), a private letter from B. Duplatier to
M. Yor captures the most of the idea about the critical value Ay given in
(4.3.3) (I Thank Dr. Yor and Dr. Duplantier for forwarding me the related
document). In that letter, Duplatier pointed out (without proof) that

Ao = z/ rg* (r)dr
2 Jo

where the function g solves the differential equation

§0r) 4 29/ (r) = 9(r) = 6°(0).

His observation is accurate. Indeed, let fo(x) be the positive, infinitely
smooth, spherically symmetric ground state solution of the nolinear partial
differential equation (3.4.1). By spherical symmetry f(x) = g(|z|) for some
function g on R™. One can see that when d = p = 2, g satisfies the ordinary
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differential equation proposed by Duplatier and that by (3.4.2)

1

o = k(2,2)7 = 1

. fHz)dr = g/o rg*(r)dr.

In addition, from (3.4.3)
Ao = 7 x 1.86225... = 5.85043...

This is very close to the numerical value provided by B. Duplantier.

A striking feature of the renormalized self-intersection local time is its
asymptotically asymmetric tail, which was first observed by Le Gall ([123]).
Theorem 4.3.2 sharpens Le Gall’s observation. This result was obtained in
Bass and Chen [4]. Finally, we mention a non-trivial extension of Theorem
4.3.1 and Theorem 4.3.2 to the setting of stable processes ([5]), where the
stable counter part of Theorem 4.3.2 takes a drastically different form.

Section 4.4

The application of large deviations to the laws of the iterated logarithm
becomes nearly standard: The large deviations provide the estimates needed
for Borel-Cantelli-type of argument. The results in this section are expected
consequences of the large deviations established in the previous sections.
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Chapter 5

Intersections on lattices:
weak convergence

Recall that a Z%valued random walk {S(n)} is defined by
Sn)=X1+---+X, n=12,--

where {X,,} is an i.i.d. Z%valued random variables. Unless claim other
wise, we define S(0) = 0. Throughout we assume that X; is symmetric and
has finite second moment and write I" for the covariance matrix of X;. We
assume that the smallest group that supports these random walks is Z.

Let S1(n),---,Sp(n) be independent copies of S(n). For any A C Z™, set

Si(A) ={5;(k); ke A}

Here is a list of the models of interest

1. Self-intersection local time

QP = > Lsth)==Skh)}-

1<k1 < <kp<n
An important special case is when p = 2. In this case we write Q,, = Qg).

2. Range of the random walk

151
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3. Mutual intersection local time

n

I, = Z l{Sl(kl):"':Sp(kp)}'
ki, kp=1

4. Intersection of the independent ranges

Jn =#{S1[1,n]N--- N S,[1,n]}.

The goal of this chapter is to establish weak laws of convergence for these
models. The limiting distributions of our theorems are these of Brownian
intersection local times.

5.1 Preliminary on random walks

Let A
p(A\) = Z eNTP{X| =z}

zE€Z

be the characteristic function of X;. Then ¢(A) is a real, periodic function
with period 27:
o\ +27x) = p(\) 2 €z

We now discuss another (unrelated) kind of (a)periodicity. The period of
the random walk {S(n)} is defined as the greatest common factor of the set

{n>1; P{S,=0}>0}.

{S(n)} is said to be aperiodic if its period is 1. It is known that {S(n)} is
aperiodic if and only if

lp(V)] <1 YA€ [—m,m%\ {0}

The aperiodicity is a good property under which things usually become easier.
On the other hand, the aperiodicity is not satisfied by even in some important
special case. A random walk on Z% is called simple random walk if the
distribution of its increment is given by

1 .
]P{Xlzzl:ej}:ﬁ ]:1,‘-‘d

where {ey,---eq} C Z% is the canonical orthogonal basis in Z<. Tt is easy to
see that the period of a simple random walk is 2.
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Lemma 5.1.1 . Assume that {S(n)} is aperiodic.
(1). There is 6 > 0 such that

e <exp{ —d2}  Aef-mmlt (5.11)
(2).
2 1 <x’1ﬂ—1$>
:él%)d n??P{S(n) = z} — (@)% det(T)1/2 exp{ - TH (5.1.2)

—0 (n— o0)

In particular,

= ~ ;n_d/2 n — oo
P{S, =0} PRIV ( ). (5.1.3)

(3). There is a constant C' > 0 such that

P{S(n) = o} — P{S(n) = y}| < Cnd/z'x% (5.1.4)

for any x,y € Z¢ and anyn =1,2,---.

Proof. . To prove the first part, notice that by Taylor expansion
» 1
0<p(\) =Eer X ~ 1 — A TA (A= 0).

Notice that there is a ¢ > 0 such that A -T'A > ¢|A|?. This concludes that
there are € > 0 and ¢; > 0 such that

w0 <exp{ —alP} N <e
Write T. = {\ € [-7, 7% |\ > €}. By aperiodicity we have that

0 = sup |p(N)] < 1.
AET.

Consequently, there is c¢o > 0 such that

0 < exp{ —cy  sup |)\|2}.
AE[—m,m]?

Letting § = min{cy, ca} give the conclusion in the first part.
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The proof of (5.1.2), (5.1.3) and (5.1.4) relies on (5.1.1) and Fourier trans-
formation. For similarity, we only prove (5.1.3). By Fourier inversion ((B.4),
Appendix),

1 A A
P = — 71)\-zE ISy
{S, =z} 2 /[‘n',ﬂ’]d e e A

1 / ix
= e "N Tp(A)VdA.
2m)® J|_x ma
Take z = 0. By variable substitution
¥,
e(N/v/n)"dA.
(27T)d [—v/nm,\/nr]d ( / )

By the classic central limit theorem

n?2P{S, =0} =

. n 1
Jim o(\/\/n) —exp{ 2)\ I‘)\}
and by (5.1.1),
1[7\/571',\/5#]’1(/\)90(/\/\/5)” < eXP{ - 6|/\|2}

Applying dominated convergence theorem gives

1 1 1
o d)2 —m 1 N S
Jim n9V2P(S, =0} = o /R Cexp{ = 5T hax T

|

It is easy to see that the aperiodicity is necessary in Lemma 5.1.1. In some
other situations, however, the result is first proved under aperiodicity and
then is extended to the general case by some method. Define, for example,

gn=> P{S(n)=0} n=0,1,2-. (5.1.5)
k=0
We call g,, the partial green’s function of the random walk.

Lemma 5.1.2 When n — oo,

! d=1
2o
1
9n ~ - loen d=2 (5.1.6)
D /det(D)
0(1) d>3.
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Proof. With aperiodicity, this lemma holds immediately from (5.1.3). We
now extend it to the general case. For similarity we only consider the case
d =1 in the following argument.

The approach we shall adopt is called resolvent approximation . Let 0 <
0 < 1 be fixed and let {d,,} be a Bernoulli sequence independent of {S(n)}
such that
P{5, =1} =1 —P{5, =0} = 0.

Write 79 = 0 and
o =min{k > 7,_1; dp =1} n=1,2,.--.

Then {7, — T—1}n>1 is an i.i.d. sequence with common (geometric) distri-
bution
P{r =k} =0(1-0)*1 k=12 ...

Notice that {S(7,)} is a random walk whose increment has the distribu-
tion
P{S(r) =z} =Y _ 0(1—0)""P{S(k) = x}.
k=1
In particular,
Var (S(r1)) = Ery - 0® =07 '0?

and, P{S(m1) = 0} > 0 implies that {S(7,)} is aperiodic. {S(7,,)} is called
resolvent random walk of {S(n)} in literature.

Apply what we know under aperiodicity to {S(7,)},

éﬂ»{sm o}~ f_é

2mo

Vi (n— o0).

By definition one can see that

D Ustro=oy = 2 Sklism=op = O 01(s=oy + Y _ (0 — )1 (s(k)=0}-
k=1 k=1 k=1 k=1

By the classic law of large numbers, 7, /n — 0! in several ways (in moment,
in probability, with probability, etc.). In particular, one can see that the
expectation of the second term on the right hand side is of the order o(+/n)
and is therefore negligible. As for the first term,

EZ 91{S(k):0} = Eg-,—" ~ g[n9—1] (n — OO)
k=1
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Summarizing our argument,

Vo
g[ne_l} ~ \/%0'\/5 (n - OO)
which leads to desired conclusion. O
Write
T,=inf{k>1; S(k)=2} zecz’ (5.1.7)

Then for each x, T, is a stopping time and is called hitting time in literature.

Lemma 5.1.3 (The first entry formula). For any x € 72,

k
P{S(k) =z} = > P{T, = j}P{S(k — j) = 0}. (5.1.8)
j=1
Consequently,
D P{S(k)=a} = > P{Ty = k}gn—s (5.1.9)
k=1 k=1

where go = 0 and P{S(0) =0} = 1.
Proof. The first identity follows from the following computation:

k
P{S(k) =2} =P{S(k) ==, T <k} => P{S(k) =z, T, =j}
j=1

k k
=Y "P{S(k) - S(j) =0, T =j} = > P{T, = j}P{S(k — j) = 0}.
j=1

Jj=1

Summing up on the both side of (5.1.8) gives (5.1.9). O

Theorem 5.1.4

1 d=1,2
P{T) < o0} = ip{g(k) =0} (5.1.10)
k=1_ d>3.
14> P{S(k) =0}
k=1
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In particular,

P{S(k) = 0 infinitely often} = { (1) Z § g (5.1.11)

Proof. Proof of (5.1.10). Due to similarity, we only consider the case d > 3.
Taking = 0 in (5.1.8) and summing up the both side

oo oo k
D P{S(k) =0} =Y > P{Ty = j}P{S(k — j) = 0}
k=1 k=1j=1
=Y P{To =3} Y P{S(k—j) =0}
i=1 k=j
=P{Tp < oo}{l + iP{S(k) = 0}}.

k=1
Proof of (5.1.11). As d > 3, (5.1.11) follows from Borel-Cantelli lemma

and the fact

i P{S(k) = 0} < .
k=1

Let d < 2. For each m > 1, let To(m) be the the time when {S(k)} is
having mth hit of 0. We take Tp(m) = oo if the mth hit never come. Under
our notation, To(1) = Tp. Clearly

]P’{ Z 1¢s)y=0y = m} = ]P’{T()(m) < OO}
k=1
By the conclusion from the first part
P{Tp(m) < 0o} = P{Tp(m — 1) < o0, Tp(m) < o}
= Y P{To(m—1)=j, To(m)=k}

1<j<k<o0

= Y P{To(m—1) = j}P{Ty =k —j}
1<j<k<o0

=P{T, < oo}iP{To(m— 1) =j}

Jj=1

=P{To(m — 1) < co}.
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Repeating the procedure gives
IP{ > 1s=0p = m} =P{To(m) < oo} =P{Tp < 1} =1
k=1
for m =1,2,---. Consequently,

P{ > Lisw—0y = OO} = n}ijnooﬂ”{ > Lism—0y = m} =1
k=1

k=1

Theorem 5.1.4 shows that the random walk is recurrent when d = 1,2 and
transient when d > 3. A quantity we use very often later is the probability of
no returning s defined as

vs =P{S(k) #0 for alln > 1}
Another way to write (5.1.10) is

0 d=1,2
) -1
vs = (ZP{S(k) _ 0}> 4> 3. (5.1.12)
k=0

5.2 Intersection in 1-dimension

The local time of the random walk is given as
l(n,x) = Z 1{S(k):£} x € Zd. (521)
k=1

In the rest of the section we let d = 1 and p > 2. By a combinatorial
argument,

n

Sz = > sk =mS(k)} (5.2.2)

z€EZ Ky, kp=1

p
p—1Y\.
:"+Z<- 1);! Z Lis(hn)==8(k;)}-

1§k1<"'<k¢j§n
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p+1

We shall see that the typical order of the left hand side is n™2 as n — oo.
Consequently,

Do) =pl DT L=} (5.2.3)

TEZ 1<k < <kp<n
:O(np/Q) (n — o0)

in the sense of the weak convergence. Therefore, the weak law for the p-
multiple self-intersection is reduced to the study of the weak law for the

p-square
Z P(n,z).
TEZL
Define
n"21(n, k) x = L forall ke Z
Cul(z) = \/ﬁ
linear else
or,

o) = %l(n, B+ (o %) (10,4 1) ~ 10, )]

E kE+1
%’ %] and for all k € Z.
Recall that for any ¢ > 0, the local time L(¢,x) of an 1-dimensional
Brownian motion W (t) is defined as the density of the occupation measure

forxe[

e (A) :/0 15 (W(s))ds.

Here we view (,(-) and L(t,) random variables taking values in the Banach
space LP(R?).

Theorem 5.2.1 When n — oo,
Ga() 5 0 L(1,07() (5.2.4)

where o > 0 is the variance of the random walk {S(n)}.

The hard part of the proof is to show that the sequence {¢,} is uniformly
tight. For this we need the following moment estimate.
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Lemma 5.2.2 Assume that the random walk S(n) is aperiodic. There is a
C > 0 such that

E|l(n, ) — I(n,y)|* < (20)!C'n T |z — y[!/? (5.2.5)

for any integers I,n > 1 and for any x,y € 7Z.
Let (,(+) be defined as in Theorem 5.2.1. Then

E[Ga(2) = Ca(y)|* < (2D)IC" |z — y|'/? (5.2.6)

for any integers I,n > 1 and for any z,y € R.

Proof. We first establish the bound

f: P{S(k) =z} — P{S(k) = 0}| < Cn*/*|z|'/? (5.2.7)

where C' > 0 represents a constant independent of n and x € Z (To simplify
the notation, we allow C to be different from place to place in our proof).
Indeed, by Lemma 5.1.1,

[l vl
Y. [P{S(k) =} - P{S(k) = y}|

k=1
[vnllz—yl
<C Z kY2 = ont Az — g2

By (5.1.4),

n

> P{S(k) =} - P{S(k) = y}|
k=[v/n]lz—y|+1

ks
scnl/WFZk

/2 < C’nl/4|x y|1/2

Write n(z) = 15(2) — 1,(z). Then

Efl(n,2) ~ 1, p)l" = E[ 3 n(5()] " = E [] n(stw).
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Break the summation on the right hand side into m! parts. In each part, the
index lq, - - -, is in non-decreasing order. For fixed [; < -+ < I,

s

E ][ n(S)

k

= E{(ﬁ2n(5(lk))>1m((5(lm_1))n(S(lm) — S(lyq) + x)}

- E{ ( n(S(zk))) 1y ((Sln—1))n(S(m) = S(lm—1) + ) }

k=1

Il
—

3 =
[N

By Markov property, the right hand side is equal to

E{(ni:fn(S(lk)))lm((S(lm1))}]E77(S(lm L) +2)

_ ]E{ ("ﬁ%(s(zk)))ly((sam_l)) }En(sum ) y).

Notice that

- ]En(S(lm —lp—1) + y) = ]En(S(lm —lp—1) + x)
=P{S{m —lm-1) =0} —=P{S(li — l;m—1) =2 — y}.

Hence,
E ] n(SUk)) =En(SUm — lm-1) + x)lE{( 1:[ U(S(lk)))ﬁ(S(lm—l)}
k=1 k=1

where 7(z) = 1,(2) + 1,(2). Similarly,
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where the last step follows from the fact that

Eﬁ(s(lmfl - lm72) + SC) = Eﬁ(s(lmfl - lm72) + y)
= LS — I1) = O} + P{S(lpn — bpn1) = 7 — y}-

Summarizing our argument

m

E [ n(st))

k=1
m—2
= Eii(S(m1 — lm-2) + ) By (Sl — L) + 2)E( ] n(S@))).
k=1
When m = 2l is even,

21

!
E H n(S(ly)) = H E7j(S(lok—1 — lok—2) + ) En(S(lakx — lak—1) + ).
k=1 k=1

Therefore,

E[l(n, x) —l(n, y)]zl
1

n

l n
< @) S Eij(S(k) + x)} { > [En(S(k) + ) |}
k=1

< (21)!{ En: (]P’{S(k) =0} +P{S(k) =z — y}) }z

x {ZIP{S(k) =0} — P{S(k) =x—y}|} :

k=1
Thus, (5.2.5) follows from Lemma 5.1.1 and (5.2.7).
By (5.2.5) we can easily see that for |z —y| > 1/4/n,
2l
E[Gu() = Galy)] < @0ICR 4[] — [Vl /2.
Thus, (5.2.6) follows from the simple fact that

[Vna] = [Vny]| < 3vnlz —y.

Assume that |z — y| < 1/y/n. If 2,y is in the same interval [%, k—jﬁl}
Then we have

Ga(@) = Galy) = (y = @) [1(n, F) = U,k + 1))
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By (5.2.5),

E[Col@) — Gulo)] <y — 2 2010 < 20y — 2.

If z,y is not in the same interval, we may assume that z < y. In this
k—1 ko ktl

case, there must have k such that = € {f TE] and y € e W] By
definition of (,,

Gl =) |1,k 4+ 1) = 1, K)|

+
TN TN
a\»

%\w 5

){ n k)—l(n,k—l):.

O

Notice that

By (5.2.5),

21
E[Gu@) ~ Gul)] < Iy — 2P @ICY/ < @)ICly — a2
]
Proof of Theorem 5.2.1. By the method of resolvent approximation in-

troduced in Section 5.1, we may assume that the random walk {S(n)} is
aperiodic. Let ¢ > 1 be the conjugate of p and let f € LI(R) be continuous.

| f@c@)
o 1 k
_ ;Z/T (w){—nl(n, k) + (a:— %) [Z(n k+1)—i(n k)]}d
k+1
_ lkez/k ’ f(%){l(n, k) + (:”J_ﬁk)[zm k+1)—I(n k)]}d
—o(t)+ 2 3 (= )itn ) o)+ 2 3 1 (52)
kEZ =1

By invariance principle

[ s@@ - | oW () s
/fox (L,z)dz =0~ /f L(1,07 2)dx.
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It remains to show that that (,(-) is uniformly tight in £7(R). Given
€ > 0 there is a a > 0 such that

IP’{ max|[S (k)] > aﬂ} <e/2.

Recall the classic fact that (Theorem 6.5, [23])

I(n,0)/vn -% oYU

where U is a standard normal random variable. In particular, the real ran-
dom sequence (,(0) = I(n,0)/+/n is a uniformly tight in R. By (5.2.6) and
Kolmogorov continuity theorem (Theorem D.7, Appendix), conditioning on

the event {max 1S(k)| < a\/_} {¢n(-)} is uniformly tight in C[—a,a]. Con-
sequently there is a compact set K C C[—a, a] such that

P{G() ¢ K. max|S(k)| > avii| < e/2.

Viewing K as a subset of C(R) such that every f(-) € K is supported on
[—a, a], we have that K is compact in C(R) and that

IP’{(n(~) ¢ K} <e

/Cn(x)dle n=12, -
R

Hence, P{¢,(:) € A} < €, where

Notice that

AEKﬂ{feO(]R); £>0and /Rf(x)dle}

is relatively compact in £P(R).

Take [N(Nas the closure of A in £P(R). Then K is compact in £P(R) and
P{Gu() ¢ K} < e 0

Here is how we apply Theorem 5.2.1: By a straightforward computation:

/R Ch(2)da

_ L Z/:+1 {10u 1)+ (@ = W) I,k + 1) = 10, )] }da

n 2 ez
+lenx}

TEL

3
r—’h\



5.2. INTERSECTION IN 1-DIMENSION 165

where the second step follows from (5.2.5). By Theorem 5.2.1 on the other
hand,

/Cﬁ(x)dxi>o_P/L”(l,o_lx)dxzo_(P_l)/L”(l,x)dm
R R

R
Moreover, let S1(n), - - -, Sp(n) be independent copies of S(n) and consider
the mutual intersection local time
L= #{ (ks k) € (Ll i) =+ = Sy(ky) }.

Then we have

In:Zﬁlj(n,x) :n#{o(l)—&—/Rf[lC(j)(x)dm}

x€Z j=1

where [;(n, z) is the local time of S;(n) and the £P(R)-valued random variable

C,(Lj)(-) is generated from [;(n,x) in the same way we generate (,(-) (j =
1,---,p). By Theorem 5.2.1,

(Cﬁbl)()? e 7C’Iglp)()> L 0_1 (L1(17U_1('))7 e aL1(170-_1('))>
in the product space ®§’:1 LP(R), where Lq(t,z),---, Ly(t,x) are the lo-

cal times of independent 1-dimensional Brownian motions W1 (t),-- -, Wp(t),
respectively. This leads to

P P
/ H ¢ (z)da 4, o*p/ H Li(1,0 'z)dx
R R ;1

=00 [ T] 1,000t = a((0.17)
j=1

where the equality follows from (2.2.16).

We summarize our discussion into the following theorem.
Theorem 5.2.3 When d =1,

nt Zl”(n, x) s gD / LP(1, z)dx (5.2.8)

TEL R

_pt1 d

n~"z I, <% o~ P Va([0,1]) (5.2.9)
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In the next section, the weak law in (5.2.9), together with its multi-
dimensional version, will be proved by an alternative approach.

We now come to the weak laws for
R, =#{S[1,n]} and J,=#{S[1,n]N---NS,[1,n]}.
Notice that in the special case of simple random walk in which

P{S(k)—S(k—l):il}:% k=1,2,-

we have that
R, = max S(k) — min S(k).

1<k<n 1<k<n

By the classic invariance principle we have that

d .
V= g WU = i, WO

Things get a little complicated in the general case, because of the “holes”
of unvisited sites in the integer interval [1I<nkl£1 S(k), max S(k)]. The fol-

lowing theorem indicates that these hole is_asglmptotica_llg insignificant. We
include it without proof, for which the reader is referred to [117].

Theorem 5.2.4 When d =1,

d :
R, /Vn — a(oréltagxl W(t) — Join, W(t)) (5.2.10)
d . .
Jn/V/n — 0( Din max W;(t) — Jax min W; (t)) (5.2.11)

Compared to the weak laws (Theorem 5.3.4, Theorem 5.4.3 below), the
behavior of J,, and R,, in d = 1 follows a completely different mechanism,
which is not the main focus of this book. In addition to [117], the interested
reader is referred to [27] for the large and small deviations established in this
case.

5.3 Mutual intersection in sub-critical dimen-
sions

The objectives of this section are the weak laws for the mutual intersection
local time

L= #{ (k- k) € [LnlPs Si(ka) = - = (k) }
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and for the intersection of independent ranges
=#{S1[1,n]N---NS,[1,n]}

generated by the independent, identically distributed and symmetric random

walks Sy (n), - -+ ,Sp(n) on Z with d > 2. It has been known for more than 50
years that (Dvoretsky-Erdés [63] and Dvoretsky-Erdés-Kakutani [64], [65])
that the trajectories of Si(n),---,Sp(n) intersect infinitely often, i.e.,

#{Sl[l, o0) M-+ N Sp[l,oo)} =00 a.s.

if and only if p(d — 2) < d. Among these cases, the sub-critical dimensions
defined by p(d —2) < d and critical dimensions defined by p(d — 2) = d
are drastically different. Our discussion in this section is for the sub-critical
dimensions p(d — 2) < d.

The difference also appears between cases d = 1 and d > 2. Indeed, the
limiting distribution in the form given in Theorem 5.2.1 is not well defined
in the case d > 2.

Fix € > 0 and define

el SIS () e
zeZd j=1k=1

—1/2

where the d x d positive matrix I' is a solution of the matrix equation
A% =T~ (the role of "'/ is to canonicalize the random walk), and where

Che = ( 3 pE(L\/;“’))p ~nF det(TV/? (n — o0).

TEZL

Applying the invariance principle to the continuous function
E/(fla"'afp / |:H/ 1/2f] ) ):|d1'

on the functional space ® D{ 0,1] Rd} we obtain that

n*P/Rd {f[ 3 pe(L\/?(k)—xﬂdm
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as n — oo. Here we recall that process ae([0,]?) is introduced in Section
2.2.

By continuity of p(-), on the other hand,

/Rd Lﬁz:pec 125 (k) x)]dx

— /2 det (1)~ /Rd [ﬁ . pe(r1/2(%k) - x))}dx

=n /2 det(r)l{oa)

_|_
::]@
M=
=
/N
T
S
RE
.
N
——

Therefore, for each € > 0

2p—d(p—1)

n T L, L det(T) T a ([0, 1)) (5.3.2)
as n — oo.
The key step toward establishing the weak law for I, is the following

lemma.

Lemma 5.3.1 Assume that p(d — 2) < d and that the random walks are
aperiodic.

lim limsupn™ (2p_d(p_1))E[In — In,6]2 =0.

e—0T nooco

Proof. The main idea is Fourier transformation. Write
L@y, op1) = Z H Lisi (k) =5p(kp) =2,  T1,° ,Tp—1 € z°.
k‘l p—l_] 1
We have that
Ty Apo1) (5.3.3)

Z In(z1, -, Tp_1 exp{ Z)\J xj}

Ty, ,@p_1E€ELE

I
o )
@
>
o
—~
o~
>
@CO
s
S~—
SN—"
—



5.3 MUTUAL-INTERSECTIONS IN SUB-CRITICAL DIMENSIONS 169

Here, and elsewhere in the proof, we adopt the convention that
Ap=—(Ar 4+ Ap1).

Taking Fourier inversion ((B.4), Appendix),

1 f Aj-S;
_ _ i (k)
I = 1,0) = i /([_” I e Wan e dye (534

B _7 1k=1
Write
“1/2,\ P2Y 1200
et ) =G S (FE) Tn(Fo =) @as)
zeZ? Jj=1
where x1,--- ,zp_1 € Z4 and Chpe > 01is given in (5.1.2). One can see that
Jn,e is a probability density on Z4P=1 and that
In,e = Z gn,e(xlv"' ’xp—l)ln(xlv"' 7$p—1)
T, xp €2

. (R iA-S
= (9m)dr—1) g iX-S; (k)
~(2m)dp-1) /([_7r - Gnye(AL, - Apo1) 1_[1 I; e dAy - dhp_1

where the second step follows from (5.3.4) and Parseval identity ((B.3), Ap-
pendix).

Together with (5.3.4), this leads to
E[l, — I.]*

1
- m /([ m,m]d)2(p—1) d/\ld,h o d)‘p—ld’}/p—l

p
XF(Ahryla"' p—1, Vp—1 H ]a’YJ
Jj=1
where
Fn,e(Athla"' aAp—la’yp—l)
= [1= GO0 X)) [1 = Gnclns -]

A=Y Eexp {i(A-S(j)ﬂ-S(k)}.

jk=1

From the fact that g, . is real with |g, | <1,

0 é F()\la’ylv"' 7)\;071771)71) é 4.
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Write

p p 1
H jv')’j H H )\k,%)’

7=1 1<k<p
k#]
By Holder inequality,

E[In - In,e] ?

< dAidyr - dhp_1dry,—
- (271—)2d(p71) jHl{/(_Tr,ﬂ.]d)2(p—l) 19 p=1@7p—1

1/p
XF()\D’Yla'” 7)‘p717’yp71) H ’Hn()\kv’yk:)’q}

1<k<p
k#j

where ¢ = p(p — 1)1 is the conjugate of p.

The factor with the index j = p is nice enough so we leave it along at this
step. Asfor 1 <j<p-—1,

/Q ]ﬂ2w—1>dAldvl'.'dAp*ldyp*l

XF()\h’Yl»"‘ 7)‘p717’yp71) H ’Hn()‘k77k)’q
1<k<p
s

§4/ » 1)d)\1d71...d)\p,1d'yp,1 I 15|
([=mm]4)2(e~

1<k<p
p—1
- 4( / IH(A,v)quch)
([=m,m]4)2

k]
where the last step follows from the translation invariance
J/ dXjd; | Hu(Ap, )|
([=m,7]9)?
:/ ., d)\jd’Yj|Hn()\1+"'+)\p_17'71+"'+’7p—1)|q
([=m,m]4)?
:/ dXjd; [H(Aj, )]
([=m,7]4)?

and Fubini theorem.
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Summarizing our argument,

2

E[l, — I.] (5.3.6)
(=12
v H(\ ) 9dAdy)
< -
< EEeD /([_M]d)z |H(A, ) 7)
X { / d/\ld’}/l s d)\p_ld’}/p_l
([, x]4)2(—D
1/p
XFn,e(Ala'ylv"' p—15 Vp— 1 H‘H jv'YJ }

We now bound H,,(A,7). Let ¢(\) be the characteristic function of the
ii.d. increments of the random walks. For j < k,

Eexp {M - S(j) + iy - S(k)}
—Eexp {i(A =) - SG) + - (Sk) - S()) }
= (A =7 p(7) .

|Ho (A, y)] < (il@(/\—v)lk>(
(Zm 3 )( (1)

=&\ y) () (Sa}’)

Consequently, by triangular inequality and translation invariance,

n q 2
/([ oy |H(>\,7)|qd>\dw<2q{/[ . (ZW(W) d)\} . (5.3.8)
—, | —m,7]d 0

To continue, we claim that there is a constant C' > 0 such that for any
n>1,

Therefore,

M=

Iso(v)ll> (5.3.7)

S
[}

O

> ‘w(%) F<onurnT Ael-vamvardt  (539)

Indeed, For [A| < 1, we use the obvious bound

- AR 2y—1
%‘w(ﬁ)‘ <n<on(l+A\P)
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For |A\| > 1, by (5.1.1) in Lemma 5.1.1,
n _ 2.\ —1
S <l W) < (1] - 28))
< Cn|\"2<20n(1 + M)~

Apply the variable substitution A — A/y/n to the integral on the right
hand side of (5.3.8). By (5.3.9) and by the fact that (14 |\|)~! € £I(R9),

/ |H(A,7)|?dAdy = o(n%*d) (n — o0). (5.3.10)
([=m,m]9)?
In view of (5.3.6), it remains to show that

lim limsup p~2p—d(p=1)) / dAy - dAp_q
([=m,7]d)2(p=1)

€E—0 n_00

p—1
X Fn,e(Ala’yl) e 7Ap—1a’7p—1) H ‘Hn()‘kaykﬂq =0.
k=1
From (5.3.7),
p—1 2 p—1
I Owml <29 > T &R wome):
k=1 J1, s Jk=1k=1

Hence, it suffices to show that any (ji,- -+ ,jp—1) € {1,2}P71,

lim lim sup n~(2p—d(p-1)) / dAi - dAp_1 (5.3.11)
€E—00 n_60 ([—Tr,ﬂ']d)2<p71)

p—1
X Fn,e()\la’yh T 7)‘1771771)71) H g;]k ()‘kn’yk:) =0.

j=1

Indeed, by the periodicity of the integrand, and by the consequential
translation invariance,

p—1

/ pao1) d)\ldfyl e d)\pfld’Yplen,e()\h Y1yt ,)\p—l,’)/pfl) H fjk ()\k,%)
e k=1

— /[ ]gd( —1 d)\1d'71 e d)\pfld,yplen,e()\*{7 ’)IT, e )\;_1,7;_1)

n

9 1_1 ( > o) (; conll)

I This is the only place in the entire proof where we use aperiodicity
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where for each 1 < k£ < p—1, A} and 7/ are linear combinations of A; and
vk. By the maps Ay — Ax/v/n and v, — vi/v/n (1 <k < p-—1), and by
(5.3.9), the right hand side is bounded by a constant multiple of

n2p—d(p—1)/ dAidyy -+ d\p_1dyp—1
R2d(p—1)

-1

APt A1 Ypo1) T - -

x Fue(Sh 2o 22 22 TT A+ D ™2 + )™
' Vn Jn ' Jn kE[l

By the fact that

ﬁ(% ,Ap—w_;)

p—1
— [ e @) [T [ ™ i)y - 2)dy
Rd j:1 Rd

p p—1 p—1 9
2
—ew{ -5 (ZP XA} 0o
j=1 Jj=1
and by dominated convergence theorem,

lim d)\ld’yl L d)\pfld’)/pfl

n—0 JRr2d(p—1)
p—1

Al 7 Ap—1 Vp—1 _ _
—= == : [T+ D)™ + )~
NG NG ﬁ)k_l

p—1 p—1 9
g s e i )]
e 1 L p-l
" ll‘exp{‘5(2|7?2+\2ﬁ )}] [T+ e+ b
J=1 i=1 k=1

Letting € — 0% on the both side completes the proof of (5.3.11). O

% P

We are ready to state the weak law for I,,.

Theorem 5.3.2 Under p(d —2) < d,

_2p—d(p—1)

n T L, <L det(T) "7 ([0, 1)7), (5.3.12)

lim n~(2P=de-DE2 = det(F)’(p’l)E{a([O, 1]1’)2]. (5.3.13)

n—oo
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Proof. By Theorem 2.2.3, a([0,1]7) converges to «([0,1]7) in all positive
moments. Therefore, (5.3.12) and (5.3.13) are direct consequences of (5.3.2)
and Lemma 5.3.1 under the extra assumption of aperiodicity.

We now drop the aperiodicity assumption by the method of resolvent
approximation. Due to similarity we only prove (5.3.12). We first recall our
construction given in Section 5.1: Let 0 < 8 < 1 be fixed and recall that the
random sequence {dx} is a Bernoulli sequence independent of {S(k)} such
that

P{é =1} =1—P{6r =0} = 6.

Write 79 = 0 and
o =min{k > 7,_1; =1} n=1,2,---.

Then {7, — T—1}n>1 is an i.i.d. sequence with common (geometric) distri-
bution
P{r =k} =0(1—-0)*"1 k=12 ..
Let {{5,&}, {T,i}}, N {{5§}, {T,f}} be p independent copies of the ran-
dom system {{5k}, {Tk}}. Observe that

n

Z 1{51(7;1):~~:s,,(75p)} (5.3.14)
ki, kp=1

Tl T
— Z oo Z 5,11 cee §£p1{51(k1):---:5p(kp)}'
k1=1 kp=1

I,

Applying what we have proved to the aperiodic random walks

{Sum)t - AS (T}

gives
n- 2p7d2(p71)1:n 4, Qd(p;) det(F)_p%la([O, 1]p).
Write , ‘ '
t%:5{+..._|_§% n=1-- j=1,---,p
and

t =min{t},--- 2}, ! =max{tl, .- P}

Notice that I,, is non-decreasing, and that by the law of large numbers

tnto, " /n 250
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So we have
_2p—d(p—1)

n > Iy N det(F)*pT_la([O, 1]7).

_2p—d(p—1)
2

n Ly N det(F)_%a([O, 117).

By the fact that

3 = max{k > 0; T]z <n} j=1,---,p
we have
Tf,l}L Ttpﬁ
Do D Gy O Lk )=, ()
k=1 kp=1
= D GO L suh ==, ()}
yyeer kp=1
Consequently,
Ly < ) Gk 00 Usath) ==, ()} < Loy
Eyyeeekp=1
Thus,

n
_2p—d(p—1) 1 P
n 2 2 : 6161 o 5kp1{5'1(k1):---:5p(kp)}
Eyyee kp=1

—L 67 det(T) =" a([0,1]7).
The rest of the proof follows from the fact

n

Z 5%1 .--5£p1{51(k:1):...25p(kp)} S In
Fay hp=1

and the fact that

n

]E(In) == 0p]E< Z 6111 e 5£p1{51(}€1)_"'_sp(kp)}> :

Ky, kp=1

where the 6 can be arbitrarily close to 1.

175

We now establish the weak laws for the range intersection J,. Our ap-

proach is to use I,, to approximate J,,.
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Lemma 5.3.3 .
When d =2 and p > 2,

o1 logn P }2
lim =E< I, — | —————) Jn s =0. 5.3.15
n—oo n? { <27r\/det(F)> ( )
When d =3 and p = 2,
1 2,2
Tim. EIE{ITL — 3 Jn} ~0 (5.3.16)

where g is the probability of no returning defined in Remark 5.1.12.

Proof. Due to similarity, we only prove (5.3.15). In view of (5.3.13), it is
sufficient to show that

lim sup (W)QEJEL < (2m)% det(T)E [a([O, 1]?’)2], (5.3.17)
lim inf (Ingn)pE(Ian) > (21)P det(r)—”T’zE[a([o, 1]?)2} . (5.3.18)

Notice that
p p

In = Z Hlj(nvx)v In = Z H 1{T§'7)Sn}}' (5.3.19)
j €72 j

=1

where l;(n, z) and T are local time and hitting time generated by {S;(k)}r>1
in a way same as (5.2.1) and (5.1.7), respectively. Thus

Eh= Y [P(T <n T, <n)]

x,y€Z?
=3 [PT< n}]p + 3 [P(T <0, T, <} g
x€Z? T#Y
Observe that

> [T < n}}p —EJ, <EI,.
x€Z?

By (5.3.13), it is negligible. Thus, to prove (5.3.17) it is sufficient to show
that

lim sup (M)Q 3 [IP’{TI <n, T, <n}| (5.3.20)

n—oo
T#y

< (2m)% det(r)E[a([o, 1]1))2} .



5.3 MUTUAL-INTERSECTIONS IN SUB-CRITICAL DIMENSIONS 177

For x # y, write
P{T, <n, T, <n}

= Y P{T,=j T,=k}+ > P{T.=j T,=k}
1<j<k<n 1<k<j<n

Notice that for j < k,
P{T, = j, T, = k}
<P{T, =, SG+1) £y, S 1) £y, (k) =y}
— P{T, = j}P(Ty—0 = k — j).

Therefore,

n—1
> P{Tu=3j, T, =k} <Y P{T, = j}P{T, , <n—j}.
1<j<k<n j=1

On the other hand, recall ( (5.1.5) and (5.1.6)),

o = _ ~ 1 — loogn n — oo
Gn = kZ:OIP{S(k) =0} o ao T log ( ). (5.3.21)

The key observation is the slow varying property of gn: g[en) ~ gn for any
e> 0.

Given € > 0 and 1 < j < [(1 4 2¢)n], by (5.1.9) in Lemma 5.1.3,

[(142€)n]—j [(1+2€)n]—j
Z P{S(k) =Y ‘T} = Z IP){,Tyfsc = k}g[(1+26)n]—k
k=1 k=1

Consequently,

S P{S() = e}B{S(k—j) =y — a}

1<j<k<[(142¢€)n]

[(142¢)n]—1
> gimg Y, P{S() = 2}P{Ty— < [(1 +€)n] — j}
j=1
[(1+e)n]—1 [(1+e)n]—j

>gmg Y, P{Teoy=3} Y, P{S() =2}
j=1 k=1

n—j

> g O P{To—y = IP{T, < n—j}
k=1
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where the last step again follows from (5.1.9) in Lemma 5.1.3.

Summarizing our argument,

Yo P{Tu=j, T, =k} (5.3.22)
1<j<k<n
< 9o > P{S(j) = x}P{S(k — j) =y — x}

1<j<k<[(1+2€)n]

0l Y PG =x Sk =y}

1< <k<[(1+2€)n]
Therefore,

Z []P’{T$ <n, T, < n}r
TEY

< Giem D

z,EZ2

[(142€)n] p

[ S B{S() =z Sk) =)
k=1

=2 2

= Jien) Bl [(1420)m)-

Hence, (5.3.20) follows from (5.3.13) in Theorem 5.3.2, (5.3.21) and the fact
that € can be arbitrarily small.

We now prove (5.3.18). By (5.3.19)

E(I,J,) = Z [E{l{n<n}z(n,y)}r (5.3.23)
z,yE€Z?
SHPIETEIETENR
z#y - j,k=1

By independence of the random walk increments,

> P{T. =, S(k) =y}

1<j<k<n

= Y P{T,=jIP{S(k—j)=y—ux}

1<j<k<n

= ST B{S(R) = y— a}P{T, < n— k)
k=1

n—1

n—=k
> g, " Y P{S(k) =y — 2} Y P{S(j) =z}
k=1 j=1
=g," Y. P{S(j) ==, Sk)=y}

1<j<k<n
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where the inequality follows from (5.1.9) in Lemma 5.1.3.
In addition,
Z P{T, = j, S(k) =y}
1<k<j<n

= > PT.>k Sk)=y, Sk+1)#uz,

1<k<j<n

SG—1) #x, S(j) =x}
> P{Tu>k, S(k)=y}P{Tpy =j—k}

1<k<j<n
= > P{S(k)=y}P{Thy = j -k}
1<k<j<n
- Y P{T. <k, S(k)=y}P{To_y=j—k}.
1<k<j<n

Using (5.1.9) in Lemma 5.1.3 again, the first term on the right hand side is
bounded from below by

gt D P{S() ==, S(k) =y}

1<k<j<n

Summarizing our estimate,

{Z [ En: P{T, = j, S(k) :y}r}l/p

z#y L k=1

> gnl{ ; [ ‘%n_:l P{S(j) =z, S(k) = y}:|p}1/p

AS| T rm<n sw-npime, - k}r}”p.
z#£y “1<k<j<n

Notice that

> [ Z P{S(j) =z, S(k) = y}} =REI? —EI,.

z#y - j,k=1
By (5.3.13), (5.3.21) and (5.3.23) we will have (5.3.18) if
. log n)P
lim % > [ > P{T. <k, S(k)=y} (5.3.24)

z#y “1<k<j<n

P
XP{Ty_y=1j— k}} =0.
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By independence of random walk increments,

Y. P{Tu <k, S(k)=y}P{Tpy =j—k}

1<k<j<n

= > P{Ta=i, Sk =y}P(Tey=j— K}
1<i<k<j<n

= > PT.=i}P{S(k—i)=y—a}P{Th_, =j— k}
1<i<k<j<n

<P{T, < n}P{T,_, <n} zn:]P’{S(k;) =y—x}.
k=1

Consequently,

S| S <k st -pre, -i-n]

z#y ~1<k<j<n
p
< X PTsnd ¥ ESW =y a)PT, =)
x,y€Z? 1<k<j<n

(% [ =]} 2 [ < 3 psw - e, -]

z€Z? yEZ?

Observe that

> [P < n}r —EJ, = 0(%) (5.3.25)

P
= logn)

where the second step follows from (5.3.17). By Cauchy-Schwartz inequality

> [Pery <) Sopist = pr, = - 1]

yeZ?
2pY 1/2 n 2py 1/2
A S pm =]} { S [ Srsw-n] |
yeZ? yeZ? ~k=1
Replacing p by 2p in (5.3.25) and in (5.3.13) gives, respectively, that
2p n
< —0o(———
Z [P{Ty = n}} O((logn)zp)
yeZ?

and

) [:lp{s(k) = y}} v O(n).

yEZ?
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We have proved the requested conclusion. O

In view of Theorem 5.3.2, an immediate consequence of Lemma 5.3.3 is
the following weak law for J,.

Theorem 5.3.4 .
When d =2 and p > 2,

1 P
@Jn 4 (2m)P\/det(T)a([0,1]7). (5.3.26)
When d =3 and p = 2,
Tn/ v/~ det(T) 242 a ([0, 1]7). (5.3.27)
Proof. Obvious. O
Write
ﬁ [ _ logn
Li(n, ) Lizes;n n]}:| d=2,p>2
oyt 27r\/det
P —
" 2
H [ Vs 1{’I‘ES [, n]}:| d=3,p=2.
x€Z3 j=1
(5.3.28)

By a slight modification of the proof of Lemma 5.3.3, one can show that

1
lim limsup — = ]E[F(p)]2 =0 (5.3.29)

n
e—0T n—co

when d = 2, p > 2; and that

1
lim limsup —E[F(®]* =0 (5.3.30)

6—>0+ n—oo

when d = 3 and p = 2.
Conrrespondent to I,, ¢ defined in (5.3.1), set

S 1 D e oy, (5.3.31)

zeZ j=1yeS;[1,n]
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A natural question is whether .J,, can be approximated by J,, . in a manner
similar to Lemma 5.3.1. The answer is “Yes” and “No”. On the one hand,
the treatment for Lemma 5.3.1 fails when we move from I,, and I, . to
Jn and Jp.. On the other hand, given what we have known now, J, is
approximatable by Jj, ..

Set,
2 ~1/2(, _
b= 11 [1{:veSj[1,n]} -y pe( \ﬁf x))} (5.3.32)

z€5;[1,n]
The following lemma which will be used in Chapter 8.

Lemma 5.3.5 Assume that the random walks are aperiodic.

(1). Whend=2 andp > 2,

(logn)?r 2
el_1>r(IJ1+ hfzn—?olip — E[Dﬁfg] =0, (5.3.33)
(log n)?” :
6l_l)rél+ llririsolip - E[J, — Jne]” =0. (5.3.34)
(2). When d=3 and p =2,
lim limsup E[DSZ]Q =0, (5.3.35)
e—0t n—oco ’

lim limsup ~E[J,, — J,.0]> = 0. (5.3.36)

E—>0+ n— 00 n ’

Proof. Due to similarity, we only consider the case d = 2, p > 2. Write

F® =0t S H [Zpe< fk) _x)) (5.3.37)

reZ2? j=1 =

logn “12(z — 1)
27r\/§et— Z pe( \/_ )]

z€8;[1,n]

By Lemma 5.3.1 and Lemma 5.3.3 and (5.3.29), it suffice to show that

1
lim limsup S E[F®)]* = 0. (5.3.38)
ol L

e—0t n—oco
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By independence,

B[R
_ —1/2(8 k)—aj) ~ logn
= On Z[ PC )~ oy

P> pe<—r‘”3;‘f>>}{gpx—f‘”“j?‘””)

z€S5[1,n]
_ logn =12z —y) }]p
27r\/det Zeg[;n pe( Vn )
- (- 2) P12z —y)
=C, 2 [ Pe 2 - Pe
2| )

X ]E{l(n z1) — _logn }{l(n z9) — _logn _ }]P
s 1 WW {T21<Tl} s <2 WW {TZ2<n} .

By Jensen inequality,

logn P 2
E Ine_ - Jne
[ ’ <27r\/det( )> ]
—1/2(

SC,ZE/P Z Z pe( \/Z%—x))ps(r—l/z\(/zg—y))

T, YEL? z1,22€L>

X

]E{l(n z1) — logn }{l(n z9) — logn }
T or Jdet(T) r <y T or Jdet(T) lrepny

By translation invariance, the right hand side is equal to

>

z1,22€2L2

E{l(n z )—loil }{l(n z )—loil HP
o det() s Y r ety e

When p is even, this is equal to E[ T(Lp)] %, Consequently, (5.3.38) follows from

(5.3.29).
When p is odd, by the inequality

Z ‘”.ng{ Z [P 1}1/2{ Z [_._}erl}

21,22€7Z2 21,22 €12 z1,22€22

1/2

we obtain " >
B[ < {E[Fe11°) B E))
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Again, (5.3.38) follows from (5.3.29). O

In the rest of the section, S(k) is a symmetric readom walk on Z¢ and we
view Si(k),---,Sp(k) as its independent copies. Recall our notation R,, =

By (5.1.9) in Lemma 5.1.3 and by (5.1.6), (5.1.10), when d > 2 (in which
case gy, is slowly increasing),

ERy =Y P{T, <n}~g,' Y Y P{S(k)=a} (5.3.39)
z€Z? z€Z2 k=1

27y/det(T) —— d=2

_1 logn

= gn n=

ysn d> 3.

Theorem 5.3.6 Let f(z) be a bounded continuous function on RY.

(1). When d =2

1 (& S(k) logn
ﬁ{§f< \/ﬁ) 27T\/§et $€;n]f<\/_)} ' (3340)
Consequently,

10 n T S(TL)
(271’71\;3? wg[;n f(ﬁ) W) (5.3.41)
d

_>< Olf TV2W(t))dt, W(l)) (n — o0).

(2). When d =3,
1= (S ) r
n{kz_:lf(\/ﬁ) vslzg[;n]f(ﬁ)} 0. (5.3.42)
Consequently,
<'YS Te;n]f(\/_> %) a4, (/Olf(l“l/?vv(t))dt, W(l)) (5.3.43)

as n — oQ.



5.3 MUTUAL-INTERSECTIONS IN SUB-CRITICAL DIMENSIONS 185

Proof. Due to similarity we only deal with d = 2. By invariance principle,
(5.3.41) is a direct consequence of (5.3.40).

For each M > 0, define fu(z) = f(z) if || < M, and 0 if |z| > M.
By the classic fact that the random sequence max |S(k)|/+/n is bounded in

probability, all we need is to show that for anyiﬁ;ied M >0

WILH;OEE{ifM(S%))_ZW\I;?:t_ 3 fM( )] =0. (5.3.44)

2€S[1,n]

Take d = p = 2 and let F\*) be defined in (5.3.28).

E[F(]*
- 5 [t i i - i)
x,y€L? ’ QWW o<y QW\/W Liry<ny o] -

By Cauchy-Schwartz inequality,

U3 () ety
> > fM( )fM(f) {Z(n,x) 2775)% {T%}

z,yEL?
1
X{l(n,y)_ﬂl . }

QW\/W {Tvsnt
R D N o

T€Z2 c7.2

~5[ 3 () g = ()]

z€S[1,n]

Therefore, the requested (5.3.44) follows from (5.3.29) (with p = 2) and the
fact that

‘fM Nn/ | fur ()P da

as n — OoQ. O

Theorem 5.3.6 will play an important role in Chapter 7.
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5.4 Self-intersection in dimension two

The goal of this section is to establish the weak laws for the double self-
intersection local time

Qn=">Y_ lsi=sm)

1<j<k<n
and for the range

of the planar symmetric random walk S(k).

By (5.1.6), it is straightforward to see that

1
EQ, — P{S(k— ) = 0} ~ —
1<j<§;<n J 2/t (D)

nlogn. (5.4.1)

The asymptotical expansion of R,, is given in (5.3.39). Taking f =1 in
Theorem 5.3.6 leads to
lim R,/ER, =1.

n—oo
in probability.
This type of concentration pehnomenon happens also to @, in multi-
dimensions. The right question is to ask what can be said about the limit

laws for @, —EQ,, and for R,,—ER,,. We start our investigation by estimating
the variance of @), and R,,.

Lemma 5.4.1
Var (Q,) = O(n?) (n — o), (5.4.2)
n2
Var (R,) = O<W> (n — o). (5.4.3)

Proof. Due to similarity, we only prove (5.4.3). For each integer k > 1,
write
ay = sup {Var (Rp)'/?; 28 <n < 2’““}.

For each n € (2%, 28] let n; = [n/2] and ny = n — ny. Consider the
decomposition

Ry = Ry, + Ry, — #{S[1,m1] N S[n1 + 1,1}
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where fin,z = #{S [ny +1, n]} is independent of R,,, and of the distribution
same as R,,, and

#{S[1,n1] N S[n1,n]} £ #{S[0,n1 — 1] N S[1,no]}
where S (n) is an independent copy of S(n). By Cauchy-Schwartz inequality,
Var (R,)'/?
1/2 ~ 1/2
< (Var (Rp,) + Var (Rm)) + Var (#{S[O, ny — 1] N S[1, ng]}) )

Taking p = 2 in (5.3.17) gives that the second term on the right hand side is
bounded by C1k~22F for some constant independent of k. Thus,

ap <2Y%ap_1 + C1k722F k=23,
Write b, = k22 %a,. Then
b, < 0bi—1 + C1
for any € > 27'/2 and sufficiently large k. Consequently, the sequence by, is

bounded. O

Recall that ; is the renormalized self-intersection local time

v([0,4)2) = //{O<T<S<t} So (W (r) — W (s))drds

—-E //{O<r<s<t} 6o (W (r) — W(s))drds

run by a planar Brownian motion W (t).

Theorem 5.4.2
n_l{Qn _ EQn} ~ det(1)"24([0,1]2).

Proof. By the method of resolvent approximation, we may assume that the
random walk is aperiodic.

The proof is based on a same type of triangular approximation used in
Theorem 2.4.1.

Let N > 1 be a large integer and write

. 20 2+1 241 2+2
A () = (grzrm e ] % (Geerm e ]

1=0,1,---,2—~1 k=0,1,---N — 1.
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N | . l N
Bl(n):{(z,j); 2—Nn<z<]<2—Nn} l=1,---,2".
It is helpful for the reader to check Figure 2.1 in Section 2.4 for visualization
of these sets.

‘We have
—12F—1 2N
Z Yo Y lsw=san T, D Usw=swy- (544)
k=1 1=1 (z])eA’“(n) =1 (i,5)€B;(n)

Observe that the sequence
N
Y. Lse=san =102
(3,5)€Bi(n)

is independent. Therefore,

{Z > 1{S<i>—s<j>}}

=1 (3,5)€B;i(n)

:Zvaf{ > 1{5(1’)—5@)}}

(4,5)€Bi(n)

=0(27"n?).

In particular,

hm lim sup n~2Var { Z Z 1{5(1)_5@)}} =0. (5.4.5)
N=oo n—oo 1=1 (i,5)€B, (n)
Suppose that we can prove that as n — oo,

N-12F_-1

3> swe=sgy — det(D)TV2B(Dy) (5.4.6)

k=1 I=1 (i,j)e Al (n)

S|

N-12F-1
.1 _
i E{ IIDUEDYD 1{s<i>_sm}} = det(I) "' EB(Dy). (5.4.7)

k=1 I=1 (i,j)€Af (n)

for every N, where () is the self-intersection local time (without being
renormalization)

:/ So(W(r) — W(s))drds A cC (RH)2
A
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discussed in Section 2.3,
N-12F-1

py=J U 4F

k=1 1=1
and the sets AF are defined in (2.4.2). By Theorem 2.4.1, 8(Dx) — EB(Dx)
converges to y; as N — oo. Therefore the desired conclusion holds.

It remains to prove (5.4.6) and (5.4.7). Due to similarity in proof, we
only deal with (5.4.6). Fix ¢ > 0 and apply the invariance principle to the
continuous functional

— //DN pze(l“—l//2(f(r) —f(s)))deS

on D{[O7 1],R2} gives that
1 Z Z Z =Y2(S(i) - S(j
n? 26( ( \(/)ﬁ (j))>

<, //D Pze(W(r) — W(s))drds = B3(Dn)

as n — 0o, where the random measure

/Rd [// pe(W(r) —x)p.(W(s )—a:)drds} dr  AcC (R+)2

was constructed and discussed (in a more general form) in Section 2.3 and,
it was shown that [.(A) converges to the double self intersection B(A) at
A = Dy in Lo-moment as € — 0F.

From above discussion, the proof of (5.4.6) has been reduced to show that
for any fixed 1 <k < N—-1landl=0,1,---2F — 1,

1
el—l>%1+ hTI'n_?OIip n2 E{ Z 1{S(i):S(j)} (548)
(i,4) €A} (n)

CR(S6) — SW)
«/det 2 pze(r (\/ﬁ j)>} -

(4,9) E.Ak

Indeed, there are t,, t, = 2% + 1 such that

Y. s@=sen — 7& > ” (Fil/z(su) _S(j))>
1)=S(Jj €
(i,7) €AY (n) det(T)n ; ek vn

i L& T (S() -~ 5()
€3> Ysw=sun — \/F Zzp%( (\/ﬁ J)>

i=0 j=1 i=0 j=1
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where S(n) is an independent copy of S(n). By the continuity of p;(z) with
respect to both ¢ and x, the right hand side has the expansion, in the notation
used in (5.3.1) (with d = p = 2),

on)+ Iy, — I, ore  (n— 00)

Hence, (5.4.8) follows from Lemma 5.3.1. O

Theorem 5.4.3 .

E{(Qn — EQn) + (

2

logn )2(Rn _ ERn)} = o(n?) (5.4.9)

2m/det(T")

as n — o0o. In particular,

(logn)?

== (Rn ~ ER,) s —(2m)2/det(T);. (5.4.10)

Proof. Correspondent to (5.4.4)

2l -1 1
R, = ;#{S<2—Nn’2_f\’n”
N_—12’“—1

- 3 3 #{s(g e 05 (G ol

By an argument similar to the one used for (5.4.5),

N log n)* l -1 1
A}Hn lim sup (Oiij)\/ar { ;#{S(z—Nn, 2—Nn] }} =0.

—00 n—oo

To prove (5.4.9), therefore, it is sufficient to prove that for fixed k,,

. 1
Jim EE{ > Usw=suy
(i,5)EAY (n)
logn 2 2l 2+1 2A4+1 20+2 2
() M5 (ammm Jen] 08 (G QW”]}}
=0.
This clearly follows from (5.3.15) in Lemma 5.3.3 with d = p = 2.

The statement (5.4.10) is a direct consequence of Theorem 5.4.2 and
(5.4.9). O
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5.5 Self-intersection in high dimensions

For the mutual intersection, the words “high dimensional” here really mean
the critical dimensions consists of the case d = 4, p = 2 and the case d =
p = 3. In these cases, the Brownian intersection local time does not exist.
Naturally, the weak law for [, and J,, if any, will take a form different
from those given in Theorem 5.3.2 and Theorem 5.3.4. Here we include,
without giving the proof, the following theorem of Le Gall [118] on the weak
convergence for I, and J,.

Theorem 5.5.1 (1) When d=4 andp =2,

(logn) "I, —% (27) 2 det(I")~Y/2U> (5.5.1)

(logn) ', —5 42(27m) "2 det(T) /20U (5.5.2)

where U is a N(0,1) random variable.

(2) When d=p =3,

(logn)~'I, -4 (27T)72det(1“)v (5.5.3)
(logn)~1J, - (27)~2 d;%r)v (5.5.4)

where the random variable V' has the gamma distribution with parameter 1/4.

As for the self-intersection, “high dimension” means that d > 3, partially
because the Brownian self-intersection local time does not exist (even by
renormalization). To establish the weak laws for Q,, — EQ,, and R,, — ER,,,
we first investigate the asymptotic orders of their variances.

Lemma 5.5.2 When d = 3,

Var (Q.,) nlogn (n — o), (5.5.5)

1
~ o2 det(T)

73

Var (Bn) ~ 7 Ger(T)

nlogn  (n — o). (5.5.6)
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When d > 4
Var (Q,) ~®?n  (n — o0) (5.5.7)

Var (R,,) ~v2®%*n  (n — o) (5.5.8)
where the limiting variance D2 is given by
D% =347+ A+2B

and

A:iP{SkZO} and B=Y" {iP{Sﬁx}r

k=1 zezd Lk=1

Proof. First, we have to show that B < oo so that the statement for d > 4
is well posted. More generally, we show that in the super-critical dimensions
defined by p(d — 2) > d,

> [ZP{Sk = w}] <00 (5.5.9)

T €Z3 xeZd “k=

By the argument of resolvent approximation we may do it under aperiodicity.
Indeed, under aperiodicity, it is known ((1.4), [151]) that

= 7(2) d
S P{Sp=a}< Yy ———0—r 7
= ot 1+ |z — x|

where 7(z) is a summable non-negative function on Z¢. By triangular in-

equality,
(5[]}

z€Z3 xeZd k=

PILCIDS <1+|z—1x|d2>p}1/p

Z€Z4 TEZD

S { T mr) <=

Z€ZA TEZD

Due to similarity, we only compute the variance for @,,. That is, we
prove (5.5.5) and (5.5.6). We introduce the following notations: We write

Py(z) = P{S(k) = 2} and set {S(k)} for an independent copy of {S(k)}. Let

[e%S) k
=> Pi(z) and &i(z) =) Pz
k=1 j=1
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be the Green’s function and partial Green’s function, respectively.

We begin with the decomposition

n—1 oo n—1 oo
Qn=>_ > ls=sy1—Y. > lis—s; (5.5.10)

J=1 k=j+1 =1 k=n+1
n—1 n—1
S 4-Swr
j=1 j=1
Forany 1 <i<j<k<n,

EW;W7 = > P{S—95;=0, Sx—8; =5 —5;}

k,l=n+1

= ) P{S=0, S =5}
k,=n—j+1

=Y Pii(x) Y. P{S=0, S=a}
YAl kl=n—j+1

< Z Pj,i(fﬂ) Z ]P{Sl =0, Sk = ‘T}
YAl n—j+1<k<l<oco

+ Z Pj,i(m) Z P{Sl = 07 Sk = :L'}
rcZ4 n—j+1<Ii<k<oco

For the first term on the right hand side,

> Pii(x) > P{S; =0, S =z}

YAl n—j+1<k<l<oo
= Z Pj,i((E) Z ]P’{Sl,k = :E}P{Sk = :L'}
IV n—j+1<k<l<oco
1
<CY P > Proi() 7
x€Zd n—j+1<k<l<oco

1
=Cc ) Proii=i(0) a7
n—j+1<k<l<oco

where the second step follows from classic fact that sup, ¢4 Py () = O(k~%/2).

As for the second term, a similar estimate yields that

> Pili(x) > P{S; =0, S = —x}

r€Z4 n—j+1<I<k<oco

1
<C Z Pk*l+j7i(0)ld7~

n—j+1<I<k<oo
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Hence,

n n 1
EW/ W} < 2C Z pz—k+j—i(0)m

n—j+1<k<l<oco

=2( fj pk<0>)( > ld%) =o((n-tG-0t).

k=n—j+1 l=75—1

Therefore, as n — oo,

n o j ()(n) d=3
SN EWrWE = O((log n)2) d=4 (5.5.11)
j=1i=1 o(1) d>5.
For1 <i<j<n,
Cov (Zs, Z;) = Cov <Z Lismg, 0 D 1{Sk_0}> (5.5.12)
k=1 k=1
= {P{Sk = Sji, S =0} - Pk+j—z'(0)Pl(0)}
k=1
=Y Pii(x) Y P{Sp=—x, S=0}-G(0) Y  Pu(0)
zEZd k=1 k=j—i+1
Write -
> Pili(z) > P{Sp==, 5 =0}
z€Z4 k=1
= Z Pj_i(x) Z P{Sk =X Sl = O}
zE€Z4 1<k<I<oo
+ > Pii(x) > P{Si=x S =0}
zEZ 1<l<k<oo

The first term on the right hand side is equal to

Y Pii(@) > Pul@)pi-x(x)

YA 1<k<I<co
=D P ZPl
z€Z4

= p;i—i(0)8(0)(1+ &(0)) + > Pj_i(x)
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As for the second term, it is equal to

Z Pj,i(l') Z Pkfl<x)-Pl(0)

rEZ2 1<i<k<oo

= > Piy=i(0)P Z Py (0

1<I<k<0 k=j—i+1

In summary of the argument since (5.5.12),

Cov (Zi, Z;) = Pj—i(0)&(0) (1 + &(0)) + Y Pj_i(x)

z#0
Consequently,
Var (En: Zi) - En: Var(Z)+2 Y Cov(Z:,Z)) (5.5.13)
=n®(0)(1+ &(0)) + 26(0)(1 + &(0)) nz_: &,—;(0)
n—1
+2 Z &2 (z) Z &, —i(2)
2#£0 i=1
n—1 n—1
=n®(0)(1+ &(0)) +26(0) Y 6;(0)+2 > &*(z) Y &;(x).
j=1 YA j=1
When d > 4, by (5.5.9
> 63(z) < o0

zE€Z4

By (5.5.13),

Var (zn: Zi) ~ n{ej(())(l +6(0) +262(0)+2 3 @3(3;)}

zezd
as n — oo. By (5.5.10) and (5.5.11), this implies (5.5.7).
We now consider the case d = 3. We use the fact that (p. 308, [147])
&(z) ~ (21) " det(T) V2 (2, T 1) "2 (|| — o0).
Thus,

Y 6*(2)8; (Zqﬁ ) (1) (j—o0). (5.5.14)

(z,L—1lz)>j T €LY
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In addition,

Y 8% (2)(8(x) - 6;(2)) (5.5.15)

(z,T~1z)<j

< (8(0)-6;(0) > &%)

(z, 0~ 1a)<j

<C(6(0) - 6;(0) > L =0() (-

2
(z, 0~ tz)<j L+ el

and

1

&’ () ~ 7/ 2,07 2)=3/2dz  (5.5.16)
(x F—er1:)<j (2m)? det(I')? {1S<m,1“*1m)§j}<

1 _
|~

R y logj J — 00).
(27)3 det(T) /{1<|y|<m | |

P
Y7 2mZdet(T)
Combining (5.5.14), (5.5.15) and (5.5.16) gives

> @0 (e) ~ Gzgarylosd (o)

zezd
By (5.5.12),
Var (En: Zi> ~ mnlogn (n — o)
i=1
which, together with (5.5.10) and (5.5.11), implies (5.5.5). O

The following theorem shows that @, — EQ, and R, —[ER,, are attracted
by normal distributions as d > 3.

Theorem 5.5.3 (1). When d =3,

ﬁ (Qn - EQn> 4, N(o, ST dlet(F)>’ (5.5.17)
2
ﬁ (Rn - ERn) -, N(o, #ﬁt@)) (5.5.18)
(2). When d >4,
% (Qn _ EQn) 4, N(0,D2), (5.5.19)
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1
Vn
where 2 is defined in Lemma 5.5.2.

(Rn - ERn> 4 N(0,42D2), (5.5.20)

Proof. Due to similarity we only prove (5.5.17). Let {v,} be a positive
sequence such that

Yo —> 00 and vy, = 0(\/ logn> (n — o).

Let 0 =np < ny < --- < n,, =n be an integer partition of [0,n] such that
for each 1 <4 < v, n—i —mn;_1 = [n7y,,!] or [ny,,!] + 1. Then

Yn Yn—1 n;
Qu=>_ D> Lsg=san+ ., Z Lis()=s(k)}
i=1n;_1<j<k<n; =1 j=n;—1+1k=n;+1

(5.5.21)

Foreach 1 <i<~, —1,

ni—ni—1n—n; n

S Y LsgesenE Y Zl{s S50y S 202 Ls—5an
j=1 k=1

j=ni—1+1 k=n;+1 Jj=1k=1

where {S(k)} is an independent copy of {S(k)}. By (5.3.13) in Theorem
5.3.2 (with d = 2 and p = 2),

Yn—1 n;
(Z > Z Lis(j)= S(k)}> (5.5.22)

i=1 j=n;—1+1k=n;+1

2
<1E (Z S(k)}) = o(nlogn).

In addition, notice that the random variables

Z Lisgy=sryy =12, 7

ni—1<j<k<n,

are independent with

d .
Z ]'{SjZSk} = Qni*ni—l t=1,2,-- 7.

ni—1<j<k<n;
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Comparing (5.5.5) and (5.5.22)

Y
Var <Z Z 1{3_7’—Sk}> ~ ®2%nlogn.

i=1 n;_1<j<k<n;

From Theorem 6.4.1 in the next chapter, we can check Lindbergh condition.
Hence,

i{ 3 1{Sj:sk}—E< 3 l{gj_sk}>}/nlogn

i=1 n;_1<j<k<n; ni—1<j<k<n;
d 1
N(0, s )
— N s dam
Finally, (5.5.17) follows from (5.5.21) and (5.5.22). O

From the argument we put for Theorem 5.5.3, we see that as d > 3, the
short range self-intersection dominates the long-range self-intersection. Con-
sequently, @, — EQ,, (as well as R,, — ER,,) is approximated by independent
sums. That is the reason we have Gaussian laws here.

5.6 Notes and comments

Section 5.1

We refer the reader to the book by Spitzer [147] for the collection of
general theory on random walks. The terminology used by Spitzer is slightly
different from what we use here: What we call aperiodic is strongly aperiodic
in Spitzer [147].

Section 5.2

Theorem 5.2.1, Theorem 5.2.3 and the argument used to their establish-
ment come from the paper by Chen and Li ([31]). The proof of Lemma 5.2.2
is essentially adopted from Jain and Pruitt [97].

Section 5.3

The weak laws for I,, and J, was first studied by Le Gall [117] in the
sub-critical dimensions. He shows that every integral moment of properly
normalized I,, and J,, converges to the same moment of «([0,1]7). Prior to
[117], Le Gall had obtained a analogue for the intersection of two indepen-
dent Brownian sausages ([116]). The idea of using Fourier transformation in
proving the weak law for I,, (Theorem 5.3.2) can be found in the paper by
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Rosen [143]. The idea of approximating .J,, by I,, (proof of Lemma 5.3.3) can
be seen in the paper by Le Gall and Rosen ([124]).

Exercise 1. This exercise is related to Theorem 5.3.2. Take p = 2 and
d <3.

1. Directly prove that EI,, ~ en”z* and find out the constant c.

2. Give a shorter proof of Theorem 5.3.2 (That is, to simplify the proof
of Lemma 5.3.1 or establish something else instead) in this special case.

Section 5.4.

The weak laws for @, — EQ, and R, — ER,, in the case d = 2 was first
investigated by Le Gall [117] and his results were essentially what we state in
Theorem 5.4.2 and in Theorem 5.4.3. Le Gall’s work was later extended by
Rosen [143] and by Le Gall and Rosen [124] to more general random walks,
for example, to the stable random walks.

The study of the range in d = 2 has been a sensetional and a lot of
interesting things happen in this dimension. Let, for example, Rgf ) be the
number of distinct sites visited exactly p (p > 1) times by S(k) in the first n
steps. Hamana ([83]) points out that

1 3
{logn)” [RY ~ERP)] -5 ~167° det(D)* 1.

n

If R is the number of distinct sites visited at least p (p > 1) times by
S(k) in the first n steps, then

1 3 =~
(logn)” R® — ER%”)} Ly 472 det(T)%y,.

n
A stricking fact is that these limit laws does not depend on p at alll This
seems to suggest that once being visited, then it costs almost nothing to be
visited again.

When p increases with n, the points in E%p ) are called thick points. A
remarkable progress in recent years is the investigation of thick points led by
Dembo, Peres, Rosen and Zeitouni ([45]) claiming that as p, ~ a(logn)?,

lim (logn)~'log Eg””) =1—-ma a.s.

n—oo

A direct consequence of their work is the final solution of the long standing
Erdos-Taylor conjecture.
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Other related models are the time needed for the random walk to cover a
big disk (Cover-time problem) and the waiting time for visiting a fresh site
after first n steps. These models were investigated by Dembo, Peres and
Rosen ([46]).

Section 5.5.
Theorem 5.3.6 was established in [25].

Section 5.6.

Due to some historic reasons, much of the focus is on the R, — ER,, as
d > 3. The central limit theorem given in (5.5.20) was first obtained by Jain
and Orey ([94]) in the special case d > 5. Later by Jain and Pruitt ([95]),
(5.5.20) was established for d = 4 and (5.5.18) was established for d = 3.
Similar results were obtained by Yor ([164]) and by Calais and Yor ([20]) in
the setting of Brownian sausages. The central limit theorem for @, — EQ,
(given in Theorem 5.5.3) was much later established in Chen ([30]). The
argument used in Lemma 5.5.2 goes back at least to Jain and Orey ([94]).

The following exercise appears as an application of the weak laws for @,
stated in Theorem 5.2.3 (with p = 2), Theorem 5.4.2 and Theorem 5.5.3. The
reader is referred to Kesten and Spitzer ([100]), Bolthausen ([13]), Khosh-
nevisan and Lewis ([104]).

Exercise 2. Let {{(z); = € Z?} be a family of i.i.d. random variables
independent of the random walk {S(k)}x>1 such that E£(0) = 0 and E¢?(0) =
1. The random sequence

Go=) &(S(k)) n=12,- (5.6.1)

is called random walk in random scenery in literature, where the random
scenery is referred to {{(x); x € Z4}.

(1). When d =1,

n=3/4¢, -4 U\/l/ L2(1,2)dx (5.6.2)
a — 00

where U ~ N(0, 1) independent of W (t).
(2) When d = 2,
1

V27 {/det(T) v

(nlogn)~Y/2¢, -4 (5.6.3)
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(3) When d > 3,

k=1

(nlogn)~Y/2¢, LU J iIP’{S(k) =0}. (5.6.4)

Hint: ¢, = Z l(n,z)¢(x).

T €L
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Chapter 6

Inequalities and
integrabilities

The large deviation principle appears as asymptotically sharp inequalities
for the underline probabilities. On the other hand, sharp inequalities are
usually important tools for studying large deviation principle. When such
inequalities take a clean and symmetric form, themselves become a focus of
interest. Our first goal of this chapter is to establish such inequalities for
additive and sub-additive functionals associated with mutual intersections.
The key idea in these inequalities is to separate the (mutual) intersections
happening in different time periods.

It is hard to image that a practically interesting model satisfying large
deviation principle does not have some basic exponential integrabilities. The
second goal of this chapter is to establish the exponential integrabilities for
the intersection local times I,,, @, the range R,, and the intersection J, of
independent ranges.

The argument by sub-additivity has been an effective approach of estab-
lishing large deviations integrabilities.. The multi-nomial inequalities estab-
lished in Section 6.1 provide an environment that allows such argument. In
Section 6.2, they are applied directly to the problem of maximal integrabili-
ties for I,, and J,.

In Section 6.3 and Section 6.4, the integrabilities established for I,, and
Jn are extended to the renormalized self-intersection local time @, — EQ,
and to the renormalized range R,, — ER,.

203
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6.1 Multi-nomial inequalities

Let S1(k), -+ ,Sp(k) be independent symmetric random walks in Z?. For
convenience, we view S1(k),-- -, Sp(k) as independent copies of the random

walk {S(k)}.

Let the integer a > 2 and the increasing integers 1 < n; < --- < n, be
fixed. We use the notations F¢(S) and G¢(S) (z € Z%, k= 1,--- ,a) for two
measurable functionals of a random walk S = {S(k)} on Z. The following
assumptions are assumed throughout this section.

(1). Adaptivity of F£(S): F£(S) € 0{S(j); 1 <j < ny} for any x € Z¢,
k=1, ,a.

(2) Spatial homogeneity of G¥(S): G (z 4+ S) = GF~*! for any z,z € Z¢,
k=1,---,a.

The functional FZ(S) (k=1,---,a) is said to be sub-additive on the in-
creasing sequence n; < ng < - < ng with respect to the increment functional
Gp. it

F1(S)" = G7(S) and Fii(S) < Fi_1(S) + Gr (S0 0™ ) (6.1.1)

ze€Z k=1,---,a, where 6 is the usual shift operator of the Markov chain

{S(k)}: S(n) o = S(n+1), so that

So gt = {S(nk_l), St +1),--- }

Further, F7(S) is said to be additive if the inequality in (6.1.1) is replaced
by equality.

Theorem 6.1.1 . Assume the sub-additivity defined in (6.1.1) and assume
that FE(S) >0, GE(S) >0 forx € Z%, k=1,--- ,a. For any integer m > 1,

{E{ > ﬁf;f(sj)]m}l/p (6.1.2)

r€Z4 j=1
m' a D gy 1/p
< Y S I{E S ee]
liteotlg=m 1 gD zezd j=1
l1,---,la20

1Here we allow the random walk to start at non-zero point. In this way, z4S constitutes
a random walk for any z € Z4.
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Consequently, for any u > 0,

o] m m~y 1/p
u X
> W{]E{ > Hfa(sj)] } (6.1.3)
m=0 zeZd j=1
a o] um p m~ 1/p
11> e ¥ 1Mo |
k=1 m=0 rezd j=1
Proof. Obviously, (6.1.3) follows directly from (6.1.2). By an induction
procedure, we need only to show that for k =2,--- | a,
P m~ 1/p
{E[ > Hf,f(sj)} } (6.1.4)
.’tEZd ]:1
m m D iN1/p P m—I~N1/p
SO firs]) Bl flevs] )
1=0 z€zd j=1 z€Z j=1

Let k& be fixed. and write
Aq(x) = ‘7:;?,1(5) and Ag(z) = QZ(SO gk-1).

We have

e[ Mae)] - ¥ [llae)]

zezZd j=1 T1, T €EZD

2 P
D I D S (HCH R ONEn)|
.’tl,“',.’EmEZd 11, im =1

By triangular inequality,

Els T ]}

wezd j=1
< 7:1;2’2’;"—1 { ﬁ)_%}new [E<Ail(x1) N (xm)):|p}1/p
) é <Tln> { m“%;nem {E(Aﬂxl) . A1(ml))

X (Az(le)-.-Az(xm))r}w.



206 6. INEQUALITIES AND INTEGRABILITIES

All we need is to prove that

Z [E<A1($1)"'A1($l)) (A2(xl+1)"'A2(xM)>:|p (6.1.5)

T1, L €LY
p l p m—1
<e| X [T#a60] 8| ¥ ot -
sezd j=1 vezd j=1

For fixed (z1,---,21),

3 [E(Al(xl)-~-A1(xl))<A2(xl+1)-~-A2(xm))]p

Ty, Tm €LY

—E{ (e da@) X (Al Baan)

Typr, ,Tm €29

. [E<A1(x1)-..A1(xl)) (AQ(%)”_AQ(xm))]p_l}

s{(Trne) Y 1 avser

Ti41, " 7wvnezd Jj=l+1

x [E(Al(x1)~-A1(xl)> (AQ(@H)-.-Az(xm))]p_l}.

By spatial homogeneity of G (.5),

[T giresoem = T g (s™)

j=l+1 j=l+1
where the random walk
S®(n) = S(np_14+n)—Sn) n=1,2,- -

is independent of {S(1),---,S(nk-1)}.
Write

m

g(lerlv"' 7xm):E H Q:J(S)

j=l+1
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We have that

Z {E(A](xl)"'Al(xl)) (A2($l+1)"'A2($m))}p

Tig1,e Tm €LY

:]E{((f[f,f"l(S)) Z E(zigr — S(k—1), -+, m — S(ng-1))

Tit1, T €LY
p—1
><{E(Al(xl)-~-A1(xl))(Ag(azl+1)-~-A2(xm))} }
By Hoélder inequality,

ST €(mer — Sgmr), o mm — S(sr))

Ty, T €L

X []E(Al(a:l) aE Al(xl)> (Az(ﬂfz+1) EE Az(ﬂ?m)ﬂp_l

1/p
< { > (we = S, — 5(nk1))}

Tiq1,,Tm €LY

p—1

x{ 3 {E(Al(ajl)---Al(a:l)>(Ag(xl+1)---A2(xm))]p}T.

Ty, Tm €2

By translation invariance,

Z gp(ml+1 _S(nk—l)v"' y Tm _S(nk—l))

Tyg1,,Tm €LY

14 m—1
xT
- X @l B[ X [Tas)]
Tip1,,Tm €LY z€Zd j=1
Summarizing our argument, for any xy,--- ,x; € Z4

Z [E(Al(xl)Al(xl)> (A2($1+1)"'A2(xm)>:|p
Jrz+1a"'azmezd
< {E[gwjﬁlgz(sj)]ml}l/p(Ejlf[leil(s))

3 {E(Al(ajl)---Al(a:l)>(Ag(xl+1)---A2(xm))]p}T.

Ty, Tm €LY

X
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Hence, we conclude that

Z [E(A1($1)"'A1(xl)> (Ag(xl+1)"‘A2(xm)>}p

Tigq, ,rmEZd
p m—I l P
<e| S ITas)|  [E[I7)
z€Z j=1 Jj=1

at least for z1, - ,2; € Z% with
1
EJ]7:2.(8) > 0.
j=1

In another case, the left hand side is equal to 0. Therefore, above inequality
holds for every (x1,---, ;).

Finally, the requested (6.1.5) follows from the fact that

> [Eli[f;fil(s)r = E{ > f[ f,fl(sj)y

Ty, 2 €LY j=1 z€zd j=1

O

The inequality given in (6.1.2) (and the inequalities in (6.1.13) and (6.1.14)
in the next theorem) is called multi-nomial inequality due to the multi-nomial
form on its right hand side. In this book, the inequalities established in The-
orem 6.1.1 are mainly applied to the following three spacial cases.

Case 1. Recall that I(n,z) is the local time of {S(k)}. The functional
FE(S) = l(nk,z) (k =1,---,a) is additive on ny < --- < n, with incre-
ment functional Gf(S) = l(ng — ng—1,z) (k=1,---,a). Here we follow the
convention ng = 0.

Case 2. The functional F(S) = lizespngy (B = 1,---,a) is sub-
additive on n; < --- < n, with the increment functional

Gr(S) = lizesiine—ne 1} k=1, ,a.

Case 3. An additive version of Case 2 is defined by
k
Fi(8) =Y lwesm, 1)y k=1 ,a (6.1.6)
j=1

it is additive on ny < --- < n, with the same increment functional Gf(S) =
1{$ES[17nk—nk—l]}'
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Applying Theorem 6.1.1 to these three case we obtain the following in-
equalities.

m 1/p m! a 1 1/p
{EI"G} = Z ll!ml“!g{ L7y 1} ) (6.1.7)

li4-+lg=m
li,++,la>0

oo

m a 00 0

m=0 : k=1 m=0

{EJ,’Z}UPS 3 ﬁ}ﬁ{w@i . 1}1/”7 (6.1.9)

li+-+lg=m

by ila20
G u™ m 1/p m 1/1”.
> —(EJ) 7 < H Z EJM ) (6.1.10)
m=0 k=1m= 0

{Ejgg}l/pg 3 %Q{Eﬂi . 1}1/1»7 (6.1.11)

lit-+lg=m
lila20
— u'” m 1/p o™ m 1/p
z_:()m (Eg" <kH1Z0 E&J . )" (6.1.12)

Here we recall that

p P
L= T[lm.a) and Ju=>" []1wesnnpn

z€Z4 j=1 zeZd j=1

and we define

a

P
Z H 1{:13653'(”16—1’”’“]}'
czd j=1

The argument for Theorem 6.1.1 does not work if F;(S)* and Gy (S)* are
allowed to take negative values. On the other hand, there are some practical
cases in which one has to deal with the additive functional with sign flapping.
As seen in Section 5.3, an important way to study the limit behavior of the

quantity
P
> 17y

reZd j=1
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is to approximate it by its smoothed version

DN | (CEFIHEN

zezd j=1
where h(z) is a suitably chosen density function on Z? and
(hx F)}, Z h(x — (S).
yeZ4

In this scenario, it is desirable to provide inequalities to bound the error
term. In this case, the additive (or, sub-additive in general) functional one
has to deal with may take form as

Fii(S) = (h = F)i(9)
which is not constantly non-negative.
In the following discussion, we focus our attention to the case of two

independent random walks.

Theorem 6.1.2 Let F7(S) (k=1,---,a) be additive on the increasing se-
quence 1 < ny < --- < ng with the increment G.. For any probability density
function h(z) on Z¢ and any integer m > 1,

{E[ > ﬁf;(sj) -3 ﬁ(h*f)g(sj)]m}l/z (6.1.13)

zeZd j=1 z€Zd j=1
m a 2 2 kY 1/2
<Y eI S s - X ook )
l1[+".+ll“>:m g @ k=1 zeZd j=1 €zt j=1
1, ,a >0

{ [Z H (fT — (h* F)5(S; ))]m}w (6.1.14)

z€Z j=1
m a Iy 1/2
< Z ll...llH{ ZH(gk = (h=G)i(S )> } '
Litotlg=m 1 g2 zezd j=1
11, ,la >0
Consequently, for any u > 0,
> 2 2 1/2
> W{E[ PN I EACHED DN § (CEFIHE! )] } (6.1.15)
m=0 rezZd j=1 xeZd j=1
[ ™ 2 2 m~y 1/2
<TI S =g S o) - X MMoeois))| |
k=1m=0 "~ zeZd j=1 zezd j=1
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Z { {Z H(]—"’” — (hx F)2(S, ))r}l/z (6.1.16)

m= O rezd j=1

<£[1: %{ 3 H(gk — (h*G)2(S ))’m}m-

reZd j=1

Proof. Clearly, (6.1.15) and (6.1.16) are direct consequences of (6.1.13) and
(6.1.14), respectively.

By additivity (Recall the convention ng = 0)

a—1

Fi(8) =) Gr(Sofmr).

k=1
To prove (6.1.15), by induction procedure, it suffices to show that

th> [[765) -3 ﬁ(h*f)ﬂsj)r}UQ (6.1.17)

z€Zd j=1 z€Zd j=1
1}1/2

p g (’7){E $ f[gasj) -3 ﬁ(h*gm@

zezd j=1 zezd j=1

TP EREIED o) ) (REMECH

zezd j=1 zezd j=1

a—1
where J7 Z Gi(S 0 0™-17"1) ig an additive functional on the in-

k=2
creasing sequence 1 < ng —nj; < -+ < ng —Ny.

The approach here relies on Fourier transformation. By Parseval identity,

XTI~ X T[oics

z€Z? j=1 x€Zd j=1

W/| [zw [T o]

z€Z T €7

where

= Z h(z)e™®.

T €7



212 6. INEQUALITIES AND INTEGRABILITIES

By independence,

2 m
[Z HPE Z H hx F)? ] (6.1.18)
x€Zd j=1 c€zd j=1
H Z ez/\k a:j_-a:

; /
= Gomymd p(dAr)-
@2m)md ) (gaym pte vt
where the measure u(d)) is given by
p(dA) = [1— [RV)*]dA.

In particular, the m-th moment is non-negative. Similarly, one can see that
all moments appearing in the statement of Theorem 6.1.2 are non-negative.
Consequently, everything we have talked about is well defined.

Write

N =D eNIGHS),  Da(N) = D €T (S) 06

zeZ4 rezZd

By definition of JZ ,(5)

D eMTFIS) = Ar(A) + Ax(N).
By triangular inequality,
H Z ez)\k Tj:r

z€Z4
1/2
{ / (dMr) - pu(dm) }
(Rd)m, b 1ajeZd

22: {/(Rd)m N(d)q)...,u(d)\m)’EAjl()\l)._.Ajm()\m)‘z}l/z

=2 (T){/(Rd)m“(d)‘l) p(dm) (ﬁ )( ﬁ Az(Ak))r}m.

0 k=Il+1

\ A

S <

For (6.1.17) to hold, therefore, it suffices to show that for any 0 <1 < m,
l m
/(Rd) plax) ()| E( [T 8 00) (T 200)[ 6219
) k=1
2
S T - > [T 9ics))

k=Il+1
l
(27 md{ }
reZd j=1 zeZdj—l

{E[ZHJ& ZHh*Ja | v)r_l}-

z€zZd j=1 zezZd j=1

2
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By spatial homogeneity,
As(N) = 7 ewm g S (gm)

TEZ

— e—i)x-S(nl) Z 67:)\""'%‘7:71(5("1)

zE€Z?

— e—i)vS(nl)ja_l(S(nl)(/\)
where S("1 is the random walk
S("l)(n) =S(ny+n)—Smn1) n=12,--

By increment independence,

E( 1j 800) (T 2ah)

k=l+1
- E[exp{ —i( Yo M) s} f[ Al(/\k)]E ﬁ Tur(S) ()
I+1 k=1 k=1+1
l m
—E[exp{ —’L(Z/\k) nl } Al(S)(/\k)}]E H ja—l(S)(/\k)
+1 k=1 k=Il+1

So we have the equality

‘E(ﬁmm)( ﬁ A2<Am>)’2
{exp{ (Z/\k> (S2(n1) Sl(m))}

:‘E H ja—l(s)(/\k
1

k=I1+1

!
H )(Ak)G1(Sa) (A )}

Fix (Aj41,- - , A ) for a moment and take integration against pu(dAy) - - - u(dA;)
on the both side.

/([ B )
—7,m]?)

(lf[ )( H A2(>\m)>
:‘E ﬁ Ja1(S)(Me) 2 {exp{z(i

x [ /[_m]d él(sl)u)mdx} l}.

2

\_/
EP
£
,d
O)
[y
=
=
—
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By Parseval identity,

/[ | 31 (S1) (NG (S2) (VA = (2m) 3 H% Z H (h*G)i
—7,7m]? cz7d j=1

z€Z j=1
Using the fact that

exp {i(Ab+1 Foret Am) - (S(ma) — S(nl))}‘ —1

we conclude that

/([_ﬂ o dA; - d)\m( ﬁ [1— ﬁ()\k)D ‘E ﬁ Datw) 2

k=1 k=b+1
2 l m

> HQH S L= 05S)| [E I Taea(S))

k=141

zezd j=1 zezZd j=1

Take integration against p(dAiy1)---p(dAy,) on the both sides. The re-
quested (6.1.19) follows from the equality

m 2
E Tt (A
/([—mr]d)’"’ H a1

(2m)R

N(d)‘l-&-l) T U(d)‘m)

k=Il+1
2 2 m—1
= 2m) R Y [T (s = D [ (h* Ja-1)"(S))
z€Z4 j=1 z€Z4 j=1

As for the proof of (6.1.14), observe that correspondent to (6.1.18), we
have

{ (]—' — (h* F)E(S; ))r

reZd j=
m 2
= /( var) - v(on)| [[ 3 e

k=1 zecz
where the measure v(d\) is given by
v(dA) = |1 = h(\)[2dA.

The rest follows an essentially same argument. O

The additivity becomes an important issue in order to apply Theorem
6.1.2. As a consequence in the special models discussed previously, Theorem
6.1.2 applies to the case when F¥ = [(ng, x), but not to the case when F¥ =
1{30e S[1,n,]}- The problem existing in the later case creates some difficulties
in approximating J, by its smoothed versions. That is a major reason why
we introduce the additive version defined in (6.1.6).
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6.2 Integrability of I, and J,

In this section, we apply Theorem 6.1.1 to establish the maximal integrability
for the mutual intersection local time

n

Li= ) s (k)=m5,(k)}
k1, kp=1

and intersection of independent ranges
Jn = #{Sl[l,n] X o+ X Sp[lm]}

run by the independent, identically distributed symmetric random walks
Si(k), - ,Sp(k). We assume Sq(k),---,Sp(k) are square integrable with
covariance matrix I and the smallest sub-group of Z¢ that supports the ran-
dom walks is Z itself. Throughout the section, we assume that p(d—2) < d.

Theorem 6.2.1 Under p(d — 2) < d, there is a constant C' > 0 such that

EI™ < (m!) = 0mn =T mon=1,2,- . (6.2.1)
Consequently, there is a 8 > 0 such that
_2p—d(p=1) 2 o
sup E exp {Qn LIS A )} < 00. (6.2.2)

n>1

For the combinations of d and p with constraint p(d — 2) < d,
(1) When d =1 and p > 1 (That’s right, we include the case p =1 here)
EJT < (m!)Y/20mnm™/? (6.2.3)

Consequently, there is a 0 > 0 such that

sup E exp {Gn_lJﬁ} < 0. (6.2.4)

n>1

(2) When d=2 and p > 2,

B < (miptom( (log”n)p)m (6.2.5)

Consequently, there is a 8 > 0 such that

b1
sup E exp {anp%l(logn)ﬁﬂf’l } < oo. (6.2.6)

n>1
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(8) When d =3 and p =2,
EJ™ < (m!)3/20mn™/? (6.2.7)
Consequently, there is a 8 > 0 such that

sup E exp {9n‘1/3,]72/3} < 0. (6.2.8)

n>1

As the first step of the proof, we establish the following weak version of
Theorem 6.1.1.

Lemma 6.2.2 Under p(d — 2) < d, there is a constant C > 0 such that

2p—d(p—1)
2

EI" < (m!)PC™n m,n=1,2,---. (6.2.9)

For the combinations of d and p with constraint p(d—2) < d, the moments
of Jn yield the following bounds.

(1) Whend=1 and p > 2,

EJ™ < (m!)PC™n™/2, (6.2.10)

(2) When d=2 and p > 2,

EJ™ < (m!)pcm((logn)p)m. (6.2.11)

(8) Whend=3 and p =2,
EJ™ < (m!)20™mn™/2, (6.2.12)
Proof. For similarity we estimate the moments of J,. The discussion on

the weak convergence in the last chapter gives the asymptotic orders of J,
in the above three situations. By that it is sufficient to prove that

EJ™ < (m)PC™(p+EJ,)"  m,n=1,2,---. (6.2.13)

By the representation
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where TV = inf{k > 1; S;(k) ==z}, and by Independence

B = Y [P(T <0 T, <]
Ty Lo €2
P
= Z [ Z P{T%u) < STy, < n}] ‘
Ty, T €LY S0EL,

Notice that

P{T%u) < ST S ”}
= Z P{T%(l) S STy Togenony =0 Lo = k}
1<j<k<n
é Z ]P){Tz(,(l) S e é Tzﬂ(m_l)v ng(m_l) = j7
1<j<k<n
S( | + 1) 7é Lo(m)s " 7S(k_ 1) 7é Lo(m)s S(k) = xo(m)}
- Z P{TT W = S gy Tognny = j}P{T%U(m)_mU(mfl) =k _j}
1<j<k<n

where (note that the time starts at 0)
=inf{k>0; S(k)=2x} xez
Thus,

P{Two(l) <. < ffa(m) = }

S {ZP{TT“(U S e S Tl‘g(m,lw Trg(m,l) = j}}
j=1
x {Zp{fwo(m)ﬂﬂa(m—m = k}}

=P{Ts, W S STy S ”}P{T Ty (m) =T (m—1) = < nj.

Repeating above procedure,
P{Te,) <+ < Ty S} < HP{TJE (0 —Taen) <N}

where we follow the convention z, ) = 0.
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Therefore, by Jensen’s inequality

m _ P
EJ" < Z { Z HP{wa)—%w—l) < n}}

T1, -, T, €L “0EX,, k=1

<ot S 5 (e <0b)

T1, Ly €LY OED, k=1

_ (m!)ﬁ{ S (P{T. < n})p}m.

€L

Finally, (6.2.13) follows from the fact that

S (P{T < n}) =E[#{Si0,m 0 0800} } < p+ BT

z€Z4

Proof of Theorem 6.2.1. By Taylor expansion, the exponential integra-
bilities stated in (6.2.2), (6.2.4), (6.2.6) and (6.2.8) are the consequences of
the bounds given in (6.2.1), (6.2.3), (6.2.5) and (6.2.7), respectively. Among
these bounds we only prove (6.2.1) for the reason of similarity. A striking
feature in our argument is that we improve the bound (6.2.9) based on (6.2.9)
itself.

We first deal with the case m < n. By (6.2.9) and by the fact m < n,
there is a constant C' > 0 (which is allows to be different from place to place
in our proof) such that

2p—d2(p—1) ks

EI* < 0’%‘(@!)?(%) i=1,,m.

[n/m]+1

Taking a = m and ny — nk—1 = [n/m] + 1 in the moment inequality (6.1.7),

2p—d(p—1)

_2p—d(p—1) 2p—d(p—1) 2m — 1
= mlC™/P(m™) o 2 m( )
m

Therefore, (6.2.1) follows from the easy bounds m™ > m! and

2m—1
2m — 1 2m —1

< :22m,—1.
( m ) Z( k )

k=0
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As for the case m > n, by the fact that I, < nP we have the trivial bound

d(pgl)mn%fdz(pfl) d(p—1) 2pfd§p71)m

EI" <nP™ <m m<CmM(m) T T N

where the last step follows from Stirling formula. |

Remark 6.2.3 The integrability established for I, and J, are best possible
in the sense that there is a 0y > 0 such that left hand sides of (6.2.2), (6.2.4),
(6.2.6) and (6.2.8) become infinity if @ > 0y. For example, the weak conver-
gence stated in Theorem 5.3.2 and the critical integrability stated in Remark
3.3.5 imply that

. _ 2p—d(p—1) ﬁ
lim Eexp{ﬂn CICESDIN R }: 00

n—oo

for any 6 > g det(F)%K(d, p)_duffl) .

6.3 Integrability of ), and R, in low dimen-
sions

We mainly consider the case d = 2 (with a few exceptions where d = 3 or
higher), in which @,, and R,, concentrate around their means. Our first result
is on the exponential integrability of R,,.

Theorem 6.3.1 When d = 2,

sup E exp {QbﬂRn} <oo VO>0. (6.3.1)
n>1 n
When d > 3,
0
sup E exp {—Rn} <oo VO>0. (6.3.2)
n>1 n

Proof. We apply Theorem 1.3.3 here. First notice that the process R, is
sub-additive in the sense that for any integers m,n > 1,

where R,, = #{Sn+1, " ,Sn+m} is independent of {S(1),---,S(n)} and
has a distribution same as R,,.
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n

Second, by the known fact that ER,, = O(l . ) when d = 2 and ER,, =
ogn

O(n) when d > 3, and by the fact that the sub-additive sequence R, is non-
decreasing, so the assumption on stochastic boundedness posted in Theorem

1.3.3 holds with ¢,, = o when d = 2 and ¢,, = n when d > 3. O
logn

Due to the concentration phenomena in the case d > 2, we are more
interested in the integrability of @, — EQ, and R, —ER,,. Here is the main
result of this section.

Theorem 6.3.2 . There is a 8 > 0 such that

(1). Asd=2,
supEexp{QMm ~ER,|} < oo (6.3.4)
o1 n n n ) cJ.
1
ilgl[ﬂexp {05|Qn - EQn|} < 00. (6.3.5)
(2). Asd =3,
1
sup Bexp {QW{RH - IERn|} < . (6.3.6)

Proof. We first consider the case d = 2 and prove (6.3.4) with n being
replaced by 2". To this end, all we need is to show that there is a § > 0 such
that

(log 2™)?
sup Eexp {HT (Rn — ER,) } < 00 (6.3.7)
(log 2™)?
ilgiEexp { — HT (Rn — ERn)} < 00. (6.3.8)

We only prove (6.3.7) for similarity.

The proof is based on the procedure of triangular approximation used
for (2.4.7) in Theorem 2.4.2 and the reader may compare the decomposition
(6.3.9) with Figure 2.1 in Section 2.4 for some geometric insight.

Let
N = [2(log2) ! logn].



6.3. INTEGRABILITY OF Qn AND Ry IN LOW DIMENSIONS 221

It is easy to see that 2V ~ n2. Set

Q= #{S((Qk —2)2" (2% — 1)2"79] N S((2k — 1)2" 7, (2k)2" ] }
By inclusion-exclusion rule we have the decomposition

N 271

Ron — ERpn = Zﬁk S (6.3.9)
j=1 k=1

where Bk = (r — EB and @; 1 = o — Eaj . By Theorem 6.3.1,

on— N
sup]EeXp{)\ gn ~ \ﬂl\}<oo YA > 0.

By Taylor expansion, there is a C' > 0 and Ay > 0 independent of n such that

log 2n—N

Eexp (A2~ f <ep{CN?} vo<A< .

Notice that 317 e ,321\] is an i.i.d. sequence with ]EB1 = 0. Thus,
log 27N 2
_ 0og
Eexp {92 N2 =N Zﬁk}
log 2"~ 2"

= (Eexp {92 Nj2Z2Z og — ﬁk}> < exp{C’@z}.

Consequently, there is a # > 0 such that
log2n~N 2
sup E exp {92_N/2 0§n ~ Zﬂk} < 0.

By the choice of N one can see that there is a ¢ > 0 independent of n such
that

- Ny log 2" -N o (log 2™)?
on—N - on .

Therefore, there is some 6 > 0 such that

supEexp{ ggn Zﬂk} (6.3.10)



222 6. INEQUALITIES AND INTEGRABILITIES

We need to show that for some 6 > 0,

10 2m)2 N2
sup E exp { g Z Lk} . (6.3.11)

7j=1 k=1

Set ) B
Jn = #{S[l,n] mS[l,n]} n=1,2---

)

where S is an independent copy of the random walk S. In our notation,
for each 1 < j < N, {@j1,--- ,@;9-1} is an ii.d. sequence with the same
distribution as Jon—;. By (6.2.2) in Theorem 6.2.1 (with d = p = 2), there is
a 0 > 0 such that

sup sup E exp
n j<N

{5Gog2”*jf

on—j |aj’1|} < 00.

By the argument used for (6.3.10), there is a § > 0 such that

(log2")? X~
_po—i/28%8% ) NT 4
s%pjs;;\)lEexp { 02 on7 kz_:l a],k} < 0.

Hence for some 0 > 0

o (log 2™)2
C(0) = sup supEexp{—HQj/Qw aj,k} < oo.
n j<N 2n k=1
Write
N ‘ o0 ‘
Ay = H (1- 2*]/2) and Ao = H (1- 2*3/2).
j=1 Jj=1

Using Hoélder’s inequality with 1/p =1 —2""/21/q = 27N/ we have

(log 2™) 2 N 27
Eexp{—)\NG g Zzaj,k}

7j=1 k=1

j—1
log 272 V=12 _
< <Eexp{ —)\N719(Og27n) aj’k})
J=1 k=1
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where the last step partially follows from the fact (by Jensen inequality) that

—12971
(log 2™)?
]Efexp{—/\N_lﬁ 8 Z Za]k}>1.

j=1 k=1

Repeating this procedure,

j—1
1 2 2 N 2
]Eexp{)\NQ o8 ‘ aj’k’}
=1 k=1
< 0(0)271/2_,'_.”_,'_2 N/2 < 0(9)271/2(1_271/2)71.

Thus,

1 on 2, N
sup E exp {)\OOGM‘ Z

So we have (6.3.11).

Hence, (6.3.7) follows from (6.3.9), (6.3.10) and (6.3.11). By (6.3.7) and
(6.3.8), there is 6 > 0 such that

1 on 2
sup E exp {G(Oiin)ﬁin — ERT,|} < 00. (6.3.12)
n>1

We now extend (6.3.12) to (6.3.4). Given an integer n > 2, we have the
following unique binary representation:

n=2" 4+ 2™ 4 ... 4 2™
where my > mg > ---my > 0 are integers. Write
ng=0 and n; =2+ .- 2™ =1l

By inclusion-exclusion,

l -1
R, = Z#{S(m_l, i)} — Z #{S(ni1,m) N S(ni,n]}  (6.3.13)

! -1
= ZB,; - ZAi (say).
i=1 i=1

Write

: B, = /Bi+ NBZ‘
2 Bi=) Bit)
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where >, is the summation over i with 2™ > \/n and 3_,” is the summation
over i with 2™ < \/n. We also define the products [],” and [[,” in a similar
manner. Notice that

B L Rom, i=1,--,L

By Holder inequality,

)
< H (Ee { ) LB gms (Z 27 )| Rymi — ERym.

J

E exp {9@‘2/(31‘ - EB))

)’

-1
}) 2’!7Li (Ej/z’!ﬂj)

< H (E exp {49(10L }Rgml — ERle

(og2 ) ’

< supEexp {40 R, —ERn|}.

By (6.3.12), the right hand side is finite for some 6 > 0.
Assume that the set {1 < ¢ <1; 2™ < /n} is non-empty. We have

S o < ov,

So we have

Hence

1
Eex{ (logn)” ‘Z (B; — EB;)

<H (Eex { logn”) 9= mi (Z//Qm.i)|R2m¢ — ERym;

J

)

. 11 em -t
<H//<Eexp{ i })2 1(2_7’ 2 J)

<supEexp {202%}]%27” — ERgm|}.
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By Cauchy-Schwartz inequality, therefore, there exists § > 0 such that

(logn)? |
sup E exp {97‘ Z(Bz —EB;)

n
n>1 i—1

} < . (6.3.14)

By the fact that

n—ny = 2T 4 2T < O

we have
A 2 #{S11,27 N S [, —ny]} < Jomi (6.3.15)
Notice that ((6.2.11) in Lemma 6.2.2, m =1, p = 2)
n

There is a constant C' > 0 independent of n such that

-1 -1 l
> EA; <) By <CY
i=1 i=1 i=1
<c Y Eic ZZ: e
m;<l/2 m; m;>1/2 M

< C2l/? " <o
= 02 +C(logn)2fc(logn)2

By (6.3.13) and (6.3.14), therefore, we will have (6.3.4) if we can prove

2

my
2
m;

sup E ex {QMZEEA}<OO
np p n £ i .

Thanks to (6.2.6) in Theorem 6.2.1 (with p = 2) and (6.3.15), this requested
conclusion follows from an argument similar to the one used for (6.3.14).

The proof of (6.3.5) is similar and easier (for having no “logn” part)
Indeed, applying the decomposition

n 2971 (2k—1)2"77 (2k)2n—4

Qu=2"+3 % . lsw=sap  (6:3.16)

J=1 k=1 i=(2k—2)2" i +1 1=(2k—1)2n—i +1

and (6.2.2) (with d = p = 2) in a similar way gives that for some 6 > 0,

sup E exp {2_"9|Q2n —EQ2n

n>1

} <o
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The argument of binary expansion used above extends the above conclusion
into (6.3.5).

To prove (6.3.6) we first claim that as d = 3 and p = 2,
1
zlgEexp {HWJTL} < 00 (6.3.17)
for some 6 > 0.
Indeed, by the fact that J, < n,
1 L o3
Eexp {HWJn} < Eexp {GWJ" }
Hence, (6.3.17) follows from (6.2.8).

Therefore, (6.3.6) can be proved in almost same way as (6.3.4) is proved,
except that we use (6.3.17) instead of (6.2.6) in the proof.? O

By the fact (Theorem 5.4.3) that @,, — EQ,, and ER,, — R,, converge, if
properly normalized, to the remormalized self-intersection local time =y ([0, 1]2<) ,
and by the fact (Theorem 4.3.1 and Theorem 4.3.2) that ([0, 1]2) has asym-
metric tails, we expect that EQ,, — Q,, and R,, — ER,, have tails lighter than
the tails of Q,, — EQ,, and ER,, — R,, do. Indeed, we have

Theorem 6.3.3 . The following statements hold for every 6 > 0:
(1). Asd =2,

2
sup E exp {e(log") (R ~ER,) | < o0, (6.3.18)
n>1
supEexp{ - Ql(Qn - EQn)} < 0. (6.3.19)
n>1 n
(2). Asd =3,
sup E ex {QL(R ~ER,)} < o0 (6.3.20)

Proof. Due to similarity, we only consider (6.3.18). By (6.3.4) in Theorem
6.3.2, there is a 6, > 0 such that(6.3.18) holds for § < 6,.

2A fact crucial to our argument given in the above proof is that the normalizing expo-
nent, which is 1 in (6.3.4), (6.3.5) and is 2/3 in (6.3.6), is always greater than 1/2.
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Assume that 0 > 6. Take a > 0 such that 6 < af,. Writen = n1+---+n,

such that ny ~ a~!n.

k=1
4

where ﬁnk (k =1,---,a) are independent and Enk
write mg =1 and mp =ni + -+ + ng.

R,,. In addition,

a a—1
ER, > ZERM - Z#{S[mk,mkﬂ] N S[mu,n]}.
k=1 k=1

It is easy to see that the second term is bounded by a (universal) constant
multiple of n/(logn)?. Consequently,

E exp {e(lognn)z (R, —ER,)} <C f[ Eexp {0 (10gnn)2 (Ro, —ERy,) |
k=1

where C' > 0 is independent of n. By the choice of ny, the right hand side is
bounded uniformly in n. |

We now comment on the integrabilities established by far. By the weak
laws stated in Theorem 5.4.2 and Theorem 5.4.3, and by the critical integra-
bility given in (4.3.3), the integrabilities stated in the case d = 2 ( (6.3.4)
and (6.3.5)) are best possible in the sense that they are no longer hold if 6 is
too large. More precisely, we can see that

2
lim Eexp{ - e(loi”) (Rn — ]ETR,L)} = 0 (6.3.21)

n—oo

if 0> (27) "2 det(I)~/2k(2,2)~%; and that

lim Eexp {9%(Qn - ]EQn)} =00 (6.3.22)

n—oo

if 0 > /det(I')r(2,2)7%.

A natural question is to find the critical exponents §r and 6¢, such that

, (log n)? <oo 0<0g
Z?;]Eexp { - QT(Rn - ERW)} —oo 0> 0, (6.3.23)

. 1 < o0 0 < QQ
Zlé};EeXp {QE(QW — ]EQT,)} { o 0> 60 (6.3.24)
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We may ask, in view of the weak laws stated in Theorem 5.4.2, The-
orem 5.4.3, and of the critical exponent given by Theorem 4.3.1, if 0 =
(27) "2 det(T')~1/2k(2,2)* and 0o = +/det(T)x(2,2)~*. The following ex-
ample gives a negative answer to our conjecture on 6.

Example 6.3.4 . Let N be an arbitrarily large integer. Let the random walk
{S(n)} is the partial sum of the i.i.d sequence of random vectors in Z* that
take the values (N,0),(—N,0),(0,N),(0,—N) with probability (2N?)~! for
each, and take the value (0,0) with probability 1 —(2/N?). Then T is identity
matriz. The event that S(k) = 0 for all k < n has probability (1 — (2/N2))n,
On this event Q, = n(n —1)/2. Hence,

Eexp {9%(62” —EQn)} > exp{ —GESTL}(I - %)nexp {Hn ; 1}.

By (5.4.1) EQ, = O(nlogn). Thus,

0o < 2log (1 - %)71.

Since N can be arbitrarily large, so critical exponent 0o can be smaller
that any previously given positive number.

This example shows that the critical exponent in the continuous setting
does not necessarily pass to the discrete setting through weak convergence.

The identification of g and §r remains open.

6.4 Integrability of (), and R, in high dimen-
sions

In an obvious way, the exponential integrabilities for @, —EQ,, and R,,—ER,,
given in Theorem 6.3.2 and Theorem 6.3.3 are closely related to the weak
laws stated in Theorem 5.4.2 and Theorem 5.4.3 in the case d = 2. In this sec-
tion, we consider the high dimensional setting d > 3 and control exponential
moments for the normalized sequence appearing in Theorem 5.5.3.

Theorem 6.4.1 Asd =3,

0
s%pEexp {W@n - EQn|2/3} < oo  for every 6 > 0. (6.4.1)
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Asd >4,

sup E exp {si\/ﬁQ“ — ]EQT,,\Q/:S} < oo for some 6 > 0. (6.4.2)

Proof. We first consider the case d = 3. The argument used in the proof
of Theorem 6.3.2, applicable only when the normalizing sequence is of the
growth rate greater than n® for some b > 1/2, is broken in our setting where

the normalizing sequence (of Q,, — EQ,,) is v/nlogn.
We first prove that for any integer m > 1,

E|Qn — EQn|™ = O((n logn)m/z) (n — o00). (6.4.3)

We carry out induction on m. By (5.5.5), (6.4.3) holds as m = 1,2. We
let m > 3, assume that it is true for all 1 < j < m — 1 and prove it is true
for m.

Given n, write n; = [n/2], no = n —nq,

ni n
Qlﬂ,g: Z ]‘{Sj:Sk} and K":Z Z 1{5.7‘:Sk}'

n+1<j<k<n j=1k=n1+1

We have that

ni—1ln—n;

Kn = Z Z 1{Sj:§k}

j=0 k=1

where {g(k)} is an independent copy of {S(k)}. Taking d =3 and p =2 in
(6.2.1) one can see that there is Cy > 0 such that

E|K, — EK,|™ < C'(m!)*?n™?  m,n=1,2,---. (6.4.4)

I
ng?

By independence between @, and Q

(BiQ. ~BQ.") " »
< {E(lin —EQu,| +|Q,, —EQ,, )m}l/m

1/m
+{Em¢—EKmm}

m m 4 ) 1/m
< {Z (j >]E|Qn1 - EQru |j : E|Q”nz - EQ;LJm_j}

Jj=0

+ Co(m!)3/Zm) /.
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Combining this with the induction assumption,
1/m
(EIQ. — BQ.I™)

< {0((n105n)™) + EIQu, — EQu, " + EIQ), ~ EQ), "}
+0(Vn).

Write, for each k > 1,

/m

1/m
Qg = sup {(2’c long)*l/2 <E|Qn — EQn|m> 2k <n< 2’”1}.
Then,

m—2

Q1 < {0(1) o

1/m m—2
a;"} to(l) <2 %Frar+0(1) (k— o).

By the fact that m > 3 one can see that the sequence «y is bounded. We
have proved (6.4.3).

We now claim that there is C' > 0 such that
E|Qn — EQ,|™ < C™(m!)*?(nlogn)™? m,n=1,2,---. (6.4.6)

Indeed, take mg sufficiently large so that

m— -1 — 1/m m—
(1-27%7) G I
V2 2
for all m > mg. By (6.4.3), there is a constant C' > 0 such that for all

j = 1a co, Mo,

E|Qn — EQul < C/(j)*2(nlogn)’/? n=1,2,---.
We may assume that C' > 8Cy (Recall that Cp is given in (6.4.4)). By
induction (on m), all we have to prove is that for any m > my, if

E|Qn —EQn < C7(j)*?(nlogn)’? n=1,2,. (6.4.7)
for every j =1,--- ,m — 1 then
E|Qn — EQ.|™ < C™(m!)*?(nlogn)™? n=1,2,---. (6.4.8)

From (6.4.5) and (6.4.7) we have

(ElQn —BQu) "

< Loz mogay = 3 (") 02 n - a7

j=1

1/m
E|Qn, — EQu,|™ + EIQ),, — EQ., m} + Con/m(mty?/em.
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Notice that

m—1

Z(j)< /2 ((m J))S/Q_m'z D2 ((m — Y2 < (mt)*>(m — 1)

j=1

and that by (6.4.3)

Bm = sup {(n logn)~™/*E|Q, — EQn|m} < 00.

n>1

for every m > 1. We have

— 1/m
BTln/m < {T;lm—/zl(m;)S/QCm + } —|—C’0(m!)3/(2m)

— 1)/m o
< C%(m!)?ﬁ(?m) + 9 2m2 ﬂyln/m + Co(m!)S/(Qm).
Hence,
m_o\ —1 _ 1)1/m
Lm < —me2\ Tl (m o D)™ 3/ 2m)
ﬂm < ( P ) { \/i C+ Co}(m)

< (50 +4C0) (m)*/C™ < Oty

Therefore, (6.4.3) holds.
By (6.4.3) and Taylor expansion there is 6y > 0 such that

supEexp{\/T@n EQH|2/3}<OO. (6.4.9)

It remains to extend (6.4.9) to any € > 0. Indeed, for any 6 > 6y, one can
find an integer [ such that for any n there is an integer partition 0 = ng <

ni,- -, <n =nsuch that n; —n;—1 <n(lp/0) (i=1,---,1). Write
! I mi-1
O S SR TURRES 55 DD DI TR Y1)
=1 n;_1<j,k<n; i=2 j=1 k=n;_1+1

Observe that for each 2 < i </,

Mi—1 Mq—1 Mg —N4q—1

> Z Lys, sk}—Z Z Lis,=syy < In.
j=1 k=1

j=1 k=n;_1+1

By (6.2.1) (with d = 3 and p = 2) and Taylor expansion there is A > 0 such

that
ni—1 2/3
( ) Z 1{S_j—sk}) } < 0.

j=1 k=n;—1+1

sup E exp {

n>1
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By triangular inequality and Hoélder inequality, therefore,
I ni—1 2/3
SupIEexp{ — <ZZ Z 1¢s; Sk}) }<oo
n21 V/nlogn i=2 j=1 k=n;_1+1

for every A > 0.

By independence and by triangular inequality

Y Usi=sg—E Y lggmsy

n;—1<j,k<n; ni—1<j,k<n;

l

0
E JE
o (Y

)

<HE€XP{W|Q7LL ni_1 EQni*ni—1|2/3}

< H Eexp { 3/ 00 ’Q’I’Li*ni—l - Ememfl ‘2/3}.
i=1

(ni — ’I’Li_l) 10g(’l’Ll — ni_l)
Hence, the desired (6.4.1) follows from (6.4.9) and (6.4.10).

The proof of (6.4.2) can be carried out in a similar way, for the fact that
the inequality

E[ > 1{S(j)—§(k)}] <Cm™Mm)Pnm? mon=1,---  (6.4.11)
k=1

can be extended to the case d > 4 (Consequently, we have (6.4.4)). Indeed,
similar to (6.2.9),

E[ Z 1{S(j)—§(k)}:| | < Cm(m!)2[ Z P{S(j) = S(k)} |
J.k=1 j,k=1
y (5.1.6) one can show that as n — oo,
n _ n O(logn) d=4
D PLSG) =Sk} =) P{S(k+j) =0} =
jk=1 j k=1 O(1) d>5.

In particular, if we replace the right hand side by O(y/n) we obtain the
estimate

~ m 2, m/2
E{ ; 1{50)—5(@}] < ¢ (ml)n
Jk=1
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By the argument used in the proof of Theorem 6.2.1, the above bound can
be strengthened into (6.4.11). O

By slightly modifying our argument, Theorem 6.4.1 can be extended to
the renormalized range R,, — ER,. We give the following theorem without
proof.

Theorem 6.4.2 As d = 3,

0
strllpEexp {WW" . ]ERn|2/3} < oo forevery§>0. (6.4.12)

Asd >4,

supEexp R, —ER,|??} < x for some 6 > 0. 6.4.13
\/_

We now address integrabilities of maxi <x<n |Qr—EQx| and maxi <<y, |[Rr—
ERg|. On the one hand, we are not able to provide some sharp maximal
inequality in this context so the the integrabilities maxi<p<p |Qr — EQy]
and maxi<p<n |Rr — ERj| immediately follow from those of |Q, — EQ,|
and |R, — ER,|. On the other hand, by using entropy method in Sec-
tion D of Appendix, we are able to prove that maxi<x<n |Qr — EQx| and
maxi<k<n |Rr —ERj| have essentially same integrabilities as their marginals.

Theorem 6.4.3 As d = 3,

4 2/3
stTllp]Eexp {W nax |Qn — EQn| } <oco VO>0, (6.4.14)

0 2/3
sup Eexp {W jmax [R, — ER,| } <oo VO>0.  (6.4.15)

Asd >4,

_ 2/3
bupEeXp{ Tn 1<k< X |Qn —EQy| } < oo for some 6 >0, (6.4.16)

— _ 2/3
bup]EeXp { Tn max. |R, —ER,| } <oo for somef>0. (6.4.17)
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Proof. For similarity we only prove (6.4.14). We first claim that there is a
C > 0 such that for any nq,ne, any m > 1,

E|(Qn2 - EQTLQ) - (in - EQn1)|m (6418)

< (m))3/2C™ max{ny,ny}™*(log max{n1,no})™?ng — ny |™/*.

Assume ny < no.

ni no
Qo= Qui = D, Vsg=swn T2, Y, Usti=sw)
n1<j<k<ng J=1k=n1+1

and observe that

nlfl ng—mniy

ni no
SoX Lsm=sen £ D D Lisg—smy

j=1k=n+1 j=0 k=1
= Z lo(ny — 1,x)l~(n2 —ny,x)
T€Z3

where {S(k)} is an independent copy of {S(k)} and

lo(n,2) =Y sw=ats  1n.2) = Ligpy_py-
k=0 k=1

By Cauchy-Schwartz inequality,

E{ > lo(ny — 1,2)i(ny — nl,x)}m

TEZL3
= Z {EHlo(nl —1,xk)} [EHl(ng—nl,xk)}
T1, T €3 k=1 k=1
m 2y 1/2
< { Z |:E H lo(ﬂl - 1,.rk):|
T1, T EZ3 k=1
m 25 1/2
X { Z [EHl(ng—m,xk)] }
Ty, T €Z3 k=1
- 1/2 m 1/2
= {EInl—l} {E‘[n,g—nl}
where o Y
fn = 1 I, = 1
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By the moment bound given in (6.2.1) of Theorem 6.2.1 (with d = 3 and
p = 2), therefore, there is a constant ¢; > 0 independent of nq, ne, such that
for any m > 1,

]E[ Z lo(n1 — 1,2)l(n2 — n, a;)} < (m)3¥ 2™ (ng — ny)™/A.

TE€ZL3

Notice that .
Yo Lstr=st) = Qna—ni-

n1<j<k<ng

By Theorem 6.4.1, there is a constant co > 0 independent of n1,ns and m > 1
such that

E

‘ m

> Lsg=smy —E D Lsgy=sk)

ny<j<k<ns n1<j<k<ng

< (m)¥2 (ny — )™/ (log(na — na)™/%.

Summarizing our argument, we have proved (6.4.18).

Define the random variable Z,(-) in C]0, 1] by

Qr — EQx (Qry1 —EQry1) — (Qr — EQp)
Z(t) = ———— t—k
®) vnlogn +(n ) vnlogn
ift e %, %} for some 0 < k < n — 1. We claim that there is a constant
C > 0 such that
E|Z,(s) — Z,(t)|™ < C™(m!)3/%|s — t|™/* (6.4.19)

for every m,n > 1 and for any s,t € [0, 1].
Assume that |s — ¢| > 1/n. By (6.4.18)

E|Z,,(s) — Zu(8)]™ < C™ (m))*/>n="/4|[ns] — [nt]|"™/*.

Hence, (6.4.19) follows from the fact that as |s —¢| > 1/n,
|[ns] — [nt]]| < 3n|s—t|.

We now consider the case |s —t| < 1/n. If s,t is in the same interval
[E %], then

n’

(Qr+1 — EQr+1) — (Qx — EQy)
vnlogn ’

Zn(s) — Z,(t) =n(s — 1)
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By (6.4.18),

E|Z.(s) — Zn ()™

m n m/2 m
=|s —t] <logn) E|(Qr+1 — EQrs1) — (Qr — EQy)|
n m/2
< _ M | 3/2,vm, m/4 m/2
<|s—t <1ogn> (m1)>/=C™n™ % (logn)

< C™(m!)*2|s — ™/

Assume that |s — t| < 1/n and s,t are in two consecutive intervals. We

may only consider the case s < t. Let s € [% 5} and t € [k %} We

have
(Qrt1 — EQp11) — (Qk — EQy)
vnlogn
(Qr —EQk) — (Qr—1 — EQr—1)
vnlogn '
Observe that 0 < (nt — k), (k — ns) < n(t — s). Applying (6.4.18) to each of
the two parts on the right hand side gives (6.4.19).

Za(t) — Z,(s) = (nt — k)

+ (k —ns)

By (6.4.19) and Taylor expansion,

Z(s)— Z(t)|¥?
sup sup Eexp{c%}<oo

n>1 s,t€[0,1]
s#t

By Theorem D.6 in Appendix, there is a # > 0 such that

sup E exp {0 sup |Z(s) — Z(t)|2/3} < 00.
n>1 s,t€[0,1]

Taking s = 0 we conclude that (6.4.14) holds for some 6 > 0. By the same
argument used near the end of the proof for (6.4.1), we can extend (6.4.14)
to all 6 > 0. |

6.5 Notes and comments

Section 6.1.

The continuous and discrete settings are quite different when it comes
to exponential integrability. The multi-nomial inequalities in Theorem 6.1.1
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was established for I, in [24] and later extended to J, in [25]. Despite of
similarity in multi-nomial form, the argument for Theorem 6.1.2 is quite
different. The idea first appeared in Bass, Chen and Rosen [7].

Section 6.2.

The idea of using the moment inequalities to establish exponential in-
tegrabilities (Theorem 6.2.1) for I,, and J,, was first appear in Bass, Chen
and Rosen [6]. Prior to [6], the exponential integrability of intersection local
times was investigated by Brydges and Slade [17] in a different approach.

Section 6.3.

The part “d = 2”7 in Theorem 6.3.2 appears as a discrete version of expo-
nential integrability described in (4.3.3) and was obtained in two papers by
Bass, Chen and Rosen ([6], [7]). Prior to that, Brydges and Slade ([17]) had
established (6.3.5) in the setting of random walks with continuous time.

Section 6.4.
The main results of this section was established in [30].

Exercise 1. Prove an early result established the following result by
Brydges and Slade ([17]): For d > 3, there is a 64 > 0 such that

sup E exp {%Qn} <oo VO <y

n>1
Hint: This is same as

supEexp{%(Qn —]EQT,,)} <oo VO<by

n>1
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Chapter 7

Large deviations:
independent random walks

Our goal in this chapter is to establish the large deviations for the mutual
intersection local times run by p independent random walks in Z?, and for
the intersection of the ranges of these random walks. We consider three very
different situations: sub-critical dimensions (p(d—2) < d), critical-dimensions
(p(d — 2) = d) and super-critical dimensions (p(d — 2) > d).

The large deviations for I,, and J,, we shall establish in the case p(d —
2) < d are also called moderate deviations, since they are essentially discrete
version of the large deviation principle for a([O, 1]1’) (Theorem 3.3.2).

In the case p(d — 2) = d, I, and J, are attracted by I'-distributions
(Theorem 5.5.1). Therefore, the moderate deviations for I,, and J,, should
yield I'-tails. On the other hand, the Gagliardo-Nirenberg inequality still
holds (and is called Sobolev inequality) in the critical dimensions. This raises
the possibility that in addition to the moderate deviations of I'-tails, I,
and .J, might obey a large deviation principle associated with the Sobolev
constant x(d, p).

The independent trajectories intersect at most finitely many times when
p(d — 2) > d. Consequently, the random variables I, and J,, are well
defined for measuring the intersections in a whole life time. The problem in
the super-critical dimensions is to study the large deviations for I, and Jo.

239
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7.1 Feynman-Kac minorations

Despite of their close relation to the large deviation stated in Theorem 3.3.2,
the method of high moment minoration developed in Chapter 3 does not
apply directly to the moderate deviations for I,, and J,, for lack of the scaling
property in the discrete setting. In our treatment for the moderate deviations
given in the next section, the upper bounds rely on the moment inequalities
established in (6.1.7) and in (6.1.8) and the laws of weak convergence stated
in Theorem 5.3.2 and in Theorem 5.3.4. For the lower bounds, we need
to extend the Feynman-Kac large deviation given in Theorem 4.1.6 to the
discrete setting. That is the major goal of this section

As usual, {S(n)} is a symmetric, square integrable random walk in Z?

with the smallest supporting group being Z?.

Theorem 7.1.1 For any bounded, continuous function f on RY,

bn bn
it g { 2.1 (y/5st0)}

> sup { f(Fl/zx)g2(x)d9c— l/ |Vg(ac)|2dac}

gE€Fa

where Fyq is the set of the functions g on R with

/ lg(z)|?de =1 and / |Vg(x)2dzx < oo.
Rd Rd

Proof. We first prove Lemma 7.2 under the aperiodicity assumption on
the random walks. Let «, be a sequence of odd integers such that ~, ~ b,
(n — o0) and write t, = [n/v,] Then t,v, < n < (t, + 1)y,. By the
boundedness of f,

S () =SS sy Esw) + 06 1)

k=1 j=1 k=jtn,+1

Hence, we need only to show that

Yn— 1(G+D)tn—
llnnilgfb—logEexp{ Z Z f \/ } (7.1.1)

=1 k=jt,+1

> s { [ jeap@an- g [ Vg<x>|2da:}.
Rd 2 Jpa

1Only the lower bounds are installed here. On the other hand, it is very likely that
correspondent upper bounds hold.
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For each n, define the linear operator 2, on £2(Z9) as
anf(l‘):]E(exp{ Zf(\/ $+S( )))}§(x+5(tn))>
where x € Z% and ¢ € £2(Z%). We claim that 2, is symmetric:
(€ Anm) = (Ank,m) &€ L2(L7). (7.1.2)
Indeed,
(&, Ann)

:gz:dg(a:)ﬂi<e><p{ tz_lf(ﬁ <>))}n<x+s<tn>)>
:E<w§d5<x)exp{ S (e <>))}n(w+s<tn>)>
:E<mezwg(x_ e {2 fif(\f (4 S0) - S(tn)))}n(w)>
zxgdn@)n«:(exp{ Zf(\f (z +S(k) - S(tn»)f(x—S(tn)))

where the third equality follows from translation invariance

Observe that

tnzlf(\/7 S(k) = S(ta) ) = tnif([msg k)= 5(t))).

If we write

S(k) = S(tn — k) — S(tn) k=1,

ctn—1
by symmetry of the random walk we have

{5(k) ke, -1 £ {S(k) hzhzt,—1.

Consequently,
(exp{ filf(f (a4 500 = 5)) bele - s<tn>)>
(exp { ti f(\/> (z+S(k))) }f(x + S(tn))>.
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Summarizing what we have proved,

(& Anm) = > n(x) (exp{ tiff(\/» (z+S(k )))}E(erS(tn)))

ISYA

which is (7.1.2).

By the boundedness of f, it is easy to see that for each n, 2, is bounded.
Consequently, 2, is self-adjoint.

Let g € S(R?) be supported by a finite box [~ M, M]¢ and assume that

[ lat@Pds = 1.
&n(x) = ( > 92< %y))_mg(\/%x) x ezl

y€eZ

Write

By increment independence,

Yn— 1(J+1)tn 1
Eexp{ Z Z f \/7 }

j=1 k=jt,+1

= 3 P{S(t) :x}Eexp{ %z_:l Jtzfl f(\/%(xﬁ—S(k)))}

weL J=1 k=(j—-1tn+1
1 +o(1) ( 2,/ bn ) P{S(t,) =

<exp{ Z jfil f( (x—l—S(k)))}

J=1 k=(G-1)tn+1

X &n (2 + S((ym — 1)tn))>
ST (5 (1)) 3 pisten) = s 6

y€ezd €74

Notice that
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By (5.1.2) (with n being replaced by t,,) in Theorem 5.1.12

P{S(tn )—x}>c(bn>d/ e {—M\/g, M\/g]d

Since &, () = 0 outside the box

n nd
M= M. =
b’ bn}
there is a 6 > 0 such that

pen {23y ()}

j=1 k=jt,+1
> 6 3 en@)T 1 (E0)(@) = 6(n, A 6n).

TEZD

By Theorem E.1 in Appendix, the self-adjoint operator 2{,, admits the
spectral integral representation

(oo}

A, = / AE(dN).

— 00

By Corollary E.4 in Appendix,
At = / A TLE(dA).
By (E.15) in Appendix, the above representations lead to

(€ M) = /_ Me, (dN),

oo

@ﬂwﬁm=/ XL e (dA)

Notice ((E.5), Appendix) that pe, (R) = 1. That means that the spectral
measure U¢, is a probability measure on R. By, Jensen inequality

e’} Yn—1
@ﬂm*m>([ mmwﬂ (e A

Thus,

Intn
hnrggfb—logEeXP{ Z f(\/ )} > lim inf log(§n, An&n)-

k=t,+1

2This is where we use the extra assumption on aperiodicity
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Notice that

<§n7mn§n>
= x ex b—ntn_l b—n x nlT n
%ng E( P{n kZlf(\/:( +S(k)))}£( + St >)>

(1+0(1) | dugla)
(exp{ tijlf(xﬂf())}g(xﬂ/%san)))

— Rdg(x)E<exp{/0 f(x+F1/2W(t))dt}g(x+F1/2W(1))>d3:

as n — 00, where the last step partially follows from invariant principle.

By the variable substitution & — I''/2z, the integral on the right hand
side is equal to

/Rd ﬁ(x)E(eXp { /01 flz+ W(t))dt}’g“(x + W(1))> da
2 eXP{ - F(2)g* (w)da — %/R V'g“(x)2dx}

) = F(TV2),  G(a) = det(T) /g (T /22)
and where the inequality follows from (4.1.25) (with ¢ = 1; and with f and g
being replaced by f and g, respectively.).

where

Summarizing our argument,

1(J+1)tn—1
hnnig(l)fb—logEexp{ Z Z f U }

j=1 k=jtn,+1

1 ~

FO P @) =5 [ Vo).
Rd 2 d

Notice that the set of g is dense in Fy. Taking supremum over g on the right

hand side leads to the desired conclusion (7.1.1) and therefore to Theorem

7.1.1.

We now drop the aperiodicity condition by performing resolvent approx-
imation. Recall that 0 < § < 1 be fixed and let {d,,} is a Bernoulli sequence
independent of {S(n)} such that

P{5, =1} = 1 — P{5, = 0} = 0.
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Write 79 = 0 and
o =min{k > 7,_1; =1} n=12.--

Then {7, — Tn—1}n>1 is an i.i.d. sequence with common (geometric) distri-
bution
P{r =k} =0(1-0)""1 k=12---.

Notice that {S(7,)} is a random walk whose increment has the distribu-
tion

P{S(r) =z} = Ze 0)- ' P{S(k) = x}.

k=1
In particular,

Cov (S(Tl), S(T1)> =En -T=60"'T

and, P{S(r1) = 0} > 0 implies that {S(7,)} is aperiodic. {S(7,)} is called
resolvent random walk of {S(n)} in literature.

Applying what we have proved to the aperiodic random walk {S(7,)},

hnrriloréfb—log]Eexp{%;f(\/%S(Tk))} (7.1.3)

1
> sup { [ g0 - 5 [ 9gpas).

9€Fa

On the other hand, observe that

R - .
I;f(\/;ﬂm))—;&kf(ﬁ Sth) <30 1(\/22sh)-

k=1

Let A > 6~ be fixed for a moment. We have

E exp {%" f:f(\/%sm))}
<men {23 1( o)}
<exp{ Zf(\/7 )}1{T>M}>

Notice that the second term on the right hand side is bounded by

exp {HfHoobn}IP’{rn > n).
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By Cramér theorem (Theorem 1.1.5) there is § > 0 such that
P{7, > An} <e™"

for large n. By (7.1.3), therefore,

hnn_ligfb—logEeXp{ [/\zn:f(\/i )}

2sup{ FO P g e 5 [ |v9<x>|2da:}.
Rd Rd

gE€Fa

Letting # — 1 on the right hand side gives

hnrggfb—logEexp{ in:]f(\/» )}

> s { [ a5 [ 9ata).

9g€Fa

Replacing [An] by n, and f by A~1f gives,

by bn
it g {2 2.1 (y/5st0)}

> sup { f(TY22) g% (x)dx — %/ |Vg(x)|2dx}.
gE€EFa Rd Rd

Finally, letting A — 17 on the right hand side proves Theorem 7.1.1. O

In our next major theorem, we establish the Feynman-Kac minoration for
the sum over the range.

Theorem 7.1.2 Let f be a bounded, continuous function on R?.

(1) When d = 2,

hnnilcgfb_nge {b nlogn Z f \/ } (7.1.4)

z€S[1,n]

> sup {27r\/det f 22) g2 (x)dx — %/ Vg(x)|2dac}
R2

gEF2

for any positive sequence {by,} satisfying

b, — oo and b, =o(logn) (n — ).
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(2) When d = 3,
hnrriloréfb—logEexp{ Z f \/ } (7.1.5)
z€S[1,n]
> sup fos [ 502 we - 5 [ 19ate)Pas
gEFs3 2 R3

for any positive sequence {bn} satisfying

b, — oo and bnzo(nl/?’) (n — 0).

Compared to Theorem 7.1.1, the proof of Theorem 7.1.2 is much harder:
The occupation time we work with in Theorem 7.1.1 satisfies the additivity

;f(\/;S(D_;f(\/ZS())+l§lf(\/;S()) gk > 1.

On the other hand, this is no longer the case for the sum over the range.
Instead, we have only the sub-additivity in the sense

> (s E e 2 (i) e

z€S[1,j+k] z€S[1,5] zeS[j+1,j+k]
which is against our interest as we try to work on the lower bound.

The proof of Theorem 7.1.2 consists of two steps. As the first step we

work on the quantity
Yn—1
DR DR (V6

Jj=1 z€S(jt,,(j+1)tn]

> i)

z€S[1,n]

instead on

where 7, is a sequence of odd integers such that ~, ~ b, (n — oo0) and
tn = [n/7n].

Lemma 7.1.3 (1) When d =2,

bnlogn v
117Lnigfb—10gJEe { Z > f \/ } (7.1.6)

J=0 z€S(jtn,(j+1)t,]

> sup {27r\/det f (TY22) g2 (x)dx — 5/ |Vg($)|2dm}
RZ
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if logb, = o(logn).
(2) When d > 3,

Yn—
hnnilcgf b_ log E exp { Z Z f \/> } (7.1.7)

J=0 z€S(jtn,(j+1)tn]

> sup { f(Fl/2 x——/ |Vg(z)]| da:}

geF3

if by, = o(n).

Proof. Due to similarity we only consider the case d = 2. The approach
is very close to the one used in the proof of Theorem 7.1.1. By resolvent
approximation performed in the proof of Theorem 7.1.1, we may assume the
aperiodicity of the random walks. Observe that

Tn— bn Tn—
SIS RNICCEES DD
J=0 z€S(jtn,(j+1)tn] J=0 z€S(jtn,(j+1)tn)

< 1 flloo#{ S(ta), S(@tn), -+, SGtn) } < 11 llocTe

So the right hand side is negligible here. Thus, we need only to establish

Yn—1
lgggfb—logEe p{bnlzgn Z Z f(\/%ﬁb)} (7.1.8)

J=1 ze8(jtn,(j+1)tn)

> sup {27r\/det f (TY22) g% (x)dx — %/ |Vg(x)|2da:.}.
R2

gEF2

Define the continuous linear operator 9B,, on £2(Z%) as

%nf(x):E<exp{bnlzgn f \/7 } x4 S(t )))

y—z€S[1,t,—1]

Similar to (7.1.2), B,, is self-adjoint. Let g be a bounded function on R
and assume that ¢ is infinitely differentiable, supported by a finite square

[~ M, M]? with
/ lg(a)Pde = 1
R2

n(z) = ( > 92( %y))_mg(\/%x) x €7

and write
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An estimate used in the proof of Theorem 7.1.1 leads to

Eexp{ b logn s Z 3 ; \/‘ }

7=1 2€S(jtn,(j+1)ts)

S (M )

T€Z2 J=1 y—zeS((j—1)tn,jtn)

x & (ac +S((m — 1)tn)>>
= 0(&n, B 1) = 6(6n, Br&n) !

where the last step follows from the argument based on spectral representa-
tion and Jensen inequality.

In addition,

= (1+0(1)) /R? dxg(z)
x]E(exp{b”l% Z f(:r—k\/%y)}g(a:—k\/%S(tn)))
z€S[1,t,—1]

1
—>/ g(x)E(exp{(?ﬂ)\/det(F)/ f($+F1/2W(t))dt}
R? 0
g(z+ FI/QW(l))>d;v (n — o0)

where the last step follows (5.3.41) in Theorem 5.3.6 with n being replacing
by t, — 1 3.

By (4.1.25) and by integration variable substitution, therefore,

by logn /
hnnllo%f b_ log E exp { Z Z f }

J=1 z€S(jtn,(j+1)tn)

> 2m+/dot(T) /]R PO 20) (@) — /]R Vi(2)[2dz

where §(z) = det(I")'/*g(I''/2z). Taking supremum over g on the right hand
side leads to (7.1.8). O

30ur assumption on by, implies that logn ~ log(t, — 1)
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Observe that

DN SRR TR SR

J=0 z€S(jtn,(5+1)tn] z€S[L,vntn]

IYn—
Z f(\/7 >{ Z 1{I€S(jt7zv(j+1)t7z]} - I{IES[I,'yntn]}}-

By the fact that

Yn—1

D laesGtaG40t]y — Lresmt)y 20 @ €2
j=0

Yn—1

> o> f \/ ! \/

J=0 z€S(jtn,(j+1)tn] TeS Antn]

< |f||oo{vf#{s b, (G + 1)ta] — #{S[1, }}

Therefore, as the second (and the last step) of the proof of Theorem 7.1.2,
we establish the following lemma.

Lemma 7.1.4 Let b, be a positive sequence with b, — oo and b, = o(n).
For each n, let 1 =ng <ni < --- < mn,, =n be an integer partition of [1,n]
such that v, ~ by, and n; —nj_1 ~ n/b, uniformly over 1 < j < ,.

(1). When d =2,

Tn
hmsupb—logIEexp{Gb logn(z#{s (nj—1,n;]} — #{S[L,n })} =0

n—oo

for any 0 > 0, if b, = o(logn) (n — o).
(2). When d =3,

b, /&
hgl_}bolipb—logEexp {9—(;#{5 nj_1,M;j } #{S 1,n })} =0
for any 0 >0, if b, = o(n'/3) (n — ).

Proof. Due to similarity, we only deal with the case d = 2. We start with
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the decomposition

i#{s(ny‘—hnﬂ} — #{S[1,n]}

= in: (#{5(%‘717”3‘]} - ]E#{S("J‘*l’”jm

Jj=1

+(E#{Sl7n}—#{51 nl})

+

M<

(]E#{S nj-1,n]} — E#{S[1,n]}).

j=1

By (5.3.39)

Tn

Z (E#{S(nj_l,nj]} - ]E#{S[l,n]}) = 0( L ) (n — 0).

= logn

By (6.3.4) in Theorem 6.3.2 there is a ¢ > 0 such that
lo
supEexp{ ( 0g 1) (E#{S [1 n} #{S 1,n })} 00.

It remains to show

. 1 logn R
lim b—logEexp{ [Z:l (#{S nj_1,Mn; }

n—oo n

— E#{S(n;1,n5) }S]}

This follows from independence

E exp {eb" l:;’g" {i: (#{5(n-1,ms]} - E#{S(ny‘—unﬂ})] }

Jj=1

251

:ﬁEeXp{ bn logn(#{Sl nj — nj—l]}—E#{S[l,nj—nj_l]})}

and from the fact (implied by (6.3.18) in Theorem 6.3.3) that

lim Eexp {9

n—oo

by logn
n

uniformly over 1 < j < ,.

(#{S[l,nj —nj_1]} —E#{S[l,n; — nj_l]}>} =1

O
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7.2 Moderate deviations in sub-critical dimen-
sions

Recall that
L= 4 (ol Si(k) = o = Sy(0) )
Jn =#{S1[1,n]N--- N S,[1,n]}.

Historically, the phrase “moderate deviation” is often used for the large
deviation principle associated with some weak law of convergence. Recall,
for example, that (Theorem 5.3.2) under p(d — 2) < d,

2p—d(p—1)

n= 2 I, —>det( )~ 1()4([0,1]73)

o= [ [ftf s

is the mutual intersection local time run by independent d-dimensional Brow-
nian motions Wi (t),--- , W,(t).

where

Consequently, for each large but fixed b > 0,

{1 = a0 L 2 pLa((0,1)7) 2 Adet(r) 2 b
or,
Tim. %logP{In > )\n$bu} (7.2.1)
= %bgp{a([o, 17) > )\det(F)pT_lbw}.
By Theorem 3.3.2 (or its version in (3.3.4)),
t{rélO%logP{a([O, ) 2 5} = Li(a p) i, (7.2.2)

Here we recall that x(d,p) > 0 is the best constant of Gagliardo-Nirenberg
inequality

d(p—1) d(p—1)

£l < CIIVHl ™ 1Ifll, = feW2RY

and

WEARY) = {f € L2(RY); Vfe L2(RY)}.
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Let b — oo in (7.2.1). By (7.2.2), the right hand side of (7.2.1) converges
to
£ det(I)!/1(d, p) WD ATET

Therefore, it is not hard to believe ( probably not hard to even prove) that

p—d(p d(p—1)
lim b—logIP{I > b, 7 )

n—oo n

—idet(F)l/d/@(d,pY%,\ﬁ

if b, increases to infinity with sufficiently slow rate.

The general observation we made here does not have any practical value
if we can not say anything about the rate of b,, except the words “sufficiently
slow”. In the direction of moderate deviations, the concern is whether the
result includes all “right” sequences b, or, at least those crucial to applica-
tions (such as b, = loglogn to the law of the iterated logarithm). Our main
results in this section are the moderate deviations for I,, and .J, associated

to the weak laws given in Theorem 5.3.2 and in Theorem 5.3.4, respectively.

Theorem 7.2.1 Under p(d —2) < d,

d(p—1)
lim b—logIP’{I > An bn E

n—oo n

— _g det(F)l/dﬁ(d,p)iﬁAﬁ

}

for any X\ > 0 and for any positive sequence {b,} satisfying

b, — 00 and b, =o(n) (n — 00).

Proof. By Theorem 1.2.6, we need only to show that for any 6 > 0,

o1 N e et N V)
nILrI;O ™ logmzz:o oot (z) (EI,L ) =U(0) (7.2.3)
where
1)
() = 2p — Zgj i) (d( p_ 1)) i (7.2.4)

_ p—1 4p 2p
X det(I‘) 2p—d(p—1) /i(d,p) 2p—d(p—1) () 2p—d(p—1) ,

We now work on the upper bound of (7.2.3). Let ¢ > 0 be fixed and let
= [tn/b,] and v, = [n/t,]. Then n < t, (v, + 1). By takinga = v, + 1 in
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inequality (6.1.8) we have

b 2p—d(p—1)

f)—@m(;") T (e

|
m,:Om.
oo 2p—d(p—1) Yn+1
L m(bn ™ N\ 1/p
f( " () (RL7) :
m=0 :

From Theorem 5.3.2,

2p—d(p—1
by, == 2p—d(p—1)

() L, <577 det() "7 ([0, 1)7)

as n — 00. By (6.2.1) in Theorem 6.2.1 and by dominated convergence,

=1 m [ bn ogr—tm m\1/p

> () (ER)

. Z %Hmt (p l)md t(F) lm(Ea([O,l]p)m)l/p.
m=0 ’

Summarizing our argument

. 1 e T - R

s o (3 o (%) CHRY
1 > 2p—d(p—1) m\ 1/p
—_ R 7" —3p M p

<l g<m§l Oj m,e det(T) ™= (Ea([O, 1]7) ) )

By (7.2.2) and Theorem 1.2.8,

lim %log < f: _em S et (1)~ (Ea([o, 1]p)m>1/p)

t—o0
m= O

— 1 v
= sup {9 det(F)_W)\ - —m(d,p)ﬁ)\ﬁ}
A>0 2

= 0(0).

Thus, we have established the upper bound for (7.2.3).

We now prove the lower bound for (7.2.3). Recall the representation:

= Z H li(n, x).

zeZd j=1
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By independence, for any integer m > 1
m P
R = ) []E 11 l(mmk)] .
T1, T €EZY k=1

Let ¢ > 1 be the conjugate of p and let f be a bounded, continuous and
locally supported function on R? such that ||f||, = 1. Write

bn q 1/q
Cn:(z (v 5] ) '
zeZd
By Hélder inequality

(EIZ;)I/P > C;m Z f( %xl) .. .f(@xT,,)EIf[ll(n,xk)

I
— Co"E {%Z: f(\/%x)z(n, x)} " cnmm{éf(\/%saf))} "

Consequently,
[e’e} bn 2p—d(p—1)

S () Ty

m=0

> Eexp {9(%’) e o zn: f( %"S(k:))}.

k=1

Observe that

C ~ (%) e (/}Rd |f($)|qu> v (%)d(g;n (n — ).

By Theorem 7.1.1, therefore,

00 2p—d(p=1)

| 0™ /by, b7 m
hnrrilgf ™ log <m§_:0 — (—) (EI” )1/p>

> sup fo [ e - [ 9aopac).

9g€Fa R4

Notice that the set of bounded, continuous and locally supported functions
f is dense on the unit sphere of £9(R%), and that when f runs over this set,
so dose the function )

fr(z) = det(I")2a f(I'Y/2z).
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Taking supremum over f on the right hand side gives

P 1 = 1 m by, %m’ m\ 1/p
lim inf ;- log (;_30 " () (ery)"”)
, VP
> sup {Qdet(F)_ﬁ</ |g(x)|2pdx) - —/ |Vg(x)|2dx}
9€Fq R 2 Jpa

= V(0)
where the last step follows from Theorem C.1 in Appendix.

We have proved the lower bound for (7.2.3). O

Theorem 7.2.2 (1). Asd=2 andp > 2,

1 n
im — > p—1 2.
Jim o~ log IP’{Jn > Nioe o } (7.2.5)

= —£(2m) 71 det(I) D w(2,p) AT
for any A > 0 and for any positive sequence b, satisfying

b, — oo and b, =o(logn) (n — ).
(2). Asd=3 and p =2,
Tlim. i log}P’{Jn > Am} — —det(T)Y/3y~4/35(3,2)78/3)2/3  (7.2.6)
for any A > 0 and for any positive sequence b, satisfying

b, — o0 and b, = 0(n1/3) (n — o0).

Proof. By Theorem 1.2.6, we need only to show that when d = 2 and p > 2,

i o 3 () )

_ 12— Dyt 710V°+/det(T)k 2p
= (F5)" Cxop Vi, p)

and that when d = 3 and p = 2
.1 R O™ b\ N1/2
Jm g 32T () (728)

- %(2)3%9)4det<r>‘1/<<3,2>8~
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They can be proved in a similar way as the proof of (7.2.3). |

We end this section by the following comment on the restrictions that we
put on the positive sequence {b,}. By the fact that I, < n?, it is unlikely
that the tail behavior of the probability

P{I, > An"}

would fall into the pattern described in Theorem 7.2.1. Thus, the restriction
“bp, = o(n)” is best possible for Theorem 7.2.1.

By the fact that J, < n, the restriction “b,, = 0(n1/3)” is best possible
for Theorem 7.2.2 in the case d = 3 and p = 2.

As for Theorem 7.2.2 in the case d = 2 and p > 2, we prove that for any
A > 274 /det(T") such that that

. 1
lim
n—oo logn

n
logP{J, > - . 2.
og {J _/\logn} 00 (7.2.9)

This fact shows that Theorem 7.2.2 fails if we take b,, = logn when d = 2.

By the fact that J, decreases as p increases, we need only to establish
(7.2.9) in the case p = 2. By the fact that

we have

n n

P{an/\ }gP{an/\ }gP{Rn—Eane n }

logn logn logn
for any 0 < € < A — 2w4/det(T"). Here we use the fact ((5.3.39)) that

ER, ~ 27 det(F)%.

According to (6.3.18) in Theorem 6.3.3, for any 6 > 0
1 2
sup E exp {0@(1&1 — ERn)} < 0

which leads to (7.2.9) by a standard way of using Chebyshev inequality.

7.3 Laws of the iterated logarithm

In this section we apply the moderate deviations established in Section 7.2
to the following laws of the iterated logarithm.
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Theorem 7.3.1 Under p(d —2) < d,

2p—d(p—1) d(p—1)

limsupn™ 2 (loglogn)™ 2 I,
2 7(1(;)2—1) p—1
= <2—9) det(I) ™= k(d, p)?" a.s.

Theorem 7.3.2 (1). Asd=2 and p > 2,

lim sup (log n)pp71 Jn = (2m)P <%)p71\/det(r)ﬁ(2,p)2p a.s. (7.3.1)

n—oo n(loglogn)

(2). Asd=3 and p =2,

1
lim sup ————J, = 72 det(I')"/2(3,2)* a.s. (7.3.2)
n—oo 1/n(loglogn)3

Given the moderate deviations in Section 7.2, the proof of the upper
bounds for Theorem 7.3.1 and Theorem 7.3.2 is a standard practice of the
Borel-Cantelli lemma. To establish the lower bounds, we introduce the follow-
ing notation: For any § = (y1,--- ,y,) € (Z%)P, P; and E; are, respectively,
the distribution and expectation with respect to the trajectories of the ran-
dom walks S1(k), - -, Sp(k) with the starting points S1(0) = y1,---,5p(0) =
Yp. In connection with the notation we usually use, P{-} = Pg{-} and
E{-} = Eg{-} Set b, =loglogn and t, = [n/by].

Examining the proof of Theorem 3.3.7 carefully, all we need is to show
that

d(p—1
liminf log inf PBy{I, > A p ) (7.3.3)

n—0o0 b’ﬂ |g|§\/tn

= —g det(T)/k(d, p)~ To- T ATET

and that

1 n
lim inf — 1 inf Py{J, >\ pr1 34
WS by O (gl y{J ~ " (logn)r " } (734

p —_P — L _2p 1
:—5(27r) p—1 det(T") " 2-D g(2,p) P T AP 1T

when d = 2, p > 2; and

lim —log inf IP’g{Jn > )\\/nb;’;} (7.3.5)

n—o0 by, 171<VEn

_ det(l“)l/3v*4/3m(3, 2)78/3)\2/3
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where A > 0 is arbitrary.

Due to similarity we only prove (7.3.3). Notice that for any § = (y1,--- ,yp) €
@z,

E I = Z HEHlnxk y;). (7.3.6)

Z1, -, xm €LY =1 k=1

By Hélder inequality, E; I < EI™ for all § € (Z4)P. By (7.2.3), therefore,

1 e ™ /b, 2p—d(p=1) 1/p
lim —log sup Z — (= B E—Im>
n—oo bn ge(zd)r 0 m:\n

— U(9)

for all 8 > 0, where ¥(#) is written in (7.2.4). By a general argument based
on Theorem 1.2.6, we will have (7.3.3) if we can show that for each 6 > 0,

Qm b 2p— d(P 1)m

liminfilog inf Z '(

(E Im)l/p >W(9). (7.3.7)
n—oo by |gl<vin £ o -

n

By the method of resolvent approximation, we may assume that the ran-
dom walks are aperiodic in our proof of (7.3.7). By (7.3.6),

EyI™ > Z H H (n, 2k — yj) — Utn, Tk — ;)]

T1, - ,xm€Zd j=1 k=1

= Z H ZP{S(tn)zz—yj}EHl(n—tn,xk—z)
k=1

T, e, €24 J=1 2€24
where the last step follows from increment independence.

Write B, = {z € Z%; |z| < ey/f,}, where € > 0 is fixed but arbitrary. By
(5.1.2) in Lemma 5.1.1%, there is a constant ¢ > 0 such that

P{S(t,) =z} > ct;¥* Vze2B,.

4This is where the aperiodicity is needed
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Consequently,
inf E;I™

Yy'n

[91SVEn

> (Pt dp/? Z ﬁz ﬁ ln—ty, oz, —2)

1, ,xm€ZL J=1 2€B, =

p m
D DIED DI | B | CC )
j=1 k=1

21, ,2p€Bn 1, ,x €24 ]
m
= Pt w/? Z E( Z Hlj(n—tn,x—yj)>
z1, ,2p€EBy zeZd j=1
p m
> Pt P2 (B pE( SN #B)T > Hlj(n—tn,:c—yj))
T €L 21, ,2p€By j=1
=Pt dp/z# pE(ZHCJnx)
x€Zd j=1

where the fourth inequality follows from Jensen inequality and

Gi(n,w) = Z Li(n —tn,x — 2).

z€B,,

The problem has been reduced from (7.3.7) to

2p—d(p—1)

lim inf lim inf —n log Z (l; ) % (7.3.8)
x {E( > HQ(mx)) }Up > U(6).

x€Zd j=1

Let f(z) be a bounded, uniformly continuous function locally supported
on R? with ||f||, = 1. By independence and by similar estimation used in

last section
1/p
n xk ] }
n J,‘k

Cz o)} ={ 5 Bl
efla

2o T () o e

Ty, T €L k=

= OnmE[ 3 f(\/%x)cmmr

T €L

—
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o~ { SIS

YA
o gm p, | 2=l P my 1/p
> () {e( X Town) }

where

Summing up on the both sides,

m=0 zezd j=1
> Eexp {9(%) e ct Z f(\/%l‘)((n, x)}
z€Z4

On the other hand, set
@) = (Kae) ™ [ faspdy ver
{ly|<e}

where K is the volume of a d-dimensional unit ball. By uniform continuity

of f,
bn
%f(\/; )¢n.a)
Zln—tn,x Zf(fx—l—z))

z€Z? z€B,
O bn .
> 3 (yfrew+2)

n—tn
> @(y/ 22 sw).
k=1
By the fact that C,, ~ (n/b,)%?4, and by Theorem 7.1.1 (with f being
replaced by D.f),

0o m 2p—d(p=1) . P m~y 1/p
nnniioréfbilog;%(%) ZP {E(Z HCj(M@) }

n zezd j=1

> sup {0 [ D 0w - [ aoas).
Rd Rd

gE€Fa

Letting ¢ — 0" on the both sides gives that

m %(pl’—l)m p m~y 1/p
heg(l)gfhggl;f—lo Z ( ) {E(ZHQ(n,x)) }

z€Z4 j=1

>sup{ f(TY22)g x——/ Vg(x dx}
gEFa R4
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Taking supremum over f on the right hand side leads to (7.3.8). O

7.4 What do we expect in critical dimensions?

The laws of the iterated logarithm for I,, and J, in the critical dimensions
have been obtained in Marcus and Rosen ([128], [144]).

Theorem 7.4.1 Assume additionally that the i.i.d. increments of the ran-
dom walks have finite third moment.

(1). When d=4 andp =2,

I, 1
lim sup = a.s. (74.1)

n—oo nlogloglogn 272, /det(I)

2
lim sup I = 5 a.s. (7.4.2)

n—oo nlogloglogn 272, /det(T)

(2). Whend=p=23,

I, 1
li = .8. 7.4.3
e logloglogn 272 det(T") s ( )

. In 73
lims = .S. 7.4.4
lfffo‘ip nlogloglogn 272 det(T) @8 ( )

We skip the proof. The reader is referred to Marcus and Rosen [128] for
the proof of Part (1) and to Rosen [144] for Part (2).

If we interpret the results given in Theorem 7.4.1 in terms of large devia-
tions, or if we exam the proofs given in Marcus-Rosen [128] and Rosen [144],
we would see that in the critical dimensions (defined by p(d — 2) = d),

1
lim — log]P’{In > by, 1ogn} — —Cy(d, p)A (7.4.5)
o1
lim logIP{Jn > by, 1ogn} — —Cy(d, p)A (7.4.6)

for small scale b, (b, =logloglogn in the papers [128] and [144]).
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In (7.4.5) and (7.4.6), I,/ logn and J,,/ log n have the tails asymptotically
same as the tails of I'-distributions. This behavior is due to the fact (Theorem
5.5.1) that I,/ logn and J, / logn weakly converges to I-distributions. In this
regard, (7.4.5) and (7.4.6) are indeed moderate deviations.

On the other hand, it is highly unlikely that (7.4.5) and (7.4.5) hold for
any b, growing faster than logn. What has not been known is the forms
of the large deviations, if any, for I, and J,, when the deviation scale b,, is
large. We notice, however, that all moderate deviations for I,, in sub-critical
dimensions involve with the best constant «(d, p) of the Gagliardo-Nirenberg
inequality

d(p—1)

2p 1- 2p
fll2p < CUVFI ™ ISl feWhARY).

Further, notice the case p(d — 2) = d is critical to the inequality. Indeed, the
Gagliardo-Nirenberg inequality becomes Sobolev inequality

1fllzp < CIVFll2 f e WH(RY).
In view of (7.4.5), (7.4.6) and Theorem 7.2.2, based on the facts that b? =

by logn as b, = (log n)ﬁ and that I, < n?, J, < n, we make the following
conjecture.

d(p—1)

Conjecture 7.4.2 When p(d — 2) = d, the large deviation principle

1
lim — logIP’{In > Abg} - —12—’ det(T) Yk (d, p)~2AL/P (7.4.7)

n—oo n

holds for A > 0 and for positive sequence by, with

lim bn/(logn)ﬁ =00 and b, =o(n).

Similarly,

lim bi log]P’{Jn > Abﬂ;} = —ygg det(D) 4k (d, p) "2\ (7.4.8)

n—oo n

holds for A > 0 and for positive sequence b,, with

lim bn/(logn)ﬁ =00 and b, = o(nl/”).

7.5 Large deviations in super-critical dimen-
sions

We now move to the super-critical dimensions known as p(d —2) > d. In this
case,

Io = #{(k1, - ,kp); Si(k1) =---=5p(kp)} <00 a.s.
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Joo = #{S1[1,00) N---NSy[1,00)} <00 a.s.
We are interested in the tail probabilities
P{I, >t} and P{J, >t}

as t — oo. In this section we shall investigate the tail behavior of .

Theorem 7.5.1 There is —oo < L < 0o such that

1 1
klirr;o % log (k!)pEIOO = L. (7.5.1)
Consequently,
tlim t/p logP{lc >t} = —pe~L/P, (7.5.2)

Proof. We need only to show (7.5.1) as (7.5.2) is a consequence of (7.5.1)
(Theorem 1.2.7). To this end we define the “augmented” intersection local
time I, by

Lo= Y Usi)=-=50,)}

i1, yip=0

That is, we include the intersection at time 0. We first claim that there is an
extended number —oco < L < oo such that

1 1 -
lim = log EI* = L. (7.5.3)

By Lemma 1.3.1, it suffices for (7.5.3) to show that
o 1/p k+1 S \YP o N1/P
(BIE) " < . (B%) (kL) (7.5.4)

holds for any integers &k, > 1.
Write

Iz) =) 1s)—a}-
j=0
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Then ((5.5.9) ensures that the quantities we deal with in the following cal-
culation are finite.)

RN = > [E ﬁ l(xj)} ’
j=1

T1,e Tpq €LY

) { i Elﬁl{s(z‘j>—mj}}[Eﬁl(%)r_l

Ty, TR €4 S Gyt =0 j=1

i > {Eﬁ 1{S<ij>—zj}} [Ej_f[jl(xj)} H-

i ik 1=0 @y apg €24 O =1
For any two vectors (j1,...,jk) and (Jg+1, .-, jk+i) We write

(s dk) = Gty oo i) = max{ji, ..., e} < min{jey1,. .., et}
For each vector (i1, - - ,ig+;) we reorder its component so the resulting vector
(i1, ..., i) satisfies

(10 i) = (Gpgts - ps)

L(;lt the permutation o € Xj4; be such that ig(j) =4 (=1, k+1).
Then

> {]E ﬁl l{s(i_j)_mj}} [Eﬁ l(%)rl

@y, €2 j=1

k+1 k+1 p—1
= > {Eﬂl{su;)—mam}}{EHZ(%‘)]
j=1 j=1

1, g €LY

k1 k41 p—1
= Z {EH 1{s(i_’7.)—mj}} {EHl(xvl(j))]
j=1 Jj=1

Z1, Lpq €LY

k+1 k+1 p—1
= Z {EHl{s(%)_mj}} {EHZ(%)]
j=1 J=1

T1, Tppr €LY

where 0~ is the inverse of ¢ and the last step follows from the permutation
invariance
k+1 k+1
I 4@o-)) = [ 1=y
j=1 j=1
There are at most i ) different ways to partition the (not necessarily

distinct) indexes i1, - - - , x4 into two groups {4, --- , 4 } and {i}, 1, ,i5 4}
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Thus,

Efk?Jrl

oo

k+1

TGP ID SRD RN 1) | (Tt 1)) (1

(iryein) @1, T €L Jj=1
<Cgg1rigar)

k4l k+1 k41 p—1
T1, Thq €LY (31,---50k) Jj=1

<Cgg1rigar)

Applying Hélder inequality on the right hand side

EIkH
k41 ket 1/p ) B
Z Z ot 7
T1, T €LY (215000y0k)
<1 sihtr)
Consequently,

k+1

ey (092 [ 5 e}

1, T €24 (i1;e050k)
<(igg1stpaq)

For each 41, -« ,ig+; with (i1,...,%k) < (Tkt1y.-.,0kt1), We set i, =
max{iy, - ,ig}. By increment independence,

k+1 k+l
EH Les(iy)=a;y = {EH Lesiy) —m}{E 11 1{5@”*)—%%}}-

j=k+1
Hence,

k+l1

> BT Lsap=en
j=1

(i1senyik)
<1 i)

[e%) k o k+1
= Z {Enl{sw—m} S E ] Yst—o-ay
116 =0 J=1 Tht1, i1 =0 j=k+1
k+1

e’} k
Z {Eﬂl{sm)—m} IT i@ — =)
j=1

515 =0 j=k+1
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By triangular inequality, therefore, for any fixed (z1,--- ,x)

k+1 py 1/p
{ > [ > Eﬂl{su_n—m_j}} }
( j=1

Tpg1,e Lot €LY (i1,esin)
SCgg1rikg1)

oo k k+1 py1/p

< D [Eﬂl{swj)—wj}]{ ) [ II U - } } :

41,0050 =0 j=1 Tht1, Tl ELE j=k+1
By translation invariance,

k+1 p k41 D

> [T w=ol = X [B I )| —ei
Thtl, Tt ELY Jj=k+1 Thg1, Tt ELD Jj=k+1
Consequently,

> [ T ellew]
(i1

Tpq1, e Thy1 €LY -sik)
< s i)

oo

<1Efgo[ Z EHl{S(ij)_mj}r:Eféo[EHl(xj)r.

11, i =0 j=1

Summing over (z1,- - ,2x) on the both sides,
k+1
S [ % Ellwsem]
Ty, T4 €L (21500001k)

<Cpq1styt)

k P
<(el) ¥ [E 11 Z(xj)} = (B1L) (E12).
Ty, xR ELY Jj=1
Summarizing our argument, we have proved (7.5.4).

As the second step, we show that L > —oco. Indeed, for each m > 1,

k oo
EIY >EIL = ) [E 11> 1{S(i)—m_7-}r

Ty, xR €LY j=1i=1

> 3 { > ]P’{S(il)th---7S(ik):$k’}r

11,---,Zk,€Zd D1,0 0k

distinct

V4

- 2 [ Tet )
T1, -, o €LY “0€XE j=1
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where &(z) is the Green’s function
(o)
6(z) = P{S(k)=2} =xecZ’
k=1
Hence, by Theorem 3.1.1,

Lz plogsw{ ¥ 0@ nf@is Y i@ =1} @5

z,y€L z€Zd

> —00.

Finally, we come to the proof of (7.5.1). Noticing that I, < I, by
(7.5.3) we only have to prove that

TS DU

Notice that

p
j=1

where
(@) =Y 1s,(k)=a)-
k=0

So we have
(Ef;)l/k < (Efg)l/k +p(Elk(O)>1/k.

For the second term,

EI*(0) = i P{S(iy) = -+ = S(iy) = 0}
1,79 =0
<k Y P{S(i) =--- = S(ix) = 0}

k
=k > J[P{SG; —ij-1) =0}

o @_ﬂ”@_@ )

This confirms our claim. O
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Our next investigation is to identify the constant appearing on the right-
hand side of (7.5.2) in terms of certain variation. Unfortunately, the relation
posted in (7.5.5) can not be further developed into an equality.

To introduce the variational representation, recall the Green’s function
oo
x) = ZIP’{S(k) =z} xzezd
k=1

Notice that we are following the (slightly unusual) convention of not summing
over the time k = 0, which has an influence on the value of &(0). A crucial
fact in the super-critical dimensions is (5.5.9) that

> 8P(z) < oo (7.5.6)

€L

Lemma 7.5.2 For every non-negative h € LI(Z%), the linear map
Rng(z) = Vel — Z &z — ehlv) -1 ge¢ EQ(Zd)
y€eZ?
defines a bounded, self-adjoint operator on L*(Z%).
Further,

18l = sup (9. Rug) < [|&]], (el - 1). (75.)

lgl2=1

Proof. By the symmetry of the random walk, it is easy to see that for
91,92 € L*(ZY)
(91, 8ng2) = (Rng1, 92)

if convergence is not a problem.

For any g € £2(Z%), write

f(z) =g(xz)Ver® -1  z ezl
By Hoélder inequality

3 1f@) zp1<{zg } {Z(eh(z)_l)q}ﬁ—i.

zE€Z FASYA z€eZ4

By Taylor expansion and by triangular inequality

{ Z (eh(z)_1>q} ikl |h‘|’;:e||h||q_1

reZd k=1
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Thus,
_2p
Z ‘f(x)‘ff ( [1Rllq _1) Hg||2p T
T E€Z
Consequently,
/p
o) = 3 el < { ¥ o } 1f1Fae
Y €L zezd o
1/p
<{ e} (M- 1)l
€L

where the second step follows from the estimation used in the proof of Lemma
3.2.1. In particular, the above estimation gives the following bound to the
spectral radius

/p
18] = sup |(g, Rng)| {Z@P } (euhnq_l)_
|

llgll2=1 ot

Finally, the equality in (7.5.7) follows from the obvious fact that

sup |(g,Rng)| = sup (g, Rng).

llgll2=1 llgll2=1
0
Our next theorem is formulated in terms of the variation problem
() = inf{||h||q; h>0 and |[8]| > 1}. (7.5.8)

We claim that
log (1+1/6]],") < C(S) < 05"

where

es=sw{ T o-pi@ier Y 155 =1}

x,yezd ISYA

Indeed, (7.5.6) and (7.5.7) imply the lower bound. On the other hand,
for any f(x) > 0 with
> ) =1

€74
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write h(z) = lefz‘gj) () and g(x) = f%L—l(a:) We have ||h||, = 05" and
|lg||2 = 1. Hence, by the inequality e — 1> 6 (6 > 0),

181l = (9, fng) = > &(x — y)v/h(w)g(x)v/h(y)g(y)

= 05" B —y)f(x)f ()

Taking supremum over f on the right hand side gives that ||f|| > 1 which
leads to the desired upper bound C(S) < le.

Theorem 7.5.3 The constant L in Theorem 7.5.1 is equal to plogC(S).
Consequently,
lim ¢ P log P{1ss > t} = —pC(S).

We spend the rest of the section to prove this theorem. That is, we shall
establish that

11
klggo z log WEIDO = —plogC(9). (7.5.9)

To do that, we need to represent EIX in a tractable form. What we get
turns out to be much more complicated than the Le Gall’s identity given in
Theorem 2.2.8. Notice that

o) k P
st Y B Y Tiswm)-

T1, TR ELL i1, i =11=1
We now face the challenge in reordering the tuple (i1,--- i), for some of
i1, - , i may take same value. Indeed, we will miss the right constant by

over-counting (summing over i; < --- < i) and by under-counting (summing
over iq < -+ < k).

We define, for any 1 < m < k, the family of all m-partitions of the
set {1,...,k} as

Enm :={7T=(7r1,...,7rm); m; #0 with mNm; =0
for all ¢ # j and Lij:{L...,k}}7
j=1

where we assume that the elements 7y, ..., T, of an m-partition are ordered
by increasing order of their minimal elements. To any (i1, . . .,4x) we associate
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e a tuple (if,...,4%,) of distinct natural numbers such that
{i1,..,ixp ={i],...,i0}
and elements in the tuple (i, ...,4} ) appear in the order in which they
appear first in (i1,...,1);
e an m-partition (m1,..., Ty, ) € En with i; = 4 whenever j € m.
Conversely, given a tuple (j1, ..., jm) of distinct natural numbers and an m-
partition 7 we can find (i1, ..., %) such that the induced m-tuple is (j1, ..., jm)

and the induced m-partition is 7.
For any 7 € &,,, define
A(r) = {(z1,...,2) € (ZF : z;=a; for all i,j € mp and £ € {1,...,m} }.

For any (z1,...,25) € A(w) and for any 1 < ¢ < m, we use z,, for the
common value of {z; : j € m}. There are two facts which we shall use
frequently in the later argument:

First, for any j1, -+ ,jm > 1 with j1 + -+ jm =k
1 k!

ml il !

#{ﬂ-: (7T17"' 77Tm) egm,; #(71'[) :jl V1 Slgm} =

Second, for any 7 € &,,,
{@reesam)i (@ m) € Amp =27

and the map (z1,--- ,zr) — (Tr,, -, Tx,, ) is an 1-1 correspondence between
A(m) and Z™.
Observing that
S(ig) =xg forall £ € {1,...,k} & (x1,...,7k) € A(T)
and S(ip) = xn, forall £ € {1,...,m}

we get that
[eS) k
E > IThsw=—n
i1, ,ip=11=1
k m
= Z L1, zn)eA(m)) Z EHl{S(jl):%}
m=1n€é&,, J1seesdm =1
distinct
k m
= Z 1{(£1,"',xk)6A(7r)} Z Qﬁ(xﬂ-ﬁ(l) _xﬂ-rr(l—l))'
1

1neém oEX, =

3
Il
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Here, and elsewhere in the rest of this section, we follow the convention that

Tr, ) =0

Therefore,

k
ElL= ) [Z > Yeraneam) (7.5.10)

x1, -, o €LY ~-m=17EE,

m p
x Z H®<x”a(l) _x"ra(ll)):| .

0cEY, =1

By (7.5.1) in Theorem 7.5.1, the next lemma gives the lower bound of
(7.5.9).

Lemma 7.5.4 If there exists h > 0 with ||h|q < 0 such that | Ry|| > 1, then

k

ie—l EI%)7 = oo,
=1

Proof. Let h > 0 with ||h|; < 0. Applying Hélder’s inequality to (7.5.10),

ALk
k k
= Z (Hh(m])> Z Z 1{(1317'“;1319)6./4(71')}
T1,..,x €24 j=1 m=1 7€
X Z HQﬁ(‘rﬂ'ﬂ(f) _‘Tﬂ'w(z—l))
ocEX, £=1

m TE€EEmM T1,..., Ty €LY

where the last step follows from the one-to-one correspondence between A(7)
and Z™. Therefore,

Xk_: > (ﬁh(w)#(”f)> <ﬁ(’5(l‘e _$€—1)>

Ty T ELE TEE =1

i S5 (Hneo) (Hewaon)

EARIRESY 7m21

~:I>~
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Summing up both sides,

oo ek 1

> ls]

k=1

=530 DD SR EED SRNEd § L8 | (T
m=1k=m Z1,...,Tm J1+ +im=k =1 =1

315 dm =1

:ZOO: Z {ﬁih }Hemg—x“

By the fact that ||Rx|| > 1 we can pick ¢ > 0 with [|g|]]z = 1 such that

(g, Rng) > 1. By monotone convergence we may find a finite set A C Z? such
that

<91A,ﬁh(91A)> >1

and additionally, but without loss of generality, g, h > 0 on A. Using spectral
theory in the same way as in the proof of Theorem 3.1.1, we can prove that

1 m
lirgriiglof - log Z H (eh(‘”) — 1) &z — xp—1)

Ty Zm £=1

> plog <glA,ﬁh(glA)> > 1.

This leads to the desired conclusion. O

It remains to prove the upper bound of (7.5.9). Our starting point is the
formula (7.5.10) and we first project the problem from the full lattice space
Z% onto a finite set. We fix a large integer N and write Ay = [N, N)¢
for a box of lattice points. Then every z € Z% can uniquely be written as
r=2Nz+y for z € Z% and y € Ay. Hence, using Holder’s inequality in the
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second step,

k
E[IL] = Z Z {Z Z Li@Nz14y1, 2Nz ) €A(T)}

Y1, Yk €EAN 21,...,25, €24 “m=17EE,

m P
X Z H 6(2N(z‘ﬁg(z) - Zﬂ'a(lfl)) + (x‘ﬂ'g(z) - xﬂa([l)))]

ocEX, £=1
k
[Z Z Z{ Z Li@2Nz14y1,. 2N 25ty €A(T)}

m=17€&y, 0€ELm * 21,...,2, €LY

m 1/pqp
X H &” <2N(Zﬂa(z) - Zﬂ'c(l—l)) + (yﬂg(m - yﬂa@n))} :| .
=1

(]

From the uniqueness of the decomposition x = 2Nz + y we infer that

LN et 2N ot Al = L (osre At LiCormre A}

Therefore,

Z L{@Nz 41, 2N 25 yp) EA(m)}
21,000,2k €LY

m
X H &r (2N(Z7To(z) - Zﬂo(z—l)) + (yﬂo(z) - yﬂa(z—l)))
=1

= Yrwedm) D Yo meam)

21,0.,2k €LY

m
X H & (2N (2r, ) = 2Zmpsy) + Wroey — Yroiesy))
=1

= Urgedmy D

21,5e0,2m €LY

x [T 872N ow) = 2o¢e-1) + Wroiry = Yroiory))
/=1

where the last step follows again from one-to-one correspondence between
A(m) and Z™. By permuting the index, the right hand side is equal to
m

Lnwweam?t | [ Wrow = Yroen)
=1

where

&(z) = { > Qﬁp(2Nz+x)}1/p.

2€74
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Summarizing our argument, we have

k
E[IL] < > [Z Y Hiweam) (7.5.11)

Y1, Yk €CAN “m=17EE,

x Z H éS(ywﬂ(ﬂ) - y‘“’o(k—l))

oEY,, £=1

p

For each h € L1(Ap), let &), be the bounded, self-adjoint operator on
L%(Ay) define as

fng(x) = Vel 1Y &z —y)gly) Ve -1 ge L2(Ay).
yEAN
Write
Cn(S) = it {|[hllg; B >0 and [[F] > 1}

and

k m »
Hy = Z |:Z Z L (yr,eeyi)eA(m)} Z HQj(yﬂa(/z) _yﬂo(zl))] .

Y1, Yk €EAN “m=17€EEy, oe¥,, (=1

Lemma 7.5.5

lim sup —

1
k—o0 k & ke

(k') < —plogCn(S).

Proof. The following combinatorial estimate is partially similar to the one
used in the proof of Theorem 3.1.2. Fix a vector x = (x1,...,2x) of length
k with entries from the set Ay and associate its empirical measure L} by
letting

ww—n

i

For each 7 € ¥y and 7 € &,, we denote by 7(7) € &, the partition consisting
of the sets 7(m)e := 7(my) for £ € {1...,m}. Then, for any 7 € Xy and
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x = (z1,...,xL), we get

k m
Z H(@1,zn) € A(r Z H To(e) 0(471))
€Y =1

m=1n€&,,
= Z 1{L?§:L7§} Lix=yor} Z Z L1,y €Alr(m))}
Y1, Y EAN m=1re&,,
X Z H®(y7(7r,,(,4)) - y‘r(ﬂ'ﬁ(z—l)))
oEX;, £=1
k
= > L=y Leeyort D0 D M)
Y1, Yk EAN m=17€&n,
X Z H®(yﬂ—a(1{) - yﬂa(z—l)) .
ocEX, (=1

Observe that, abbreviating 4 = L} and assuming L} = L¥, we have

D leyory = [ (ku(@))!,

TEX TEAN

and hence summing the previous expression over all permutations 7 € >
gives

k m
k! Z Z H(er,.m)e A} Z H@(ang(l) _J;Tra(é—l))

m=1nre&,, ogEY, £=1
k
= II ke@)! >0 Luy—w D D Hwweam)
TC€AN Y1, Y EAN m=17€e&,,

m
Z H Yroiy = Yroe ) -
e 1=1
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Write ¢, () = p(z)'/? for all 2 € Ay and note that

k m
Z 1{L%:u} Z Z 1{(y1,...,yk)€AN(ﬂ')} Z HQﬁ(y‘n’G(z) _yﬂ'g(l{—l))

Y15 Yk m=17n1€&n 0EL, £=1
( 11 euta) ) > euly) el
TEAN Y15 Yk
k m
X Z Z Li(yr,pn) e A(m)} Z Hﬁ(yﬂou) _yﬂau_l))
m=1n€&,, oceX,, =1
=( 1 #u(@) k“(””)) Z > Z 1{(y1 A}
TEAN m=17m1€&m y1,-
{H (Yr,) m} Z I—IQ5 Yoty = Urmaemny)-
(=1 TEY

By the one-to-one correspondence between A(w) and Z™, the the sum-
mation over m on the right hand side is equal to

k m m
Z Z {H%(ye)#(” } Z H ya ) — Yo(e— 1))
€Xy, =1

m=17€Em Y1,--,Ym =1

Further, using Stirling’s formula, we obtain a fixed polynomial P(-), depend-
ing only on the cardinality of Ay, such that

{1 Gt} T o) < i e

TEAN TEAN j=1

S
——
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Summarizing what we have got so far

k m
Yo > Yeraneamy D, [ O@n,q = 2n,)
m=1ne&,, oEX, £=1
k k

1

<rwe{I[uar} > ¥
j=1 m=1lyi,....ym€EAN

1 m m ~

X { Z mH@%(yD}Hﬁ(yé—yél)~
Gt tim=k =1 =1
LARERER¥ jm =1
Summing over all possible vectors x = (z1,..., k) gives

Hy < P(” (k)” wp[zj >

vEP(AN) m= 1y17 SYmEAN

x ( > ﬁ g @l (yz)) g G(ye — yel)r,

tetim=k
EARIRESY Jm =1

where Py (An) is the set of probability densities v on Ax such that v(z) is of
the form i/k. Recall that ¢, > 0 satisfies ||¢,]lq = 1 and hence we may let
the supremum take over all L?-normalized non-negative functions f on Ay
with || f|l; = 1. Thus, for every 6 > 0,

ko1
%H,ng sup ZG"Z Z

Hqu—ln 1 m=1y1,...ym EAN

x ( > % Hf”(ye)> Hé(yz—yeq)
Cme oy (=1

J1+ Jrjm_k?
>

I S SRR 1D

L ~
}H@@—%o
m=1y1,....ymEAN =1 j=1 =

SO DI | (CCC I

m=1y1,....ymEAN £=1

Hth*@
Similar to (3.1.10),
1 - =
limsup — log sup Z H (6}1(“) - 1) S (yr — Ye—1)
m—oo M nllg=0, Ay 21

<log sup sup
lIRllq=0 [1g]l2=1

g,ﬁh9>‘=log sup ||&xll.
l[allg=6
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Suppose that 8 < Cy(S), then there exists € > 0 such that every h with
k|l = 0 satisfies ||Ry|| < 1 —e. Consequently, there is a constant C' > 0
such that

9k
FH ’ < CP(k)
and hence 1
lilrcris;olp - log (k') < —plogé,
as required to complete the proof. O

By (7.5.11) and Lemma 7.5.5, the following lemma leads to the upper
bound of (7.5.9) and therefore completes the proof of Theorem 7.5.3.

Lemma 7.5.6
lgninfCN(S) > C(9).

Proof. Fix positive integers M < N. We decompose & = & + &_ with
G4 (7) = &(2)lmgm, a4y and &_(z) = @( )1{I€[M wy4y- In analogy to ®
we define symmetric, periodic functions Q§+ and &_ by

1

G~5i(y):{Z®’i(2Nz+y)}; for any y € Z%.
z€Z4

By the triangle inequality we have Gy < é.ﬁr + &_. The induced operators
Rp+: L*(An) — L*(An) are defined by

Ay, +g(z) = Vehl®) — Z & (v — ehr) —1g(y).

YyEAN

For the norms of these operators we thus obtain
[Rnll < [Rn,+ Nl + | Rn, -1l -

Similar to (7.5.7),
1R < (e = 1) 18 = (el - 1){ > @i(x)}l/p
zeZd
= (eHth — 1){ Z @p(x)}

o[~ M, M)d

1/p
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Define
En =[-N,N)*\ [-M, M)*.

For any non-negative function h on Ay, extend it (without changing the
notation) into a function on Z? with h(z) = 0 for x € Z?\ Ay. Similar to
(3.2.14),

|8r,—|| = sup (9,8 —g)
llgll2=1

< sl + 2 (el — 1) (ljg))—{z )

1/p

Summarizing our argument,

I8all < 18] + (el 1) ({ 3 esp(x)}l/p (75.12)

zg[—M,M)?

p—1 1/p
+2((gE]\J;)d) ’ {Z@P(a;)} >

TEZ

We now complete the proof: First, we may assume that the
liminf Cn(S) < 0.
N—o00
Hence, there is bounded subsequents of {Cn(S)}. For simplicity of notation

we may assume that sub sequence is {Cn(S)}. For each N, we pick up

a non-negative function hy supported on Ay such that ||!~§hN|| > 1 and
[|hn|lq < Cn(S)+ N~1 Take M = +/N in (7.5.12) and notice that {||hy]|,}
is bounded. From (7.5.12) we have ||R,|| > 1 —o(1) as N — occ.

For any 6 > 0, define
C(S,0) = inf{Hth; h>0 and ||f,]] > 9}

(So C(S,1) =C(9)). By our argument given above,
liminf Cy(S) > C(S,1—¢) Ve > 0. (7.5.13)

— 00
On the other hand, by the inequality®

1
(60—1>§€&—1
1—c¢

5This can be proved by comparing Taylor expansion in € of the both sides.
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and by the definition of the operator &, one can see that
1Ra—e-1all > (1 =€) 71| &all

which implies that C(S,1 —€) > (1 — €)C(S). Bringing this back to (7.5.13)
and letting ¢ — 0% we have proved Lemma 7.5.6. O

The story of J is quite different. It is shown in Khanin, Mazel, Shlosman
and Sinai ([101]) that in the special case p = 2, d > 5,

exp{ - t%""s} <P{Jx >t} < exp{ - t¥_5} (7.5.14)

for large t > 0, where § > 0 can be any previously given number.

The estimate made in (7.5.14) exhibits a behavior pattern drastically
different from the one stated in Theorem 7.5.1 and Theorem 7.5.3. The
discovery of Khanin et al came as a surprise for there was a belief that in the
high dimensions, the intersection of independent ranges might behave like a
constant multiple of the intersection local time.® Here is an explanation for
that. For I, the “optimal strategies” to be large is to let the random walks
stay inside a big but fixed ball, and repeatedly intersect at same sites. While
for J» to be large, the random walks have to intersect at a large amount of
different sites. Consequently, the random walks behave in a diffusive way.

Providing a sharp estimate for the tail probability of J. is a challenging
task, and the problem still remains open.

Conjecture 7.5.7 When p(d — 2) > d, there is a C(d,p) > 0 such that

lim ¢ 7 log P{Joo >t} = —C(d, p).

t—o0

See the “Notes and comments” section for the background of the conjec-
ture. If the conjecture turns out to be right, it is of great interest to identify

the constant C(d, p).

7.6 Notes and comments

Section 7.1

Theorem 7.1.1 and Theorem 7.1.2 were first established in [24] and [25],
respectively. They are obviously linked to Theorem 4.1.6. The correspondent
upper bounds are very likely.

60One may want to compare Theorem 7.2.1 and Theorem 7.2.2 in the case d = 3 and
p=2.



7.6. NOTES AND COMMENTS 283

Section 7.2

There does not seem to be an agreement in literature on the definition of
moderate deviations. Here we view the moderate deviations as a kind of large
deviations governed by some weak laws. In some other works such as [10],
on the other hand, the words “moderate deviations” refer to the deviations
away from the mean that are smaller than the scale of the mean.

Theorem 7.2.1 and Theorem 7.2.2 were obtained in [24] and [25], respec-
tively. An improvement made here is the optimization of the condition on b,
in Theorem 7.2.1, thanks to Lemma 7.1.4.

A careful reader may notice that the case d = 1 is missing from Theorem
7.2.2. The reason behind is that J, has has a drastically different behavior
in the dimension d = 1. In the light of weak convergence given Theorem
5.2.4, a large deviation of Gaussian tail is expected when d = 1. Indeed, it
was proved in [27] that for any p > 1 (J, = #{S[l,n}} when p = 1), and for
any b, — oo with b, = o(n),

. 1 pA?
lim ™ logP{J, > A\/nb, } = —5o7 (A >0).

Exercise 1. Complete the proof of Theorem 7.2.2.

We now compare Theorem 7.2.2 to the work by van den Berg, Bolthausen
and den Hollander ([11]) on the large deviations for the volume of Wiener
sausage intersection. For € > 0, let W€(t) be the e-neighborhood of the Brow-
nian path W(s) up to time ¢. Using Donsker-Varadhan large deviation for
Wiener empirical measures ([52]), den Berg, Bolthausen and den Hollander
were able to establish the large deviations for the volume

[We(t) NWE(t)]

of the intersection of two independent Wiener sausages W€(t) and W/E(t) .
They proved that for any ¢ > 0

1 —~ t
. € € > I
Jim o 10gIP’{|W (ct) N WE(ct)| > logt} Ix(c) (7.6.1)
as d = 2; and
d—2 —~
Jim =" log P{\We(ct) AW (et)| > t} = —I4(c) (7.6.2)

as d > 3, where I;4(c) is given in the form of variation. Further, den Berg,
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Bolthausen and den Hollander pointed out that

4—d (27T)_2/1'd d=2
lim ¢ @ I4(c) = (7.6.3)
c—00 Hd(e)—4/dud d= 3,4
where
d—2
ed—29,d/2
Ba(e) = €22 /F( . ) (7.6.4)
inf {1Vl ¢ e W2 @Y, Il =1, vlli=1}  d=2,3
pa =<
inf {|IVol3; v e DRY), |l =1} d=4,
WE(RY) = {f € L2(RY); Vfe L2(RY)},
and

DRY ={f>0; Vfel*RH]}.

It is not hard to see that pg = x(3,2)~%/? for d < 4. On the other hand,
the Brownian scaling implies that

(W< (ct) N WE(ct)| £ /2[We/Ve(t) N W/ Ve(t)]

In the case d = 2, above discussion leads to

— ¢
N IVE(R)] >
Chm thm Tog log}P’{|W ) NwW )] > Clogt}

—(2m)%K(2,2)7*

This is related to (7.2.5) in Theorem 7.2.2 with p = 2, where b,, corresponds
to ¢ 'logt.

In the case d = 3,
10gIP’{|W6/‘/E(t) NWEVeE(t)| > c*3/2t}
t1/3
~ = (=) Osle/V/D R (3,2)

as the limit is taken in the order ¢ — 0o, ¢ — oo. Clearly, this is related to
(7.2.6) in Theorem 7.2.2 with b,, corresponding to ¢~ ¢'/3.

Section 7.4.
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Part of the support for Conjecture 7.4.2 comes from van den Berg, Bolthausen
and den Hollander’s work ([11]). Taking d =4 in (7.6.2),
log P{|W6/ﬁ(t) NWEVe(t)| > c_2t}
(ﬁ
c

)94(6/\/5)*1,@(4,2)*2

in the limiting order ¢ — oo, ¢ — oco. This is a version of (7.4.8) with b,
corresponding to v/t/c.

Section 7.5

The tail probabilities of I, and J. in the special case d > 5 and p =
2 were first investigated by Khanin, Mazal, Sholosman and Sinai ([101]).
Theorem 7.5.3 responses to the demand on the sharp tail asymptotics for
I, a problem left by Khanin, Mazal, Sholosman and Sinai. The following
exercise contains a partial solution to Conjecture 7.5.7, provided by Khanin,
Mazal, Sholosman and Sinai ([101]).

Exercise 2. Assume that p(d — 2) > d.
(1). Prove that for any k£ > 1,

k

1 k!
P LY R S
J1s s dm =1
x 3 [P{{xl,...,xm}csu,oo)}r.
@1, €L

distinct

Hint: Read the proof of (7.5.10).

(2). Prove that for any € > 0 with

L+e<
d—2 P
and for each m > 1,

Z {}P’{{ﬂm,'-' 7$m} C S[l,oo)}}l’

d
T1, e TmEL
distinct

m TLs+e
<qve Y. { > ]800 —%(11))] o

:L’l,---,:L’nLEZd TEX, I=1
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Hint: You need three facts:
P{{xl,u- T} C S[l,oo)} <1

IP{Tyl <-- < Tym < OO} < H]P){Tyl—yl—l < OO}
=1

and
P{T, < o0} = v56(x).

(3). Establish the Khanin-Mazal-Sholosman-Sinai’s upper bound: For
any d > 0,

P{Jo >t} <exp{ -7}

when ¢ is sufficiently large.

Perhaps the most important progress since the paper Khanin et al was
made by van den Berg, Bolthausen and den Hollander ([11]). To see this,
we take d > 5 in (7.6.2). van den Berg, Bolthausen and den Hollander ([11])
pointed out that there is a ¢q > 0 such that

1) = 0a(0 i {1wlBs v e D@, [ -ePar =1}
]Rd
for ¢ > ¢4. Consequently,
Jim ¢~ logP{|W€(ct) AWe(et)] > t} — Iy(cq)

as ¢ > ¢q. Based on this, van den Berg, Bolthausen and den Hollander ([11])
conjectured that

lim ¢~ %7 log]P’{|W€(oo) NWe(o0)| > t} = Tu(cq).
t—oo

There is a noticeable similarity between this conjecture and Conjecture 7.5.7.



Chapter 8

Large deviations: single
random walk

In this chapter we establish the large deviations for self-intersection local
time and range of a single d-dimensional random walk. Comparing with
the previous chapter, our main theorems in this chapter is more dimension-
dependent. Indeed, the results in the dimensions d = 1 and d = 2 appears
as the moderate deviations in connection to the large deviations given in
Theorem 4.2.1, Theorem 4.3.1 and Theorem 4.3.2. When d = 3 and when
d = 4, the Brownian self-intersection local times can not be defined even un-
der renormalization. On the other hand, the Galiardo-Nirenberg inequality
(when d = 3) and Sobolev inequality (when d = 4) remains valid. This sug-
gests that the type of large deviations achieved in Cheaper 4 may be extended
to higher dimensions in some deviation scales larger than the moderate devi-
ations. Finally, lack of Galiardo-Nirenberg inequality or Sobolev inequality
makes the dimensions d > 5 very different from the case d < 4.

8.1 Self-intersection in one dimension

Let S(n) be a symmetric random walk on Z with variance o2 > 0. Assume
that the smallest sub-group of Z that supports S(n) is Z. Recall that I(n, x)
is the local time of S(n) defined in (5.2.1). By (5.2.2) and(5.2.3), the study of
the large deviations for the p-multiple self-intersection local time is equivalent
to the study of the large deviations for the p-square of the local time given

287
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by

le(n,x) n=12---

TEZL
The following is the main theorem of this section.

Theorem 8.1.1 Let p > 1 be fized.

p—1
nlirr;oalogP{le (n,x) >n 1bn2 }

TEZ
_ o2 (p—l—l)f,%’{B( 1 1)
 4(p—-1\ 2 p—1"2
for any positive sequence b, satisfying

b, — o0 and b, =o(n) (n — )

where B(-,-) is the beta function.

Proof. By Corollary 1.2.4 and by Theorem C.1 in Appendix, it suffices to
show that for any 6 > 0,

p+1 1/p
nh_)rr;oalogEexp{ ( ) (le n x) } (8.1.1)

€L

B o) 1/P [e’e]
—sup Lo [~ lotaras) - [T itwpac),
geF —oo —o0
Indeed, by variable substitution,

;Ezlpnx / dx—\/7/ zp [de

Let f(z) be a bounded, uniformly continuous function on (—o0, o) such that
| fll¢ = 1. By Hélder inequality,

@”("’x))w > (1) [ sen(n ][]
_ (%”)/Zf( %x)l(n, (o)) d
- <%)p2_pl{o(n) +> f(\/%x)l(mx)}
x€Z4
= ()7 {om v (o)}
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By Feynman-Kac minoration given in Theorem 7.1.1,
P+1 1/p
hnrriloréfb—logEexp{ ( n) (len a:) }

> gseufr_)l{ / f(ox)g d:r—/oo| ’(a:)zdx}.

Taking supremum over f leads to the lower bound

il 1/p
hnrriloréfb—logEexp{ ( ) (Zl” n a:) } (8.1.2)

1 o0 1/P [ee)
> sup {0%0(/ g(x)|2pdm> —/ |g’($)|2dm}.
geEF1 —o0 —o0

On the other hand, let ¢ > 0 be fixed for a moment and write t,, = [tn/by,],
Yn = [n/by]. By sub-additivity,

son {o(2) (L)}
< (o i) () "))

TEZ

’Yn+1

By Theorem 5.2.3,
== 1/p p - S 1/p
( n) (Zl tmx> —>0P(/ L”(t,a;)dm)
€L —oe

where L(t,x) is the local time of an 1-dimensional Brownian motion. In
addition, the sub-additivity also implies (see the proof of Theorem 6.3.1)

that "
p+1 P
ilé};]Eexp{ ( ) (le tn,x> }<oo A > 0.
Therefore,
1/
e (5
AS

—>Eexp{9<7p;1(/_(: L”(t,m)dm) w} (n = o0).
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Summarizing our argument,

p+1 1/p
hmbupb—logEexp{ ( ) (le n x) }

n—oo

1 p—1 o 1/p
< i log E exp {GJT (/ LP(t, x)da:) }

By (4.2.2), letting ¢t — oo on the right hand side leads to the upper bound

p+1 1/p
hmsupb—logEexp{ ( ) <le (n,x) ) }

noee z€L
1 o0 1/P o)
<swp {o 5o [ ltwpras) - [ i@,
gEF1 —o0 —oo
Combining this with the lower bound given in (8.1.2) gives (8.1.1). O

Some idea used in the proof of (8.1.1) can be partially applied to the
multi-dimensional setting. In the rest of the section S(n) is a symmetric,
square integrable random walk supported by Z¢ with d > 1. Let € > 0 be
fixed and write

n

I(n,z,¢) = (%”)m det(T) 23" p. (\/%FW (S(k) — x)), (8.1.3)

k=1
n,r,e) = b—n vz e —1/2 B bn 12y — ). 1.
R(n.z.) = (=) det(T) yeszu,n]p (\/Z y-). (814)

Theorem 8.1.2 For any 0 >0 and p > 1,

b 2p— 2(1’ 1) 1/p
n P
nlin;ob—logEexp {9( n) ( E P(n,x,e ) }

ISYA

1/p
1
= sup {Hdet (/ lg(x, e |2pda:) - —/ |Vg(x)|2dx}
g€ F 2 Jpa

for any positive sequence b, satisfying
b, — o0 and b, =o(n) (n — )

where



8.2. SELF-INTERSECTION IN D =2 291

Theorem 8.1.3 Let 0 >0 and p > 1.

(1) When d = 2,
b L 1/p
- U Bt P
nlgr;o B logEexp {9( n) logn( Z R (n,x,e)) }

TEZ2

1/p
= sup {27r9det (/ lg(x,€) |2pd;v) — —/ [Vg(x 2d;v}
9geF2

for any positive sequence b, satisfying

b, — oo and bnzo(logn) (n — 0).

(2) When d > 3,

b 2p— G;(P 1) 1/p
n P
nlingob—logEexp {9( n) ( E RP(n,z, € ) }

z€Z?

/p 1
= sup { 50 det(T (/ lg(x, e |2pd$> - —/ Vg(x )Qdm}
g€Fa

for any positive sequence by, satisfying
b, — o0 and b, = o(nl/?’) (n — o00).

Here we recall that v¢ = P{S(k) #0 ¥n >1}.

The approach for the lower bounds in Theorem 8.1.2 and Theorem 8.1.3
are same as the correspondent argument given in the proof of Theorem 8.1.1.
For the upper bounds, the only difference is that here we use Theorem 4.2.3
instead of (4.2.2). We omit the detail of the proof here.

8.2 Self-intersection in d = 2

In the multi-dimensions, the self-intersection local times we work with are
the ones in connection to double self-intersections (i.e., p = 2). Recall that

Qn = 2: Lsgy=s)yy n=1,2,--

1<j<k<n

where {S(k)}x>1 is a symmetric random walk in Z® with covariance matrix T,
and the smallest sub-group od Z¢ that support the random walk {S(k)}x>1 is



292 8. LARGE DEVIATIONS: SINGLE RANDOM WALK

Z4 itself. Due to the concentration phenomena when d > 2, we are interested
in the renormalized self-intersection local time @, — EQ,,.

In this section we let d = 2. By Theorem 5.4.2, n=1(Q,, — EQ,,) weakly
converges to det(I')"1/2+([0, 1]2). Here we recall that

2 (0,2) = / /{ oy POV ) W) drds

- E//{0§r<s§t} o (W (r) — W(s))drds

is the renormalized self-intersection local time run by the planar Brownian
motion W(t). Hence, the tail behavior of type given in Theorem 4.3.1 and
Theorem 4.3.2 is naturally expected for n=(Q,, — EQ,,). The following the-
orem is the main result in this section.
Theorem 8.2.1 For any A\ > 0 and for any positive sequence with
b, — 00 and b, =o(n) (n — o0) (8.2.1)
1
lim — log]P’{Qn ~EQ, > )\nbn} = A/detMr(2,2)~%  (8.2.2)

where k(2,2) > 0 is the best constant of the Gagliardo-Nirenberg inequality
defined in (4.3.4).

Proof. By (6.3.19) in Theorem 6.3.3 and by Chebyshev inequality, one can
see that

. 1
lim b—log]P’{ — (Qn —EQ,) > /\nbn} =~

n—oo n

for every A > 0. Consequently, (8.2.2) is equivalent to
Tim % log}P’{|Qn —EQ,| > )\nbn} = A/det(D)r(2,2)~.
By Corollary 1.2.4 (with p = 2), it suffices to show that
nlergobilogEexp {9\/%@” —EQn|1/2} (8.2.3)
= 392 det(I)~12k(2,2)* VO > 0.

According to Theorem 6.3.2, there is a ¢ > 0 such that

sup E exp {£|Qn —EQn|} < 00.
n>1 n
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A standard argument of Chebyshev type shows that there is a constant Cg >
0 such that

lim sup bi log E exp {0\/ b—n\Qn - ]Ein/z} < Cob? (8.2.4)
n—oo n n

for every sequence b, satisfying (8.2.1) and for every 6 > 0. In the following
we strengthen (8.2.3) into (8.2.2).

One of the key ideas is the following decomposition:

N 2i7t
Qn = an YD Gk (8.2.5)
7j=1 k=1
where N is a large but fixed number,
nj = > Lsey=s(iny
(G—1)n2-N <i<i’<jn2—N
Ejk = > L{s()=s(i")}-

(2k—2)n279 <i<(2k—1)n2~7
(2k—1)n279 <i' <(2k)n277

The decomposition follows a geometric idea similar to the one contained in
Figure 2.1 of Section 2.4. Essentially, our approach here is the argument of
triangular approximation.

The sequence {7);}1<;<2~ is independent with

d .
0= Qny  j=1,---2" (8.2.6)

where
n; =#((G — Dn27N, in2" N =27Vn] or 27Vn] + 1.

Here and elsewhere, we sometimes use the notation (a, b] for, without notifi-
cation when it becomes obvious, the set of the integers in that interval.

For each 1 < j < N, {&; 1x}1<k<2i-1 is an independent sequence with
4 ng =115 ‘
Gr= D D lsp=gay k=12 (8.2.7)
i=0 i'=1
where {S(k)} is an independent copy of the random walk {S(k)} and
njk =#(2k — 1)n277, (2k)n27]=2"nor 277 n £ 1,

) = #((2k)n277 (2k+1)n277] =2"n, or 277n £ 1.



294 8. LARGE DEVIATIONS: SINGLE RANDOM WALK

Recall that the smoothed local time £(n, x, €) is defined by

l(n,z,¢) = det(T 1/2< )Zpe(\/»F_l/Q(S(k‘)—x)).

By Theorem 8.1.2 (with d = p = 2), for each € > 0

1 bn 5 1/p
nh—>Holo b log E exp {9\/ ﬁ( Z l (n,x,e)) } (8.2.8)

TEZL?

2
= sup {9det(F)‘1/4(/ |g(9c,e)|4dx) — —/ |Vg(x)|2dx}
geF2 R2 2 Jre

where
Fo={ge L2®2); |glla=1 and Vge L2(R?)}.

In the following we approximate (8.2.3) by (8.2.3). Define

&) = det(I) ! (%")2 3 >

T€L3 (2k—2)n277 <i<(2k—1)n277
(2k—1)n277 <i’ <(2k)n2~7

X Pe (\/%F_lﬂ (S(i) - x))pe (\/%r—m (S(i") - x))

where k=1,---,27"Yand j=1,---,N.
Define
b b 24 1/2
nile) = det<r>-“2—"{ > [ ) pe<\/—"F_1/2(S(i)—x))] }
"l ez Lo yne- N Zigjna-w "
where j =1,---,2V.

Correspondent to (8.2.5) we have that

2N N 2i71
Z 12(n,z,€) = Zn?(e) + 22 Z &.k(e). (8.2.9)
z€72 j=1 j=1 k=1

In addition, 7 (€), - -+ ,m9n (€) are independent with

(o L a2 f 3 [Zpe(\fr—mw)_x))r}”g.

x€Z? -i=1
(8.2.10)
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Foreach1 <j < N,1<k<271

S Z Z Les(i)=5(i)=x} (8.2.11)

z€Z2 0<i<n; p—1
1<i'<nf

—det(F)’l(%)zz 3 ps(\/%Fl/z(S(i)—x))

z€Z? 0<i<n;p—1
1<i'<nj ),

Xpe(\/%l_‘_lm(g(i/) ~))

where nj,n;,n;j K, n; . are defined same as above.
:

By (8.2.4) and (8.2.6) for each 1 < j < 2V,

hmbup—log]Eexp{ \/ = |77] —En; |1/2} <27NCue%.

By part (b), Theorem 1.2.2, for any 6 > 0,

b, 2" 1/2
lim sup b_ logE exp {9\/ o ( Z In;j — Enj|> } <27NCeh*.  (8.2.12)
j=1

n—oo

By (8.2.8) and (8.2.10),
. 1 by
llﬂsogpalogﬂiexp 0 gﬁj(G)
2
< 27N sup {Qdet(f‘)_l/4</ |g(m,e)|4dx> — —/ |Vg($)|2dm}
gEF2 R2 2 Jge
vz
<27 N sup {0det(F)1/4</ |g(m)4dx> - —/ Vg(m)zdx}
gEF2 R2 2 Jge

where the last step follows from Jensen inequality.
By Theorem C.1 in Appendix, for each 6 > 0
/2y
sup {0( |g(m)4dx> - —/ Vg(m)2dx} =2k(2,2)%0%.  (8.2.13)
geF2 R2 2 Jre
Hence,

1 [ bn,
lim sup o log E exp {0 %773' (e)} < 27 IN=1) det(T) = /2 k(2, 2)462.

n—oo n
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By part (b), Theorem 1.2.2 again, for any 6 > 0,

21\7
. 1 [bn
llisolipalogEexp {9 ;(;m(e»} (8.2.14)
< 27 W=D det(T) 1 2k(2, 2) %62
The bounds in (8.2.12) and (8.2.14) indicate that for large N, it is the
second summations in the decompositions (8.2.5) and (8.2.9) that play a dom-

inating role. By (8.2.11) and by the exponential approximation established
in Lemma 8.2.2 below,

11161+ lim sup b_ log E exp { \/ |§J k= &kl 1/2}

For any fixed but arbitrary N and for any 6 > 0,

N 277!
jg(gghflnj;pbilogEeXp{ [(ZZI&M &inle \) 2}:0.

=1 k=1

In addition, by (8.2.7) one can see that
271

N
> > Egr=0(n) (n— o0).
Jj=1 k=1

Combining this with (8.2.12), (8.2.14) and (8.2.15), a standard argument by
Holder inequality gives
1/2
b-o

bn 1
Z (Qn - EQn) - 5 Z lz(n,x,e)

TEZL?

1
lim limsup — log E exp {9
e—07t n—o0 bn

This, together with (8.2.6) (with 6 being replaced by 6/v/2),

lim bilogEexp{ A\ — |Q - EQn, |1/2}

0 12
= lim su — det(T" _1/4(/ T, € 4da:) ——/ Vg(x de}.
s sup { s aeer) ([t ;[ 195

Here the existence of the limit (as € — 01) on the right hand side is briefly
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proved as follows: By the Jensen inequality,

1/2
lim sup sup {idet(f‘)l/‘l(/ g(x7e)4dx> . 1/ Vg(a:)zdx}
e—0t g&€F2 \/i R2 2 R2

< sup { e ([ o) ol [, Wt}

On the other hand, for any f € Fs,

sup {Zyaeme( [ g<x7e>4dx)1/2 ~ 5 [ Wato)kas

> %det(l“)l/“(/w f(a:,e)|4dx> v %/R |V f(z)|*d.

By Gagliardo-Nirenbrg inequality defined in (4.3.4), F» C £*(R?). Applying
Lemma 2.2.2 to f? we have that

i [ (7(e)tde = [ |fa)l'de,

e—0t R2 Rd

Letting € — 0T on the both side of the inequality and then taking supremum
over f on the right hand side we have

0 12
liminf su — det(I" _1/4</ T, € 4d:r> — —/ Vg(x de}
it sup - der(r) /([ lote.o 5 [ 19t
4 1/4 4 Y2 2
> sup {—detF_ (/ flz dx) ——/ Vf(x da:}.
sup § ety ([ 176 5 |, 195@)
Finally, the desired (8.2.3) follows from (8.2.13). |

As we have seen in above proof, our argument substantially relies on
the approximation of the intersection local time of two independent random
walks by its smoothed version. Here we provide support to such approach.

Write _

TE€ZL?

and for any € > 0, write

In(e) = Y l(n,z,6)l(n, z¢)

TEZL?
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where I(n, z) and {(n, z) are the local times of the independent 2-dimensional
random walks {S(k)} and {S(k)}, respectively; and I(n, z, €) is generated by
{S(k)} of {S(k)}, in the same way as l(n,x, €) is generated by {S(k)}.

Lemma 8.2.2 For any 6 >0
lim hmsupb—logEexp{ (= |[ — I( |1/2}_
e—0t pooo

Proof. By the resolvent approximation performed in the proof of Theorem
7.1.1, we may assume that the random walks S(k) and S(k) are aperiodic.

Define
In(e) = {Zpe(\/» 1“(%)—%))}

xEZ2 =

{Zpe(\/» ~1/2(3(k) —x))}

where

Ky.= Zpe(\/ZF 1/2 )N det(I‘)% (n — 0).

y€EL?

One can see that for each € > 0 there is a constant sequence C,, — 1 such
that I,(e) = Cp1p(e).

From (7.2.3) (with d = p = 2), one can see that

lim sup bi log E exp {9\/ b—nI}l/z} <oo VO>0.
n—oo n n

Consequently, it suffices to show

1 by, Y O
61_1>I(I)1+ hTILn_)bolip ™ log E exp {9 g\ln — I, (e)] = 0. (8.2.16)

By Taylor expansion and by Cauchy-Schwartz inequality,
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By the fact that E[In — I_n(e)]m > 0 for all integers m > 0, and by the fact
that on the right hand side, the terms with odd power m can be dominated
properly by the terms with even power through Cauchy-Schwartz inequality,
we need only to show that

L 1 NN w2
lim hmsup—logmz_:om(;> {E[In—fn(e)] } =0. (8.2.17)

e—0t pnooo bn

For sufficiently large n, let 0 = ng < n; < --- < np,) = n be an integer
partition of [0,n] with ng — ng_1 = [n/by] or [n/b,] + 1 for each 1 < k <
[b]. Take the additive functional FF(S) = l(ng,z) (k =1,---,[by]) on the
increasing sequence ny < --- < np,,) and the probability density function

h(z) = Kmipe(\/%Fl/zx>

in (6.1.15), Theorem 6.1.2.

i e—m(%)m/z{E[In - I‘n(e)]m}l/2 (8.2.18)

e om by, m/2 = m) /2
S T

where, in connection to (5.3.1) with d =p = 2,

N —NEk—1

T =52 X [ (202500 - )|
T EZ2

X {"’“f—lpe( %I"l/z(g(j) _ x))]
j=1
= (14 0(W) Iny—ny_r.e (n— o0).

Replacing n by ny — nj_1 in Theorem 5.3.1 (with d = p = 2) ! we have

b\ 2 _ 2
lim limsup (—) ]E{Ink,nk_1 — Ink,nk_l,e} =0.

e—0t nooco n

Further, (6.2.1) in Theorem 6.2.1 (with d = p = 2) ensures that the domi-
nated convergence theorem applies to our setting so that

. . > o bn m/2 T m 1/2
lim lim sup Z ﬁ(;) {E|Ink*’ﬂk—l o LR } =1
m=0 ’

e—0T nooo

1Here is where we use the extra aperiodicity assumption.
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Obviously, the limit holds uniformly for 1 < k < [b,]. Consequently, the
requested (8.2.17) follows from (8.2.18). O

The lower tail asymptotics established in Theorem 4.3.2 can be partially
extended to Q,, — EQ,,.

Theorem 8.2.3 Suppose that E|S(1)|* < oo for some § > 0. Then there
exist C1,Co > 0 such that for any positive sequence b, satisfying

b, — oo and logh, =o(logn) (n — o0)

and for any A > 0,

1 log b,,
lim sup oY logP{Qn —EQ, <—A 08 } < -4

n— oo bn 27r\/det(F)

1 log by,
lim inf —AlogIP’{Qn —EQ, < -\ nog } > (4

n—oo by 2m/det(T)

This result was established in [6], Theorem 1.2. We omit its proof.

8.3 LDP of Gaussian tail in d = 3

According to Theorem 5.5.3, (@, — EQ.,)/+v/nlogn weakly converges to a
normal distribution when d = 3. Naturally, a large deviation principle (also
called moderate deviation principle for its connection to the weak law) is
expected at least for small deviation scale b,,. Throughout this section we let
d = 3. The following is the main result.

Theorem 8.3.1 For any positive sequence

b, — oo and b, = 0(\/logn) (n — o)

and for any A > 0,

lim bilogﬂv{ +(Qn —EQ,) > M\/nb, 1ogn} = MNr%det(T). (8.3.1)

n—oo n

Proof. Our starting point is again the triangular decomposition (8.2.5).
Here we take N = [y~ !log, b,] for large n, where log,(-) is the logarithmic
function with the base 2, and 0 < v < 1/2is a constant which will be specified
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later. Unlike the argument in the previous section, it is the first sum in the
decomposition (the diagonal part) that makes major contribution.

Write
7; =mn; —En; and &, =&k — E&n.
We first prove that for any L > 0 there is a constant a > 0 such that

N 2971
1 _
lim sup ™ log[P’{ Z Z §ik| = a\/nb%} < —L. (8.3.2)
nee Tn j=1 k=1

By the fact that 277 + .-+ + 277V < 277(1 — 277)7! and by triangular
inequality, for any a > 0

N 2i71
P{ DRI a@} (8.3.3)
7j=1 k=1
N 2i~1
< ZIP’{ > &z a2 (1 QW)QW‘\/W;‘;}.
j=1 k=1

Let C > 0 be fixed but arbitrary number and set

;= _
Sk =&inlye, <ovmmy ~ BSkle, <oymrm)
and 7 = ijk — &} 1,- Notice that uniformly on 1 < j <N,
291

Z E&j 1, = o(n\/277b3).
k=1

Thus, for any § > 0,

7
as n is sufficiently large.

Taking d = 3 and p = 2 in (6.2.1), Theorem 6.2.1, by the in-law-identity
(8.2.7) we have

271
Z &l > 5\/n2_jb%} < Z P{Ej,k‘ > C\/”2_jb%}
k=1

1<k<2i-1

0 _
sup ]Eexp {WM-J’IC 2/3} < 0 (834)

n,j,k
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for some 6 > 0. By a standard way of using Chebyshev inequality, one can
show that for any L > 0, there is C' > 0 such that

hmsupb—logsupIP’{Kjk\ > Cy\/n2~ Jb3}

n—oo

Consequently, by the fact that 29-1 < 2V < p7 '

291

Zf

> 6\/n2—jb731} <-I (8.3.5)

lim sup b_ log max }P’{

n—oo
for any § > 0.
By independence,

291

0 0
Eexp{ 27 Z jk} HEeXp{jijjk}

For each 1 < k <291
|£;7k| S 2C\/ n2_jb%

In view of (8.3.4), therefore, there is a u > 0 such that

u u(2C)'/3 }
sup Ee —_— ¢ < supEe ——__|¢! < 0.
P { Vn2-7b, 5““'} P { (n2-9)1/3 i

By Taylor expansion, there is a M > 0 such that when |6 is sufficiently small,
2710 M2279%
Eexp {m§j7k} < exXp {TE j,k}'

By (8.2.7) Eg?,k = O(n277). Consequently, there is a constant M’ > 0 such
that

ax E exp { \/_ Z &, k} (8.3.6)
< exp{w} < exp{w},

By the fact that 227N ~ b2, and by Chebyshev inequality, for any L > 0

there is a constant a > 0 such that

271

ijk

> a2” '“\/nb?’} —L.

1
hmsupb—log max IP’{
<<

n—o0 n
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In view of (8.3.5), therefore,
211

Zé}k

By (8.3.3), therefore, we have (8.3.2).
Notice that /nb3 = 0(\/nbn log n) 2 Consequently, for any € > 0

1
lim sup — log max IP’{

n—oo b

a+6)2" W\/@} <-L. (83.7)

291

N
Zzgﬂc
Jj=1 k=1

To prove (8.3.1), therefore, it suffices to show that

hm — log P{

€\/nb, logn} = —00.

lim —logP{ Zn] > A\/nby, logn} — 2% det(T). (8.3.8)

n—oo ’I’L

Write

o, = ﬁj1{|ﬁj| < 4/2"Nnb3 1ogn} —Eﬁjl{\ﬁj\ < y\/27Vnb) logn},
n} :ﬁjl{\ﬁj\ > 2*Nnb§110gn} —]Eﬁjl{|ﬁj| > /27 Nnbd logn}.

By the in-law-identity (8.2.6) and by Theorem 6.4.1

3 0 2/3
b;’lg)EeXp {ij < o0 Ve > 0. (8.3.9)

Replacing {EN,,C; 1<k< 2N_1} by the sequence {ﬁj/\/log n; 1<j5< QN}
in the argument used for (8.3.5) gives that for any L > 0 there isa a > 0

such that
> ay/2=Nnb3 logn} < —L

lim sup b_ log IP’{ !

n—oo

We now make v < 1/4. Then

1
\/2=Nnb3 logn = 0( I g)gn) (n — o0). (8.3.10)

2This is the only place in the whole proof where the assumption b, = o(y/logn) is
needed.
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In particular,

"I > ev/nby, logn} = —00.

nlirr;o E log IP’{

Therefore, it remains to show that

lim —logIP’{ an > A/ nby, logn} = - \27% det(T). (8.3.11)

n—oo ,n

By Theorem 1.1.4, all we need is to establish

1
lim ™ log E exp

02
—_— 3.12
n—oo by, { nlogn Z } (2m)2 det(I) (8:3.12)

for every real number 6.

By independence, Taylor expansion and (8.3.10),

R b
Eexp{@ nlognznj} HEexp{ nlognn}

j=1

—Hmﬂ1m>>%"wwﬂ (n— o),

2nlogn

Observe that from (8.2.6) that uniformly on 1 < j <2V,
E[n;| ~ ElQu2-~n) — EQp2-ny]
= O(\/m) =o0(1/2=Nnb3 logn).
Consequently, by the weak law given in Theorem 5.5.3

1
E /)2 ~ (7. 2 ~ 72—1\/ 1
(773) (77]) (272 det(T) nlogn

uniformly over 1 < j < 2% as n — oco. This leads to (8.3.12). O

If we only consider the lower tail of @,, — EQ,, in exchange for relaxing
the condition on b, we establish the following sub-Gaussian tail.

Theorem 8.3.2 For any positive sequence

b, — o0 and b, =o0(n) (n— o0)
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and for every A > 0,

lim sup bi log]P’{Qn —EQ, < —\\/nbn log(n/bn)} (8.3.13)

n—oo n

< —A?7%det(T).

Proof. The main idea in the remaining argument is sub-additivity. Intro-
duce the sequence,

:iiP{S(k)zo} n=1,2---.

j=1k=j

By an argument used in the proof of (5.1.6),

4
n ~ n. 8.3.14
aln) ~ (2m 3/2,/det ZZ k3/2 (2m)3/2,/det(T) vn ( )

]1k]

We claim that for any integers m,n > 1,

n  m4+n
E( > D 1{S(j>—s<k)}> =q(n) +q(m) — q(m + n). (8.3.15)

j=1k=n+1
Indeed,
n m—+n
(Z Z Lisgy=sk)y )
j=1k=n+1
n m-—1 n m+j—1
=> Y P{Sjs=0}= Z Z P{S), = 0}
j=1 k=0
—Z(ZP{Sk—O}— 3 P{sk—o}>
k= k=m+j
n oo m—+n
=> Y P{S=0}- > Z]P’{Sk—()}
J=1k=j j=m+1k=j
= q(n) +q(m) — g(m +n).
Write

&) =qn)+ (BEQn — Q) n=1,2,--
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Then
f(m + n) = q(m =+ n) + (EQm+n - Qm+n)

— o(n) + (m) —E(Z 5 15,50 )

j=1 k=n+1
+ (EQn — Qn) + (EQm — Q)
n  m-4+n n  m4n
=D g+ E(Z > 1{sj—sk}>
j=1k=n+1 Jj=1k=n+1
< {atn) + BQn — Qu)} + {4(m) + EQ — Qu)}

where

Qm= Y,  lsg=se)

n+1<j<k<n+m
is independent of {S7,---,S,} and is equal in law to @,,.

Therefore, £(n) is a sub-additive sequence:

En+m)<&mn)+&m) mn>1 (8.3.16)

with £(m) e ¢(m) and with independence between &(m) and {£(1), - -+, &(n)}.

By straight forward calculation we have that for each k > 1,
[e%S) k—1
E(k) = E(k—1) = D P{S() = 0} = 3 Ls(y)=sii)-
j=1 j=1
Consequently,
sup {£(k) — E(k — 1)} <> P{S(k) = 0}.
k=21 k=1

By transience in d = 3, the right hand side is a finite constant. By Theorem
6.4.3 and (8.3.14), the normalized sequence

max {(k)/v/nlogn n=2,3,- -

1<k<n

is bounded in probability.
By Theorem 1.3.3,

sup E exp <oo VO>0. (8.3.17)

()}
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Let 8 > 0. By sub-additivity given in (8.3.16),

14by,
Eexp{0 Wﬁ(n)}ﬁ (EGXP{9 Wf([n/bn])}) .

By the central limit theorem given in Theorem 5.5.3, by (8.3.17) (with n
being replaced by [n/b,]) and by dominated convergence theorem,

bn, 92
Tt e/} — e G | o)

Consequently, for any 6§ > 0

Eexp{@

1 bn 62
3 3 S P —
hernbup ™ log E exp {9 Tog(n/b0) S(n)} <

In view of (8.3.14), this is equivalent to
bn 62
limsup — log Eexp {0,/ —"  (EQ, — Q) < —
P, 08 eXp{ log(n o) Edn — @ )} (2m)2 det(T)

which leads to the conclusion in Theorem 8.3.2 by a standard application of
Chebyshev inequality. |

We conjecture that (8.3.13) can be strengthened into

lim — logP{Qn —EQn < —\\/nby, log(n/by, } = 2272 det (D).

n—oo TL

8.4 LDP of non-Gaussian tail in d = 3

The decomposition (8.2.5) shows that the self-intersection of a random walk
consists of two parts: short and long range intersections. When b, =
o(v/logn), it is the short range intersection that dominates. Consequently,
the large deviation principle for @, — EQ,, has a Gaussian tail in this case.
In this section, we shall see that increasing the scale b, may change the
dynamics.

Throughout this section, d = 3.
Lemma 8.4.1 For any L > 0, there is a A > 0 such that

lim sup — logp{\Qn EQ.| > )\\/nbf’l} <-L

n—oo b

for any b, = o(n) with lim b, /+/logn = oo
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Proof. Again, our starting point is the decomposition (8.2.5). Here we let
N = [log,(logn)] (Recall that log,(-) is the logarithmic function with base 2).
One can see that (8.3.2) remains true. Here we emphasize two facts: First,
the constant A > 0 exists uniformly for b, satisfying the condition posted in
the lemma.? Second, to establish (8.3.2) in current setting, we take v = 1/2
n (8.3.3), and a place we use our assumption nlin;o bn//logn = oo is in
(8.3.6), where the right hand side (note v = 1/2) is bounded by

{M’Gzlogn
expq ————

s }:exp{own)} (n — o).

It remains to show that for any L > 0, there is a A > 0 such that

lim sup — log ]P’{

Zm >,\\/W} < —L. (8.4.1)

n—oo b =1
Write
G =mnj/Vlogn j=1,--- 2"
From (8.3.9),

0
sup E exp {7C|2/3} < 00.
.7 (2=Nn)! /3157

The argument used for (8.3.5) (Once again, v = 1/2, for which the assump-
tion on b, is needed here for similar reason) leads to that for any L > 0,
there is a A > 0 such that

lim sup — log ]P’{

n—oo

>\ /2- Nnb?’} —L.

Equivalently, we have proved (8.4.1). |

S

The following is the main result of this section.

Theorem 8.4.2 For any b, satisfying

lim b,/+v/logn =00 and b, =o0(n) (n— o0)

3When the assumption on by, is weakened as lim inf,— o0 br, /v/Iogn > 0, (8.3.2) remains
true, but we are unable to establish its uniformity over b,
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and for any A > 0,

lim bilogP{Qn ~EQ, > )\\/nb%} (8.4.2)

n—0o0 Op,

_ 3/det2(F)K(3’ 2)~8/3)2/3,

Here we recall that under the definition given in Remark 3.8.3, k(3,2) > 0 is
the best constant of Gagliardo-Nirenberg inequality in R3:

If1la < CUVLIEANFIL e WRA(R?).

Proof. Under our assumption on by, \/nby, log(n/by,) = o(y/nb3) asn — oc.

By the sub-Gaussian tail given in Theorem 8.3.2,

lim bi logIP’{Qn —EQ, < —)\s/nb%} — 00 YA>O0.

n—oo n

Consequently, (8.4.2) is equivalent to

lim bi log B{|Qn — BQn| > AV/nB } (8.4.3)

n—oo

_ 3 detZ(F) K (3,2)"8/3)2/3,

We now claim that the statement in Lemma 8.4.1 can be slightly strength-
ened into: There is a constant Cg > 0 such that

1
lim sup o= 1ogIP’{|Qn —EQ,| > A\/nbi} < —CX? YA>0  (84.4)

n—oo n

for any b,, with b, /+/logn — oo.
Indeed, by Lemma 8.4.1 there is a constant a > 0 such that

lim sup bi log}P’{\Qn —EQ.,| > a\/nb%} < -1

n—oo n

for every b, = o(n) with b,/v/logn — oo. Replacing b,, by (a‘lx\)Q/Sbn in
above bound and letting Cg = a~2/% we have (8.4.4).

By Theorem 1.1.4, a possible approach is to compute the logarithmic
generating function

1 ” 1/4
lim — logEexp {Q(b—> Qn_EQn|1/2}'
b n

n—oo n
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Unfortunately, we are not able to do this. As a matter of the fact, we even
don’t know whether or not the limsup

1/4
lim sup bi log E exp {9(%) |Qn — EQn|1/2}

n—oo n

is finite for any 6 > 0, despite of (8.4.4).

Instead, we condition on that |@Q, — EQ,| is suitably bounded. More
precisely, let M > 0 be large but fixed and define the event

O = {1Qn — BQu| < M/l }.

We prove that

1/4
lim biloglf«:(exp {e(b") |Qn—EQn|1/2HQn) (8.4.5)

n— o0 n

_ 1 3y3 -1 84 1/6
_16(2) det(D)~15(3,2)80* 0 <0 < cM

where ¢ > 0 is a constant independent of M.

The triangular decomposition (8.2.5) plays an important role in our proof
of (8.4.5). As in section 8.2, we let N be large but fixed. By (8.2.6) and
(8.4.4),

limsuplogIP’{|ﬁj| > )\\/nbf’l} < —C2NV/3NY/3

n—oo

for every A > 0 (recall that 77; = n; — Enj;). By Theorem 1.2.2,

hmsuplogIP’{‘ Zn]‘ > )\\/nb?’} < CQ2N/3)\2/3

n—oo

for every A > 0. In view of (8.4.4),

nb3 |Q

lim sup logIP’{‘ an } < —C2N/3N2/3, (8.4.6)

n—oo

‘We now claim that

limsup%logE(exp{ ( )1/4‘ an‘l/z}

n—o0 n

27
2—N 3p4
) — 256 C o

(8.4.7)
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By (8.2.7) and by (6.2.1) in Theorem6.2.1 , there is a # > 0 (possibly
depends on N) such that

0 .23
sup Eex { } < 00
7y kI’r)L P ﬁgy,k

for some 6 > 0. Notice that N is fixed. By decomposition (8.2.5)
2/3
} < 0o

for some 6 > 0. This leads to, by a Chebyshev type argument, that

1/2
}<oo

2N

SI:LPEGXP{%MQVL _]EQT:‘ - ‘ Zﬁj‘

Jj=1

n—oo n

N
b\ 1/ —
hmsup;logEexp{@(;) ’Qn_EQn_’an’
j=1

for every 6 > 0. Consequently,

hmbupb—log]E<exp{ ( ) ‘an‘l/z}

n—oo

n><oo Vo > 0.

Combined with the observation (8.4.6), this legitimizes the use of Varadhan’s
integral lemma (Theorem 1.1.6). Consequently, for any 6 > 0,

hmsupb—log]E<exp{( )1/4‘277J‘1/2} n)

27
< A\ — 2N/3>\4/3} _ 9—No=3p4.
- ?\i%{ ¢ 256 “

We have confirmed (8.4.7).
Recall (Theorem 8.1.2, with d = 3 and p = 2) that

nlgrgob—nlogEexp{ ( ) (Zl (n,z 6)1/2} (8.4.8)

1/2
= sup {9det(F)1/4</ |g(a:,e)|4dx> — 1/ |Vg(x)|2d;v}
geFs R3 2 Jps

= Mc(0)  (say)

where

l(n,z,€) = det(T) 1/2( )
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Fo={ge L2®); |lgll2 =1 and Vg € L2(R)}

and for g € F3s,

g(@,€) = {/RS pe(z — y)gz(y)dy}l/z.

Clearly, (8.4.8) implies that

hmsupb—logElexp{ ( ) ( 3 Bn,a,e )UQHQJ (8.4.9)

n—oo n
T€Z3

< M(0).

On the other hand,

E exp {9(%")1/4< 3 lz(n,x,e))l/z}

TE€ZL3
1/4 1/2
:E[exp{@( ) (ZZane> }191
TE€ZL3
1/4 1/2
+E exp{9<b—) (Zl2nxe> }1921.
TE€ZL3
Consequently,
1/2
{hmlnfb—logIE exp{ ( ) (Zﬂnme) }Qn,
e YA
1/4 1/2
hmsupb—logE[exp{ ( ) <Zl2n9c e) }19;]}
n—oo TGZB
> M.(0).

By Cauchy-Schwartz inequality,

exp {0(%")1/4< Z *(n,z, 6)) 1/2}1931

z€Z3

E

1/2

< {Eexp {29(%")1/4< 3 lz(n,x,e)>1/2}] {P(Qg)}l/z.

TE€ZL3
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Combining this with (8.4.8) (with € be replaced by 260) and (8.4.4) (with

A=),
exp {o(12)" (zzzn“)l/z}%]

lim sup b_ log E
z€ZL3

n—oo n

1 1
< 5 M(20) - 5CQM2/3.

By Jensen inequality,

M. (26) < sup {29det(l“)1/4</RB g(x)|4d3:)1/2 - %/R |Vg(x)|2dx}.

According to Theorem C.1 in Appendix, for any 6 > 0

gseu}l_)s {9(/11@ g(x)|4d;v)1 " - 1/ |Vg(z)| dx} (8.4.10)

- %(g)sﬂ(3,2)804.

Hence, we have proved that

1/2
hmbupb—logE[exp{ ( ) ( ZS n,x,€ ) }19‘3]

T€Z3
2 1
< 17 det(T) "1 k(3,2)%0* — 5CQM?/?*.

Notice that there exists a constant ¢ > 0 independent of M, such that the
right hand side is negative for all 0 < # < ¢M'/®. Summarizing our argument
after (8.4.9), therefore,

1/4 ) 1/2
hnnlgfb_lOgE exp{ ( ) ( Z 1*(n,x, € ) } Q, (8.4.11)
z€Z3
> M(0)
for 0 < 6 < eM'/S.
Combining (8.4.9) and (8.4.11), for any 0 < 6 < cM*'/6
1/2
nlirrgob—nlogE exp{ ( ) ( gz:sl n,T,€) > } Qn] (8.4.12)

= M.(6).
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As in the proof of Theorem 8.2.1, a key idea is the exponential approx-
imation. For this we need the decomposition given in (8.2.9). Similar to
(8.2.14), for any 6 > 0

hmsupb—logEexp{( )1/4<Z77J )1/2} (8.4.13)

n—oo

1 3\3 -1 84
< —— (=) det(T )
N 2<2) et( ) K(S,Q) (%

Similar to (8.2.15),
N 2771

lim sup o logEexp{ ( ) (Z & — fj,k(€)|>1/2} =0. (8.4.14)

n— 00 n J=1 k=1

In addition, by (8.2.7) one can see that
2971

N
DY Egr=0(/n) (n— o).
j=1 k=1

Combining this with (8.4.7), (8.4.13) and (8.4.14), applying Holder inequality
we have that for any 6 > 0
by, 1/4
exp {9 (—)
n

X (Qn _EQn) - % Z fz(n,x,e)

T€Z3

1
lim limsup — loglE

e—=0T n—oco On

=0.

1/2
flo

In view of (8.4.12) (with # be replaced by 0/+/2), the exponential approxi-
mation established in above gives that for 0 < 6 < cM/6,

1/4
lim ilogIE<exp {9(1)_”) |@n —Ein/z} Qn)
b n

4 1/4 4 S 2
= sup ¢ —=det(I')” / x da:) — —/ Vyg(x da:}
geg{ﬂ () <ng( )| 3 ), V9@l

_ 13y - 8 44
- 16(2) det(T)~1x(3,2)%0

where the last step follows from (8.4.10).
We have completed the proof of (8.4.5).
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We now finish the proof of Theorem 8.4.2 or equivalently, (8.4.3). Since
(8.4.5) does not hold for all # > 0, Gértner-Ellis theorem does not directly
apply to our setting. However, by Chebyshev inequality we have the following

upper bound
.}

1 /333
< — ON/2 — —(2) det(I) " 1k(3,2)%0%
N 0<6'S<lg\)/[1/e{ 16(2> et([)#(3,2) }

1
lim sup o log]P’{|Qn —EQn| > A/nb?

n—oo n

_ detZ(F) K(3,2)"8/3)2/3

for
INEA -2 16 .6
0<A< 16(2) det(T') ™“k(3,2)"°c’ M.

Since M > 0 can be arbitrarily large, by (8.4.4) (with A = M) and a standard
argument of exponential approximation,

1
limsupb—logIP’{|Qn —EQn| > /\\/nb%} (8.4.15)

n—oo n

<-4 de;(r)m(g,z)*s/w/g VA > 0.

To establish the lower bound, we introduce an ii.d. sequence {73} of
exponential random variables with parameter 1. We assume independence
between {7} and {S(k)}. Write

k=1
By (8.4.5),
: 1 |Qn - EQn|1/2 Yn _
nlgr;o ™ logE [exp {an( i + CM1/6> Q| =A(0)

for every 6 > 0, where

L /333 -1 8nd 0 -1 1/6
A9) =
00 0> cMY/S,

According to Definition 1.1.3, one can see that the logarithmic moment gen-
erating function A(#) is essentially smooth.
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Applying Theorem 1.2.3 to the random sequence

Qn - EQn‘l/2 Yn

_ |
e o R T

n=1,2,

gives that

1
lim ™ log ]P’{

n—oo n

‘Qn _EQn‘l/z Yn
v/nb3 o = A

= lim ilogIP{Zn > A2} =—-I(\) VA>0

n—oo n

where for every A > 0,

I(\) = sup {0)\ - A(|0|)} = sup {9/\ - A(e)}

(A
1 /313 § -1
frg S _ —_ F -1 2 8 4 - 1 — T YT/~
s o o (5) detn) .20 - (1- )
< sup {HA—L(§)3det(F)_1m(3 2)894}.
T 0<f<cML/6 16 \2 '

It is straightforward to check that the right hand side is equal to

3 det2(r) /{(3, 2)_8/3A4/3

when

1/73y3 -1 8 3ar1/2
0</\<Z<§) det(T) 'k (3,2)33 MY/2,

For such \ we have

: 1 |Qn - EQn|1/2 Yn
nh—>Holo Elogp{ 4 nb% + cM1/6 2 A

T
> ¢ de;( ) n(3,2)"/301/3.

In addition, for any € > 0 by Cramér’s large deviation principle (Theorem
1.1.5), one concludes that

Qn} (8.4.16)

1
A}im lim sup = logIP’{Yn > ech/G} = —00.
Combining this with (8.4.4) (with A = M) and (8.4.16), a standard argument
by exponential approximation gives
1 det(T"
liminf—logP{IQn —EQ,|'? > A;‘/nb;’;} > — $5(3,2)*8/3/\4/3.



8.5. LDP FOR RENORMALIZED RANGE IN D = 2,3 317

Replacing A by V/\,

1
lim inf — logP{|Qn — EQu| > Av/nbf,} (8.4.17)
>/ de‘;(r) K(3,2)73/3)2/3 WA > 0.
Finally, the desired (8.4.3) follows from (8.4.15) and (8.4.17). |

8.5 LDP for renormalized range in d = 2,3

Recall that by our notation, the range of a lattice valued random walk {S(k)}
is given by

In this section we study the large deviations for the renormalized range R,, —
ER,.

It is intuitively clear that @,, and R,, are negatively correlated. Indeed, a
spread-out trajectory rarely intersects. As a consequence, we shall see that,
under the large deviations of asymmetric tails, the behavior R, — ER,, is
naturally link to that of —(Q, — EQ,).

Similar to (8.2.5), given an integer N > 1,

2N N 2971
R, = Zﬂj - Z Z Qg (8.5.1)
j=1 j=1 k=1

where

8; = #{S(( — yn2, jn2~"7}
= #{s((% — 227, (2k — 1)n277] N §((2k — 1)n277, (2k)n27] }

The sequence {3;}1<;j<on is an independent sequence with

d

Bi=R,, j=1,---,2~ (8.5.2)

where
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For each 1 < j < N, {ajr}1<k<2i-1 is an independent sequence with
aju L #{S[0,n =10 S[Ln, ]} k=102 (8.5.3)

where {S(k)} is an independent copy of {S(k)} and
njx = #{(2k — )n277, (2k)n277]
= #{(2k)n277, (2k + 1)n277].

Corespondent to Theorem 8.2.3, we have

Theorem 8.5.1 Let d = 2. Suppose that Suppose that E|S(1)]*0 < oo for
some § > 0. Then there exist K1, Ko > 0 such that for any positive sequence
b, satisfying

b, — oo and logb, = o(y/logn) (n — o)
and for any A > 0,

nlog by,

Jim sup biA log P{Rn —ER, > 2\r/det(T) 2} < K,

| nlogby,
2 _ > oA/ > K.
lmn? 55 log P{ R~ ER, > 24 /de(T) (logn)2} =

The proof is omitted here and the reader is referred to [7] (Corollary 1.3)
for a proof.

The following theorem is an analogue to the results given in Theorem
8.3.1 and Theorem 8.3.2.

Theorem 8.5.2 Let d = 3.

(1). For any positive sequence by, salisfying

by — oo and b, =o(y/logn) (n — oo)

and for any A > 0,

1
lim logIP{ + (Ry — ERy) > \/nibn logn} (8.5.4)

n—oo n

= —75 A2 n? det(T).

(2). If the condition on by, is relazed to

by — o0 and b, =o(n) (n— o)
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we have

1

.lim sup ™ log]P’{Rn —ER, > \/nb,, log(n/bn)} (8.5.5)
< =752 A2 det(I)

for every A > 0. Here we recall our notation

vs =P{S(k) #0; Vk>1}.

Proof. Replacing the decomposition (8.2.5) by (8.5.1), the proof of (8.5.4) is
an obvious modification of the argument used in the proof of Theorem 8.3.1.
We now prove (8.5.5). Recall that

g(n) =" > P{S(k)=0}.

j=1k=j
First notice that
n m4+n n m—+n
> 2 Ms=sy =220 2 ls=sen
j=1 k=n+1 r j=1k=n+1

> Z 1:1:65'[1,n]}1{$ES[n+1,n+m]} = #{S[Ln] n S[n +1,n+ m]}

By (8.3.14), for any integers m,n > 1,

E#{S[1,n]NS[n+1,n+m]}
n m—+n

<EY Y 1gms =a(n) +q(m) — q(m +n).

j=1 k=n+1

Notice that
Rupn = Ry + #{S[n+ 1,n+m]} — #{S[1,n] N S[n+1,n+m]}.

Similar to (8.3.16), therefore, the sequence {n(n)} defined by

n(n) =q(n) +R, —ER, n=1,2--
is sub-additive:

nim+n) <nn)+nm) mn>1 (8.5.6)

where

n(m) = q(m) + #{Sn+1,n+m]} —E#{Sn+1,n+m]}
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is independent of {n(1),--- ,n(n)} and has the same distribution as n(m).

The rest of the proof can be carried out in the same way as the proof of
Theorem 8.3.2. O

Perhaps the following is the the most interesting result of this section.

Theorem 8.5.3 Let A > 0 be fixed but arbitrary.
When d = 2,

1 nby
lim —logP{ R, —ER, < — 5.
e by, o8 {R R A (logn)? } (8.5.7)

= —(2m)2 det(D)"/2K(2,2) 74\
for any positive sequence b, satisfying

bp — 00 and b, =o(logn) (n — o0).
When d = 3,

lim logIF’{Rn _ER, < —)\\/nb;’;} (8.5.8)

n— oo bn

det(T" _
_ 62( )5(3,2)—8/3734/3)\2/3

for any positive sequence b, satisfying

lim b,/v/logn =00 and b, =o(n'?)  (n— o0).

We now comment on the assumption on b,. By the fact that R,, < n, the
assumption b,, = o(n'/3) is best possible for (8.5.8) in the case d = 3. When
d = 2, by the fact that

n

ERn—RnSERn:O( ) (n — o)

logn
our condition b, = o(logn) is best possible for (8.5.7).

Most of the proof of Theorem 8.5.3 is essentially same as the ones for
Theorem 8.2.1 and Theorem 8.3.1: In view of Theorem 8.1.3 (with p = 2),
we use the random quantity

1
5 Z Rz(n7x7 6)

T €L
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to approximate ER,, — R, exponentially. Every step appears as a obvious
modification of the correspondent argument used in the proof of Theorem
8.2.1 and Theorem 8.3.1.

The only exception is the part correspondent to Lemma 8.2.2. To com-
plete the argument for Theorem 8.5.3, we prove the following Lemma 8.5.9
in the rest of the section.

To begin, recall that
Jn = #{S[1,n] N S[1,n]}
and write, for € > 0,

In(€) = Z R(n,z,e)R(n,z,€)

zeZ?
where R(n,z,€) is defined in (8.1.4) and R(n, z,€) is generated by {S(k)} in
a way same as how R(n,x,€) is generated by {S(k)}.

Lemma 8.5.4 (1). When d =2,

1 bn,
lim+ lim sup o log E exp {0\/ — logn|J, — Jn(e)l/z} =0 (8.5.9)
e—=0T n—oco On n

for any 0 > 0 and for any positive sequence by, satisfying
b, — oo and b, =o(logn) (n— ).
(2). When d =3,
lim_ Tim sup — log E exp {9(b—")1/4Jn - Jn(e)|1/2} =0  (85.10)
e—=0+ nooo bOp n
for any 0 > 0 and for any positive sequence b, satisfying

by — o0 and b, =o(n'/?)  (n — o).

Proof. For similarity we only deal with the case d = 2. The challenge
we face here is much more substantial than the proof of Lemma 8.2.2. In
contrary to (6.1.13) (which is used in the proof of Lemma 8.2.2), there is no
the moment inequality providing bounds directly for J,, — Jy, (€).

Let 0=ng<ng <--- < n[p,] =N be an integer partition of the interval
[0, 7] such that

N —Ng—1 = [n/bn] or [n/bn} +1 k=1, [bn]
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Recall that
R(n,z,¢e) = (b—n> det(T)~1/2 Z D ( b—nffl/z(y—x))
b b n € n
yeS[1,n]
Write

b [bs] b
&(n,x,e) = (%) det (1) ~1/2 Z Z p6< %Fil/z(y - x))

J=1yeS(nj—1,n4]

Let Ay, be a function on Z? defined by

he(z) = (%”) det(™) ™ Y pe (x _ \/%me)pe(\/%rwy).

yEZ?
In the risk of over-simplification of the notation, we define

R(7) = Lizes,ny

(bn]
§@) = Z Haes;mng—1.m,1}
j=1
and
_ /bn —1/2
Re(x) - Z hn,e( ;F (y — .13)),
yeS[1,n]

[bn]
§e<x>=§j 3 hn,e(/%r*”(y—x)).

J=1yeS(nj—1,n4]

We define R(n, z,€), £(n, z,€), R(z), £(x), Re(z), &(z) in an obvious way.
Observe that

Jn(e) = Z R(nvxve)ﬁ(nvxve) = Z ]-{xES[l,n]}ﬁe(x)'

x€Z2 x€Z?
With the notation used in the Hilbert space [?(Z?), therefore
Jn — Jn(€) = (R,R) — (R,R.) = (R,R — R,).

Hence,

|Jn - Jn(e)‘ < |<§7-§_Ee>| + |<§_R7§_§e>|
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For the first term on the right hand side,
(6 R — ) = (& B) = (& Re) = (&, ) — (&, B) = (€ — &, ).
As for the second term, observe that &(z) — R(x) > 0. Therefore,

(€= R, R—Ro)| < (6— R.&) + (£~ R,&)
= (- RE-&)+2(6 - RE)
= (€~ R,E—&) +2(6 — R, £).
In summary,
| Jn = Jn(€)] < (€ — & R)| + (€ — R, € — &) + 2(& — Re, §).
Notice that

(E—RE-ENL(E—¢,E—R)y<|(€—€,8|+|(E— ¢, R

For (8.5.9) to hold, therefore, we need only to show that for any 6 > 0,

1 [ b,
lim lim sup — log E exp {9 — log n| &—¢&, )’1/2} =0 (8.5.11)
€—>0+ n—oo b’I’L
lim lim sup 1 log E exp {9\/ L 10gn|<§ — &75’1/2} =0 (8.5.12)
e—0t nooco bn n
and
lim - log Eexp {9, [ Jognie. — R. §>1/2} -0 (8.5.13)
n—oo by, n ’

for any fixed € > 0.

Observe that for any integer m > 1,

E( — & B)"
= % [EIT st - )] [T tewestn)]

Ty, T €EL2 k=1

< { > [E ﬁ (e - ge(xk))r v
@1 €72 L k=1
X { > { ﬂ {eres(Ln]) ] }1/2

T, am'mEZZ

(B e e} r)”
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For (8.5.11) to hold, it is sufficient to show that

[ by m
e£%1+ lim sup b_ log Z ( o log n) (8.5.14)

n—oo n

o 1/4
x [{E@—ge,f—fam}{ﬁmﬂ =0,
By Cauchy-Schwartz inequality, for any A > 0
> ()" [{re - e Hea}]
< { 52 00 (o) fete .-} )
X { mijjo ()\;nﬁ (\/%logn)m{Eng}l/z}l/Q
Taking p = 2 in (7.2.7), we have the bound
lim. —nlogmio: i(\/%logn)m{mg}m —C(A"19)?  (8.5.15)

for a universal constant C' > 0. One can make the right hand side arbitrarily
small by making X sufficiently large. To establish (8.5.14), therefore, we only
need show that

i s 5o 3 (o) (e - 60— 80} =0

for every 6 > 0.

Indeed, this follows from an argument similar to the one used in the proof
of Lemma 8.2.2. We describe it here briefly.

Write
0= A2
where we choose A, ¢ to the function

hoe(z) = /\;ihn,e(x) N/

a probability density on Z2. Tt is easy to see that for each € > 0 A, — o0
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325
as n — o0o. Therefore, our claim is equivalent to
lim limsup — log Z ( bu log n)m (8.5.16)
e—0t noco b n

« Bl - &~ E'e>m}”2 -0

Take the additive functional

S) = Z LaeStmy_imy k=1, [bn]

on the increasing sequence ny < --- < by, and take the probability density

h(z) = hp () in the inequality (6.1.16) of Theorem 6.1.2.

f}o O (2 o) (e - .- Eam )
<ﬁ§; (o) (w102, 1™
J=1 m=0

where, in connection to (5.3.32) with d =p = 2,

(2
Dg”c)*”k—laf = Z |:1{$€S[1ank"k—1]} - Z hin,e(2 — x):|

TEZ2 z€S[1,ng—ngk—1]

|:1{a:6§[1,nknk_1]} - Z h”af(z - (E):|

zeg[l,nkfnk_ﬂ

X

= (14 0(1)) Dpy—ny_y2e (0 — 00).

By (5.3.33) in Theorem 5.3.5 (with p = 2 and n being replaced by ny—ng_1),
bn N C) 2 _

lim limsup ( ) (logn)*E[D J =0
n

Ng—Nk—1
e—=0t nooo €

uniformly over 1 < k < [b,]. Consequently,

. ~(2) m M2 _
g e 5 B 02}

uniformly over 1 < k < [b,]. This leads to the requested (8.5.16) and there-
fore to (8.5.11).
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Observe that by the inequality (6.1.12) with a = [b,] and by (5.3.26) in
Theorem 5.3.4 (with n being replaced by [n/b,]), the bound given in (8.5.15)
remains true even when J, is replaced by J,, = (¢, E> Consequently, (8.5.12)
follows from the same argument as (8.5.11).

It remains to prove (8.5.13). Notice that

<£e _Reag> = <§e - Rea§> + <£e _Reaf_ R>

and that
<£e - Rea g_ §> = Z [f(n, z, 6) - R(nv z, E):I [g(nv z, 6) - -ﬁ(nv z, 6)] .
r€Z?
Consequently,

In addition,

(§.— Re,R) = Z [é(n,z,€) — R(n, z, e)]ﬁ(n,x, €)

z€7Z?

< { > ez~ R(n,x,e)]z}l/z{ > EQ(n,x,e)}m-

T€ZL2 zE€72

Hence, for any fixed but arbitrary A > 0

(Re — Re, R)Y/?

> [e(nae) - R(n,x,of}m s ﬁe(n,x,e)}m.

T€ZL2 zE€72

<

| >

Further notice that

3 [z, e) — Rinyz,6)]” £ S [€(n,2,¢) — Rln,z,¢)]7,

TEZ? TEZ?

Z ﬁz(n,x,e) e Z R%*(n,z,€)

TEZL? TEZL?
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and that by Theorem 8.1.3 (with d = p = 2),

1 b 1/2
. n 2
nlgr;ob—nlogEexp {9\/;10@1( E R (n,x,e)) }

T€Z?

1/2
= sup {27rdet 1/4(/ lg(z, €)] d;v) ——/ [Vg(x 2dx}
gEF2
2
< sup fomaen@) ([ lotoliac) -5 [ 1Vato)Pas
gEF2 R2

= 272/det(T)x(2,2)*6?

for every 8 > 0 and ¢ > 0, where the second step follows from Jensen in-
equality and the last step from Theorem C.1 in Appendix.

For (8.5.13) to hold, therefore, it is sufficient to establish that

lim b_ log E exp {9\/ %logn (8.5.17)
L\ 12
X (Z [€(n,2,€) — R(n,z,¢)] ) }20
z€Z?

for every fixed 0 > 0, € > 0.
Let f € ZQ(ZQ) satisfy || f||2 = 1. We have
Z f@)|&(n,z,€) R(n,xm)]

TE€ZL?

= () 4 3 Tucste {Zl{zesw (o ~ o € STLa} |

z€Z?

where, by Cauchy-Schwartz inequality,
Toef@) = 32 Fwpe(y) 2072 )

yEez2

<{§2p6(\/zr V2 (@ y))}l/2

(B} e
yEeZ?

where the last step follows from translation invariance. Write

K= { Z pg(\/%r—l/zgo}l/z.

yEZ?
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By the fact that

[b]
D lwesmyrmy — Hz € S[Lnl} >0 zeZ?
j=1

we obtain

Z f(x) [f(n,x, €) — R(n, z, e)]

TE€Z?

(bn]

by _

< (X) det(I) ™12 ) Kn,e{ LizeS(n,_1,n]} — 1{m€S[1,n]}}
€72 j=1

o iy [bu]
= (%) aentr) 206, f 3 {5 0sm ]} - # {500}

Consequently,
1/2
( Z [é(n,x, €) — R(n, , 6)]2>
z€Z?
by
< (%") det(r)l/an,e{ [ ]#{S(njfl,nj]} —#{5[17“]}}
j=1

In addition,

i (22) det() 252, = [ pE(a)de = paul0) = -

n—oo n R2 471'6

Therefore, the requested (8.5.17) follows from Part (1) of Lemma 7.1.4.
|

8.6 Laws of the iterated logarithm

Among the large deviations established in this chapter, those including b,, =
loglogn apply to the law of the iterated logarithm. The following theorem
appears as a consequence of Theorem 8.1.1.
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Theorem 8.6.1 Ford=1andp > 1,

limsupn™ = (loglogn)~ B Z P(n,x)

, - p— 1 1\~(-1
:29_+1 ~(r=1)(p _ 1 p-1 1 P_SB(_ _) .
To p—1)7=(p+1)= o1 a.s

Proof. The proof follows from an obvious modification of the proof of The-
orem 4.4.1. Ol

Corespondent to Theorem 8.2.1, Theorem 8.2.3, Theorem 8.5.1 and (8.5.7)
in Theorem 8.5.3, we have?*

Theorem 8.6.2 Assume d = 2.

1
lim sup ———(Q,, — EQ,,) = )~ 12,2, 2)* 5. 6.1
lfl_?;ipnloglogn@ @n) = det(I)”77£(2,2)"  a.s (8.6.1)

1
liminf —————(Q,, —EQ,) = —(27) ' det(T)" /2 a.s. 6.2
im in nlogloglogn(Q, Qn) = —(2m) " det(I') a.s.  (8.6.2)

logn)® b BR.) = —(@n)2/At@s(22)" as  (863)

lim inf
n—oo nloglogn

: (logn)? _
hﬁso%pnlogloglogn(Rn ER,) = —(2m)y/det(I')  a.s. (8.6.4)

Proof. Due to similarity we only prove (8.6.1) and (8.6.2). By examining
the proof of Theorem 4.4.1 carefully, one can see that the only thing that
needs to be proved is that

0
sup E exp {E max |Qr — EQk\} < o0 (8.6.5)

n>1

for some # > 0. This can be done by a argument used in the proof of Theorem
6.4.3 0

In the case d = 3, the large deviations given in Theorem 8.3.1 and in
Theorem 8.5.2 lead to the following theorem.

4Without the assumption on (2 + &)-moment in Theorem 8.2.3 and in Theorem 8.5.1,
one still can have some weaker versions of large deviations leading to (8.6.2) and (8.6.4),
we refer the interested reader to Theorem 1.1 in [7]
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Theorem 8.6.3 Let d = 3.
i(Qn - EQn) _ 1

lim su = a.s. 8.6.6

n%oop vnlognloglogn  m./det(T) ( )
+(R, —ER,

lim sup ( ) s a.s. (8.6.7)

n—oo v/nlognloglogn B m/det(T)

Proof. Due to similarity we only prove (8.6.6). Using the integrability
established in (6.4.14), Theorem 6.4.3 instead of (6.4.1) in Theorem 6.4.1, a
slight modification of the estimate conducted in the proof of Theorem 8.3.1
gives that

1
lim sup o logIP{ ax |Qr — EQk| > Ay/nby, logn} < -2
for sufficiently large A > 0. Taking b,, = loglogn, by Theorem 8.3.1 and by
a Borel-Cantelli-type argument (see the proof of of Theorem 4.4.1) we have
(8.6.6). O

In addition to the results established in the dimensions d < 3, the laws of
the iterated logarithm for @,, — EQ,, and for R,, — ER,, were studied in the
early days in the case d > 4. The following theorem essentially belongs to
Jain and Pruitt ([96]).°

Theorem 8.6.4 Let d > 4.
:I:(Qn - EQn) — \/5:9

lims .S. 8.6.8

l?:olip vnloglogn @8 ( )
+(R, —ER,

lim sup (R fin) =V2429  as. (8.6.9)

n—oo V/nloglogn

where the constant ® > 0 is given in Lemma 5.5.2.

We omit the proof for which we refer an interested reader to [96]. Instead
we point out the fact the the main part of the proof relies on some large
deviation tail estimates in the special case b, = loglogn.® The forms of
these large deviations will be discussed in the next section.

5Jain and Pruitt only proved (8.6.9), but their argument can be easily applied to the
proof of (8.6.8).
6Jain and Pruitt did not formulate them explicitly into the form of large deviations.
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8.7 What do we expect in d > 47

In the light of the central limit theorem given in Theorem 5.5.3, it is natural
to have a large deviation principle with Gaussian tail when d > 4, at least
for the small deviation scale b,. As mentioned in the end of prior section,
this is proved to be the case for b, = loglogn. For the full spectrum of b,
responding to the large deviation with Gaussian tail, here is our conjecture.

Conjecture 8.7.1 In the case d > 4,

/\2

lim b_ logP{ + (Qn — EQy) = A/nb, } = ~ 902 (8.7.1)

n—oo n
for any A > 0 and for any positive sequence by, satisfying
by — o0 and b, =o(n'/?)  (n — 0);

and

2
lim —logIP’{:I: (R, —ER,) > M\y/nb, }— A

—= 8.7.2

for any A > 0 and for any positive sequence by, satisfying
d—2
b, — oo and bnzo(nm) (n — o)
where constant ® > 0 is given in Lemma 5.5.2.

Here is what we can do in connection to the large deviations with Gaussian
tails: By an argument same as the one used for Theorem 8.3.2 and for (8.5.5)
in Theorem 8.5.2 we obtain the following bounds of sub-Gaussian tails.

Theorem 8.7.2 When d > 4,

2
hmsupb—log]P’{Qn —EQn < —A\Vnb,} < — ;\32, (8.7.3)
)\2
lim sup b_ logP{R, —ER, > A\/nb,} < — 3207 (8.7.4)
n— 00 7s

for A > 0 and for any positive sequence b, satisfying

b, — oo and b, =o(n) (n— o0).
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Again, we conjecture that the sub-Gaussian tails can be strengthened into
Gaussian tails.

Our major concern is on the possibility of the large deviations with non-
Gaussian tails in the case d > 4. When d > 5, Asselah ([3]) obtained a
non-Gaussian large deviation principle for @,, — EQ,, which states that

Jim % logP{Qn — EQ, > An} = —VZAC(S). (8.7.5)

n—o00 n
Here we adapt the notation used in Theorem 7.5.3:
C(S) =inf {||hl[2; h >0 and ||R|| > 1}

where for any non-negative h € I12(Z%), R}, is the continuous self-adjoint
operator defined by

fn(g)(x) = Ver@ —1 3" &y —w)g(y) Ve =1 gel*(Z%)
yeZ4

and

&(x) = iP{S(k) =z} zez?
k=1

is the Green’s function of the random walk. One can see that (8.7.5) is related
to Theorem 7.5.3 with b, = /n. A natural question is to find a full spectrum
of b, such that (8.7.5) holds.

Another problem is on the non-Gaussian large deviations for R, — ER,,
in the case d > 5. A related work by van den Berg, Bolthausen and den Hol-
lander ([11]), which shall be discussed in the “Notes and comments” section
below.

A comparison between (8.7.5) and (8.8.2) (in the “Notes and comments”
section) for d > 5 indicates a drastically difference between the large devia-
tions (non-Gaussian tails) for @, — EQ,, and R,, — ER,,.

Conjecture 8.7.3 When d > 5,
1
lim -~ log P{Qn — EQ, > \b2} = —V2XC(S) (8.7.6)
for any A > 0 and for any b, satisfying
bn//n — oo and b, =o(n) (n— 0);
and
d—2

1 _d_ ~
lim b—log}P’{Rn _ER, < —)\b;i‘g} — C(SNT (8.7.7)

n—oo n
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for any A > 0 and for any b, satisfying

bn/n% — 00 and bnzo(n%) (n — 00).

The tail behaviors of @, — EQ, and R, — ER, are closely related to
those of, respectively, I, and J. In particular, the reason why @Q,, — EQ,,
and R, — ER,, behave differently in the super-critical dimension d > 5 was
explained in the end of section 7.5. If Conjecture 8.7.3 holds, a natural

problem is to identify the constant C(S). We believe that the value of C(5)

is related to that of C(d,p) (with p = 2) given in Conjecture 7.5.7.

The extension from (8.7.5) to (8.7.6) can be very delicate. Indeed, by
the fact that EQ, = O(n), the large deviation in (8.7.5) is essentially a
story of the tail behavior of @,,. When b,, = o(y/n), on the other hand, the
renormalization makes the model much less tractable. In addition, Q,, —EQ,
is no longer approximatable by its smoothed version in the super-critical
dimension d > 5.

Perhaps the dimension d = 4 is the most interesting and most challenging
case. Nothing significant regarding to the large deviations for @),, — EQ,, has
been known in the case d = 4, especially the one with non-Gaussian tail.
On the analytic side, the Gagliardo-Nirenberg inequality given in (3.3.2) still
holds in the form of the Sobolev inequality

1flls <CIVFll2 feWh(RY) (8.7.8)

when d = 4 and p = 2. On the other hand, the Lo-norm ||f||2 is no longer
relevant. All of these indicate that in the sense of the non-Gaussian tail
large deviations for @,, — EQ,,, the case d = 4 is critical between a diffusive
behavior pattern (when d < 3) and a non-diffusive behavior pattern (when
d > 5) of the random walks.

Conjecture 8.7.4 When d =4,

lim bi log P{Q, —EQ,, > A2} = —g det(D)"Y4k(4,2)72  (8.7.9)
3 T

n—oo n
for any A > 0 and for any positive sequence by, satisfying

b/n'/? — 0o and b, =o(n) (n — o)

and,
1
lim —logP{R, —ER, < —\b}} = Y det(I)~Y4k(4,2)"2 (8.7.10)
n—oo bn 47T’YS

for any A > 0 and for any positive sequence b, satisfying

bp/n'/? — 00 and b, = o(v/n)  (n — o).
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In addition to the difficulty we face in the super-critical dimensions, the
extra challenge here is the lack of sharp tail estimate for I,, and J,, in the case
d =4 and p = 2. In this sense, the final solution of Conjecture 8.7.4 depends
on the outcome of Conjecture 7.4.2. Finally, the conjecture made in (8.7.10)
is partially supported by van den Berg, Bolthausen and den Hollander’s large
deviation for given in (8.8.2) (d = 4) in the “Notes and comments” section
below.

8.8 Notes and comments

Section 8.1

Theorem 8.1.1 is a discrete version of Theorem 4.2.1 and was established
by Chen and Li ([31]). We refer the reader to [24] (Theorem 3.1,[24]) for a
detail proof of Theorem 8.1.2.

Exercise 1. Prove Theorem 8.1.3.
The following exercise originates from Khoshnevisan and Lewis ([104]).

Exercise 2. Let (, be the random walk in random scenery defined in
(5.6.1), where we add the extra bounded assumption [£(0)] < C on the
scenery {£(x); x € Z%}. Prove that as d = 1,

lim bilogIP{ + (o > AMnby)*4} = _%02/3(2,\)4/3 A>0

n—oo n

for any positive sequence b, satisfying b, — oo with b, = o(n1/3).

What can we say about the case d > 27

Section 8.2

Theorem 8.2.2 was proved in [6] and appears as the discrete version of
Theorem 4.3.1.

Exercise 3. We look for another approach to prove Theorem 8.2.1. First
note that Theorem 8.2.1 can be proved in the same way as Theorem 4.3.1 if
we assume additionally that

EerM) >0 v\ e R2
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To prove Theorem 8.2.1 in the full generality, we first define a compound
Poisson process X (t). Let {7 }r>1 be an 1.i.d. sequence of exponential times
such that Ery =1 and that {74 },>1 is independent of {S(k)}r>1. Write

To=0, Th=m+-+7
and define
Ny =k fTy 1 <t<Tp k=12,---

(1). Prove that N, is a Poisson process with

n

4
P{Nt:n}:e_t—' n:0’1’2’...
n:

and that the process X (¢) defined by
X(t) = S(Nt)
is a pure jump Lévy process on Z? with
Eexp {iA- X(t)} = exp{ —t[l — p(N)]}
where () = Ee?*S(M | In particular

Eexp {iX- X(t)} > 0.

(2). Define

Q= // Lixm=x(s)ydrds.
{0<r<s<t}

Apply the argument used for Theorem 4.3.1 to prove that if by — oo and
by = o(t) as t — oo,

1
Jim ™ logP{Q; — EQ; > Ath;} = —A\\/det(I')x(2,2)"* VA > 0.
— 00 t
(3) Prove that for any € > 0,

lim bilogIP’{\\/Qn —V/Qn| > ey/nb, } = —co0.

Hint: First prove that

n 2
or, :% Z [ZTkl{S(k)_m}:| ~
k=1

TEZL2 =
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Write wy = 7, — 1 and then prove that for any 6 > 0,

1 b n 2\ 1/2
nlirréoalogEexp {0\/g< Z Llwkl{s(k)_m}] ) }:0.

TE€Z2

(4). Prove Theorem 8.2.1 by the results from (2) and (3).

Section 8.3 and 8.4

In the light of the central limit theorem given in Theorem 5.5.3, the large
deviation (also called moderate deviation) with Gaussian tail, which is stated
in Theorem 8.3.1 and Theorem 8.3.2, is naturally expected.

In connection to Theorem 8.4.2, Asselah ([2]) obtained the bounds
exp{ — c1/\2/3n1/3} < ]P’{Qn > )\n} < exp{ — czx\l/?’nl/?’}

for sufficiently large A > 0. By the fact that EQ,, = O(n) one can replace @,
by Q. —EQ,, in above estimate. Further, Fleischmann, Morters and Wachtel
pointed out (Proposition 11, [75]) that

]P’{|Qn —EQn| > \/nb%} < exp{ —cbp}

for b, > (logn)3. These discoveries suggested a non-Gaussian type large
deviations. In particular, Asselah’s bounds correspond to the special case of
Theorem 8.4.2 in which b,, = n'/3.

Theorem 8.3.1 and Theorem 8.4.2 seem to suggest co-existence of Gaus-
sian and non-Gaussian large deviations for @, — EQ,, (and for R, — ER,
later) as d > 3, and the relevance of the Gagliardo-Nirenberg inequality up
to dimension 4, within which the inequality legally holds. The conjectures
made in section 8.7 are partially based on this belief.

Section 8.5

An early result by Donsker and Varadhan ([56]) shows that

4
lim n— = logEexp{ - 9Rn} = _gziﬁ(d—;_Q) (%) o

where Ay > 0 is the lowest eigenvalue of the generator —(A/2) on ball of unit
volume with zero boundary values. See Donsker-Varadhan [54], Bolthausen
[14] and Sznitman [149] for some versions of this result in the setting of
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Wiener sausages. For the large deviations of different side, Hamana ([85]),
Hamana and Kesten ([86], [87]) proved that for any A > 0,

1
lim —logP{R, > An}
n—oo N
yields a non-trivial limit. This is complementary to (8.5.5) (and later to
8.7.4)) by letting b,, = n.

Historically, the limit laws for the renormalized range R,, — ER,, was first
investigated in high dimensions (d > 3). The central limit theorems given in
Theorem 5.5.3 and the related Gaussian tails were realized in early days. The
study of the large deviations were often formulated in the forms of the law of
the iterated logarithm, where b,, increases in the iterated logarithmic rates
— too slow for non-Gaussian tails. Consequently, the early publications
concluded with Gaussian tails. Here we mention the papers by Jain and
Pruitt ([96], Hamana ([84]) for d > 4 and the paper by Bass and Kumagai
([9]) for d = 3. Theorem 8.5.2 summarizes the Gaussian-type large deviations
for R, —ER,, ind = 3.

We mention the paper by van den Berg, Bolthausen and den Hollander
([10]), for a possible link to our non-Gaussian-type large deviations stated in
Theorem 8.5.3. Recall that

We(t) = U {z e RY: [W(s) —z| < €}

0<s<t

is the Wiener sausage. In[10], van den Berg, Bolthausen and den Hollander
proved that for any b > 0,

1 bt
lim —— logP ‘W< — 1 =-0T 8.1
Pt logt o8 {|W @l < logt} 2(b) (8:8.1)
when d = 2; and that
lim 0 Jog P{{We(t)] < bt} = —W4(b) (8.8.2)

for d > 3, where W4(b) is given in terms of variation. Further,

lim (27 — b))~ Wy (b) = (27) 2k(2,2)*

b—2m—

and

p . (Ba(e) b) " Wa(b) = (2m)” T Gale) M n(d, 2) "/

for d = 3,4, where 04(¢) is defined in (7.6.4).
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Theorem 8.5.1 and the “d = 2” part of Theorem 8.5.3 were established by
Bass, Chen and Rosen ([7]), where it was required that b, = o((logn)'/?).
Here we improve the later by optimizing the conditions on b,, and therefore
close the gap between the van den Berg, Bolthausen and den Hollander’ large
deviations and the large deviations in Theorem 8.5.3.

By comparing Theorem 8.5.3 and Theorem 8.2.1, 8.4.2, one can see how
Q. — EQ, and R, — ER,, are related as far as the large deviations are con-
cerned.

Section 8.6

Theorem 8.6.1 were achieved in [31]. The laws of the iterated logarithm
(8.6.1) and (8.6.2) were obtained in [6]; (8.6.2) and (8.6.4) were obtained
in [7]. Prior to [7], Bass and Kumagai ([9]) had established (8.6.4) without
identifying the constant on the right-hand side. In the same paper, they also
accomplished (8.6.7) in functional form. As mentioned before, (8.6.9) is due
to Jain and Pruitt ([96]).

Section 8.7
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A Green’s function

Recall that the Green’s function G(x) of a d-dimensional Brownian motion
is defined as

I R _ 1 /OO —d/2 1 |z
G(x)—/o e pt(a:)dar:—(%r)d/2 ; t exp{ 2(2t+ " )}dt.

The major concern is the p-square integrability of G(-) on R?. It is easy to
see that this is totally determined by behavior of G(-) near = = 0.

Theorem A.1 When |z| — 0,
1

il d=1
V2
1
G(z) ~ ¢ —=log|z| d=2
T
1 d—2
B o Bl FPE 52
27rd/2F< 2 )'“ﬂ dz3.
In particular,
GP(x)dx < o0
Rd

if and only if p(d — 2) < d.

Proof. We first consider the case d > 2. For any v > 0, set

0 =3 [

tvi-l exp{ —t— g}dt 0> 0.

339
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The function I, (9) is called Bessel-Clifford function of the second kind, which
was first introduced by Clifford ([35]). We refer to the book by Watson ([156])
for the facts about K, (6) used here. Let K, (0) be the modified Bessel function
of the second kind, which solves the modified Bessel equation (see [156] for
detail)
d2
92%‘5 + 02— (62 + vy = 0.

The fact we use here is that

Ko (0) = 072K, (2V0) ~

07" v>0

as @ — 0F. Thus, the desired conclusion follows from the fact that

T 2
G(z) = ﬁm(%)

d—2
ith v = ——.
with v 5

The case d = 1 follows from (A.1) below. O

The close form of G(x) can be reached for some d. We start with the case
d =1 and we show that

G(z) = %e_ﬂm z eR. (A1)

Indeed,

jz/?

G(zr) = \/Lz_ﬂ/oootlmexp{—%(%—i—?)}dt
o0 2
= [T gle BE

_ el [ V2z|\2
:%e \/_ll/o exp{—l<u—ﬂ> }du

T 2 u

- %e*ﬁ'm'mn
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I(|z]) = /Oooexp{ - %(u— @)Q}du

= [0 T e - 5T
e {5 ) Y

0 u? 2
(gt [ {505
= V21 — I(|a]).

Consequently, I(]z|) = 1/7/2, which leads to (A.1).

In addition, write
G(x) = (2m) "2 Fy(|2[*)

where

Fd(ﬁ):/oootdﬁexp{—%(?t—k?)}dt 0> 0.

We now claim that for any d > 3,

Fa(0) = —2F)_,(0). (A.2)

Indeed, for any 6 > 0,

/:O Fy(u)du = /Oootd/Q[/:oexp{ . %(%—&— %)}du}dt
- Q/Omt_(d_Q)/Qexp{ - %(27: n %) }dt = 2F,_»(0).

Taking derivative on the both sides proves (A.2).

In principle, by (A.1) and (A.2) one can find the close form for all Green’s
functions G(x) when the dimension d is odd. In particular, it is straightfor-
ward to check that when d = 3,

1

G(z) = QW\xrle*ﬁlwl z e R (A.3)

B Fourier transformation

We refer the reader to the books by Edwards ([69], [70] and by Donoghue
([61]) for the general theory of Fourier transformation.
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For any real function f on Z¢ such that
> @)
zEZ?

its Fourier transform is defined as

= fl@)e*™  AeR% (B.1)

z€Zd
Here we point out that the summation on the right converges in £2{[—,7]¢}
when A is limited to [—m,7]? and that f()\) is periodic with period 27.

One can view above equality as the Fourier expansion of the periodic func-
tion f(A). So the classic theory of Fourier series applies here. In particular,
taking the norm square and then integrating on the both sides of (B.1), by
orthogonality we obtain Parseval identity (known also as Bessel identity):

S WP = e [ IFra (B2)
z€Zd T

Fourier transform defines a isometric linear operator isometric linear operator
from [2(Z%) to £L2[—n, 7). By linearty, Parseval identity leads to the following

> S = [ FOI pger@h. By

TEZD 271—)

—iAz

In addition, multiplying e and then integrating on the both side of
(B.1), by orthogonality again we obtain the Fourier inversion

1 P
flz) = W/[m]de AMENAN  z ez (B.4)

Further, given f € (?(Z%) and a probability density on Z?, define convo-
lution f * h as

z)=> fWhlz—y)=Y_ flz—yhly) =z
yeZa yeZa
By Jensen inequality,
Do rh@P <) If(@
€L €L

It is straightforward to see that

~

F*h(N) = FOORM). (B.5)
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For a real function f(z) on R, we intend to define its Fourier transform
as

FO = f@)er*dz  XeR? (B.6)
Rd
and to establish the inversion formula
1 . —~
f(z) = —/ eNTF(N)dN  x e RY (B.7)
(27T)d R

However, this way of stating Fourier transform and its inversion sweeps some
more subtle issues under the carpet. Even under the assumption of integra-
bility on f, the Fourier transform f is not necessarily integrable on R?. In the
following theorem we establish the Fourier inversion for rapidly decreasing
functions. Recall that an infinitely smooth function f is said to be rapidly
decreasing, if its derivatives of all orders decay at infinity faster than any
negative power of |x|. The set of all rapidly decreasing functions is denoted
by S(R?), which is called Schwartz space.

Theorem B.1 For any f € S(R?), the Fourier inversion (B.7) holds. More

generally, for any integers ky,--- ,kq > 0,
ak1+"-+kd 1 d . 6\ —ives
(r,fl oz 7)) = a7 /R (Hl(_mj) Ne e fydy (B8)
j=
for all x € R%.  Here we adopt the notation x = (x1,---,xq) and X\ =
(A1 Ad).

Proof. The argument we use here is essentially provided by Robert ([135]).

By the obvious fact that J?is also rapidly decreasing, the right hand sides of
(B.7) and (B.8) are well defined, and (B.7) clearly implies (B.8).

We need only to show (B.7) in the case z = 0, for otherwise we replace
f() by f(xz 4+ -) in the argument below.

Given k > 0, notice that the function
Fr(z) = Z f(z+42ky) zeR?

yGZd

is well defined and periodic with period 2k. For each = € Z4,

a7 o () jre:




344 APPENDIX

By Fourier expansion

Taking z = 0, we obtain
1 ~(TT
) = LS R,
> Sk = G 275
yezZd z€Z4
Letting kK — oo on the both sides leads to the desired conclusion:

1

f()

|

Given two real rapidly decreasing functions f, g, multiplying g(z) and
then integrating on the both sides of (B.7), we have the Parseval identity

1 PO —
[ i@ = s [ Fjgian (B9)

The convolution f * h between two functions f and & is defined as

0= [ fwhte =iy = [ je-wht)dy o er!

whenever the involved integrals are well defined. When f € S(RY) and h is
a probability density on R?,

— o~

Fh(\) = FOVR(N). (B.10)

In addition, by integration by parts and by (B.8),

g Vi(x)Vg(z)dr = — Af(x)g(z)dx (B.11)

R4

- # /R IAPFNGNVAN  f.g € SRY).

Since S(R?) is dense in £2(R%), a standard procedure of approximation
based on (B.9) extends uniquely the Fourier transform into a linear isometric
operator from £2(R?) to the complex L2-space on R?, such that (B.9) holds
for any f,g € £2(R?), and that (B.10) holds for every f € £2(R%) and every
probability density h on R?.
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Recall our notation
Wi2(RY) = {g e L2(RY); Vge Ez(Rd)}.

It is a well known fact that W12(R%) becomes a Hilbert space under the

Sobolev norm
\Vgll3 +1Vall3.

The isometric relation (B.11) can also be extended to W12(R). More
precisely, we have the following theorem.

Theorem B.2 Given that f € L2(RY), f € WY2(RY) if and only if
[ EIF)Par < oc.
R4
Further, for any f,g € WH2(R9).

1 9T
V(@) Vala)ds = / PFOGOAN

Rd

Given a measure y on R? the Fourier transform [i(-) of u is defined as the
function on R? given as

A\ = /R NTu(dr) A€ R (B.12)

whenever the integral on the right hand side is well defined.

In particular, there is a one-to-one correspondence between p and its
Fourier transform fi. In this book we are particularly interested in two op-
posite special cases — when p is distributed on the lattice Z? and when p
is absolutely continuous with respect to the Lebesgue measure on RY. It is
a classic fact that p is supported by the lattice Z¢ if and only if fi()\) is a
periodic function with the period 27:

A+ 2my) =a(\) NeRY, yezZd

In this case fi(\) = f(X), where f(z) is the density of y with respect to the
counting measure on Z¢ and f(\) is given by (B.1).

As for the test of absolute continuity, we put the correspondent results
into the following theorem known as Planchrel-Parseval theorem.
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Theorem B.3 A finite measure i on R is absolutely continuous with re-
spect to the Lebesque measure on R if

/ [(V)]?d\ < oo.
Rd

In this case we have the Parseval indentity, :

2 _ L[ ege
[ @i = g [ Ao

where f(x) is the related density of p.

Proof. For each € > 0, define
fe(z) = /Rd pely —x)p(dy) weR?
where pc(z) is the normal density with mean zero and variance e. We have
Fo) = exp { = SOy,

In particular, ﬁ() (e > 0) is a Cauchy sequence in £2(R?) as ¢ — 0F. So
is the sequence f.(-) (¢ > 0) by Parseval identity. Let f(-) be the L2-limit
of fe(-). One can clearly see that f(x) is a density of p and satisfies the
Parsseval identity. O

C Constant x(d,p) and related variations

Assume that p(d — 2) < d. The central topic is the best constant x(d,p) of
the Gagliardo-Nirenberg inequality

d(p—1) d(p—1)

)
fllop < CIVAIL 7 IIfl 7 F e W2 (RY (C.1)
where for any r > 1, W17 (R9) denotes the Sobolev space
W (RY) = {f € L2(RY); VfeL (R}

That is,

d(p—1) d(p—1)

wldp) =t {C> 0; [|fllap < CUTSIL 7 IIflly 7
for all f € Wl’z(Rd)}.
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Gagliardo-Nirenberg inequality is closed related to Sobolev inequality,
which claims (Theorem 2.4.1, p. 56, [169]) that for any 1 < r < d, there
is a constant K > 0 such that

I

where 7% = dr(d—7)~!. In the special case p(d—2) = d, Gagliardo-Nirenberg
inequality becomes the Sobolev inequality with » = 2. In the remaining case
p(d — 2) < d, Gagliardo-Nirenberg inequality can be derived from Sobolev
inequality. Indeed, taking r = d(p — 1)p~! in (C.2) we have

1 llap-1) < KNIV fllagp-1)p-1-

. SK|VHll, fewhr(®Y), (C2)

Replacing f by |f|d<i§1> gives

K d(g;l) ap—1) p—d(p1 1/2
il = (70255) 7 (1901 5 5

dp—1)
WK\ 5 deoyy | 1-desl)
< P P
<(qo-) 7 N9l 7 Ul

where the second step follows from Cauchy-Schwartz inequality.

Other variations associated with «(d, p) are M (#) and p defined below.

) = s {o [ g<x>|2pdm)1/p - [ vsra} c
where

Fa = {g € L2(RY); / g*(z)dz =1 and / Vg(a)Pde < OO}
Rd R

and

p=sw{ ([ c@-ni@iass [ 1@

where

%o dy = 1} (C.4)

G(z) :/ e“tpi(x)dt  xeR?
0

is the Green’s function of a d-dimensional Brownian motion.

Theorem C.1 Assume that p(d —2) < d. For any 6 > 0,

2p — -1 -1 ﬁ 4p 2p
M(e) = D d;}f ) (d( . )) (»—1) (d,p) Zp—d(p-1) )2p—dp—1) ,
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Proof. For any f € Fy,

o [1swpa)” - [ wrera

d(p—1) 1
< 0r(d, p)*|[V fll5 —§HVﬂ@

d(p—1 1
< sup {Hﬁ(d,p)z/\ e —)\2}
A>0

_ o) dp )

-1
4p 2p
)2” T K(d, p) T T=dr—D
2p P

Taking supremum over f € Fy on the left,

2p—ﬂp—D(ﬂ p—1)
2p D

M(0) <

—1)
sy 4 2
)2p d(p v (d,p) 2p7dg)p71)02p7d(ppfl),

On the other hand, for any C' < k(d,p) there is a g such that

d(p—1) dp—1)

gl > ClIVglly ™ llall;

By homogeneity we may assume [|g|l2 = 1. Given A > 0, let f(z) =
A\/2g(\x). Then f € Fy,

IV fll2 = AllVgll2

and N

> C(\[|Vgll2) 5

Hence,

1 d(p—1)
M@)Zﬂﬂﬁﬁ—yWﬂ@>90%Wme g

1
— SOVl

Since A > 0 is arbitrary,

p 1 1
> 2, A=) 2
M(6) it;;()) {QC 2x }

_2p—dlp—-1) <d( - 1)) BTy ot gty
2p p

Letting C' — k(d,p) on the right hand side gives

2p—ﬂp—D(ﬂ p—1)
2p P

() >

-1
Sr—d(p—1) 4 2
)2” T x(d,p) S5=d(=D) ) T
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Theorem C.2 Assume that p(d —2) < d.

dp—1)

(1)

2p—d(p—1)
2p

b= (2p—d(p—1)>

2p

Proof. By Theorem C.1, we need only to show that

M(%) =1 (C.5)

First, for any function f on R% we introduce the notation

Gfx)= | Gly—a)f(y)de xeR?

Rd
whenever the integral on the right hand side is well defined.

According to Theorem B in [157], the best constant x(d, p) can be attained
at an infinitely smooth positive function. By examining the argument for
Theorem Theorem C.1, one concludes that there there is a f € Fy such that
f is positive and infinitely smooth, and

M(%) = %( 9 f(:r)zpdx> e %/R IV f(2)|?dz.

By Lagrange multiplier,

p—1

Write 7(2) = £(2)/f]l2p- Then
Lamzt o Y a sy — (1) 7
@ S AT @) =M (D) F@).
Multiplying Gf?P~!(z) to and integrating on both sides,

1 2p—1 2p—1 1 r r2p—1

P /Rd f (2)Gf (z)dz + 3 Jo Af(x)Gf (z)dx
1

P

:M( ) 9 F@)GFP (x)dz.

So we have
1

p

1+ [ Afwerr i @)ds > M(
2 Jea

) [ @GP @)da.
Rd
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Notice that

L[ Af@Gt@)de = 2 [ F@)s o G (@)de
2 J 3

— [ Fo)(G - D wyde = [ F@)GP @)de - / £27 () de
R4 Rd Rd

= [ f@)GfP~ (z)de — 1,
Rd

where [ is the identity operator on the function space, and the second equality
follows from the resolvent equation (see (4.1.18) with f =0 and A =1)

G=T+2"'A0G. (C.6)
Hence,
1

/R @GP @y = M

which leads to

) [ F@Gr (w)de
Rd

On the other hand, let

w=int{ [ f@Pdoty [ V@R [ 1r@pra =1},

We first claim that

p<cyt. (C.7)
To this end, we show that for any function f on R¢ with

JRECEST
R4

4= //Rded Gz —y)f(x)f(y)dedy < cg*

Without loss of generality, we may assume that A > 0. Notice that

//RdXRd G(z—y)f(z)f(y)dxdy = /Rd F@)G f(@)dz < {/Rd Gf(x)|2pdx}21”

Consequently,
{ [ s} = a
Rd
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By the resolvent equation in (C.6),

A= (Gf.f)=(Gf, (I-27'A)oGf)

:A2<%, (I-2- 1A)Gf> > A

This leads to (C.7).
By (C.7), for any 0 < € < p there is a f on R? such that

/ (@) PP = 1
Rd

1 2 1 2
P >/Rd\f(m)\ dx—|—2/Rd|Vf(x)\ dx.
Let g(z) = f(z)/||f]l2- Then g € F4 and

1/p
— {/ 9(a 2%} -5 [ IVoto)Pas

> {J1fl + SV AR A = 17121V AP
=1.

and that

Letting ¢ — 07 on the left-hand side leads to

M(%) > 1.

O

By some obvious modification, Theorem C.1 and Theorem C.2 can be
extended to the critical dimensions p(d — 2) = d (the case d = p = 3 and the
case d =4, p=2).

Theorem C.3 In the critical dimensions defined by p(d —2) = d,
0 0 < 2k(d, p)?

M(0) =
00 0 > 2k(d,p)?,

= 2r(d, p)*.

Finally, we compute the best constant of Gagliardo-Nirenberg inequality
in the case d = 1.
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Theorem C.4 Letd=1. For any p > 1,

V2 Loy
p—l)(p+1)B(p—1’§>> gr=1 (6>0) (C8)

M(8) :p—ifl<(

1) = (2 (= 103)) ()

where B(-,-) is beta function defined by

1
B(a,b) = / Y1 —x) e a,b>0.
0

Proof. By Theorem C.1, we need only to show (C.8) in the case 6 = 1.
Our approach relies on Lagrange multiplier. By Theorem B in [157], there is
an infinitely smooth, positive function f(z) such that f(—z) = f(z) for all
x € R, that f(z) > f(y) for |z| < |y|, and that

o= ([~ f2p(x)dx)1/p -3 | Irepa

oo

By Lagrange multipliers, there is a A € R? such that

p

(o rwae) " [ @i [ s @
— [ fagteyis

for any g € WH2(R). Applying integration by parts,

9 ( /- f2p<x>da:) v | d@ / P gdyds - [ fa)g/@)ds

= T @) / " f@dydr (2 €R).

Consequently,

(/O; fzp(x)dx) - /O £ y)dy + %f/(x) = A/: F(y)dy.

Hence, f/(0) =0 and
p—1

(/_O; fQT’(x)dx> TfQP—l(x) + %f”(m)dm =Af(z) =xeR. (C.10)
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Multiplying both side by f(x) and integrating,

A= (/O:O f2p(x)dx)l/p - % /oo |f(z)Pdx = M(1). (C.11)

— 00

Multiplying by f’(x) and then integrating the both sides of (C.10 we have,
after simplification, that

('@)? = 2{Af2<x> -1 ( /- f2p<x>dm) 7 oy + c}
where, using the fact that f/(0) = 0,
C= ]1) (/Z fzp(a:)dm) %fQP(O) — A\f2(0). (C.12)

Thus, by the fact that f'(z) <0 for x > 0,

p—

- —1/2
f2”(x) + C} df (z) (C.13)

dr = —%{Af%;) - 11) (/_Z fQP(a:)dx) |

for all x > 0. Consequently,

1 1/ [ e -1/2
T = _/ {/\y2 — —(/ f2”(x)dx> y?P + C’} dy (x>0).
2 @) P\Joo

This is impossible (can be seen when = — oo) unless C' = 0. So by (C.12),

£(0) = (/ fzp(x)dx> T AT (C.14)
Combining (C.13) and (C.14), by the fact that f(c0) =0

/ 2 (z)dx = 2/ 2 (2)dx
—o0 0

£(0) 1/ [ e -1/2
= \/5/ yzp{)\yz - (/ f2p(a:)dx) y?P + C} dy

0 —0o0
_ f2p(0)\/§/1 U,QPdU
o )\ 0 \/u2_u2p

» il oo 1 2p
=\/§pp1/\2(p—+1)(/ f2p(x)dx>/ _urdu .

oo 0o Vu?—u?p
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Therefore
P 1 2pdu
— Vopitizeen [ LA
! 0 VP —
Hence,
o ( V2 11y
A= p p+l B( 5 —) .
(p=1p+1) \p-12

Finally, the desired conclusion follows from (C.11). O

D Regularity of stochastic processes

Let X = (X¢)ier is a real stochastic process, where the index set T' is com-
pact under the metrics d(s,t) (s,t € T'). Our concern is the regularities of
the process which includes continuity of its path and the integrability of its
supremum norm.

A milestone paper in the study of regularity of the stochastic processes
is due to Dudley ([59]). Dudley’s idea can be roughly stated in the fol-
lowing way: One can install sample path continuity and boundedness for
X = (Xi)ter by putting average Lipschitz condition (with respect to the
distance d(s,t)) on the process and by controlling the size of the index set
T. In Dudley’s work, the size of T is measured by counting the small balls
(under the metrics d(s,t)) necessary for covering 7.

This powerful approach, known as the entropy method , has been devel-
oped into a variety of versions. The main part of this section is chosen from
the book by Ledoux and Talagrand (Section 11.1, [114]) to fit the needs of
our book.

A function ¥: RT — RT is called a Yong function, if it is increasing,
convex and ¥(0) = 0. Given a probability space (2,.4,P) and a Yong func-
tion, the Orlicz space Ly (2, A, P) is defined as the linear space of all random
variables £ on (€2, A, P) such that

l¢]lw = inf {c>0; E¥(c¢]) <1} < 0.

It is a classic knowledge that || - || define a norm on Lg (2, A, P) known as
Orlicz norm , and that Ly (2, A, P) becomes a Banach space under the norm
e

For each ¢ > 0, let N(T,d,¢) be the minimal number of open balls of
radius € which are necessary to cover 1. A basic assumption is the following
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entropy condition :
D(T)
/ UY(N(T,d,€))de < 00 (D.1)
0

where U~1(.) is the inverse of ¥(-), and
D(T) = max{d(s,t); s,teT}

is the diameter of T'.

Theorem D.1 Let X = (X;)ier be a stochastic process in L(2, A, P) such
that for any event A € A and s,t € T,

1
/A X, — X,|dP < d(s, t)P(A) T (M). (D.2)

Then, for any A € A,

b(T) N(T,d,e)
X, — X;|dP < 8d(s,t)P(A U = ) de. D.3
/. sup 1.~ xeja < sats. () [ (S5 2)de @3

This result was established in Theorem 11.2, [114]. By slightly sharpen their
estimate, Ledoux and Talagrand (Theorem 11.6, [114]) was able to derive a
version of what is known as Kolmogorov continuity theorem.

Theorem D.2 Let X = (Xi)ier be a stochastic process in L(Q, A, P) and
assume (D.1) and (D.2). Then X = (Xi)ier admits a modification X =

(Xt)ter with all sample path bounded and (uniformly) continuous on (T,d).
Moreover, for each € > 0, there is a § > 0 such that

E sup |X,— X <e (D.4)
d(s,t)<o

For a stochastic process X = (X;)ier with continuous sample path on
T, X can be viewed as a random variable taking values in the Banach space
C(T), the space of continuous functions on T equipped with supremum norm.
Given a family X of stochastic process X = (X;)ier on T with continuous
sample path on T, an important issue is the relative compactness of the
family X with respect to the topology of weak convergence. For this purpose
we recall some of the classic material on this subject.

Given a separable Banach space B, let P(B) be the space of all probability
measures on B. Under the topology of weak convergence, P(B) becomes a
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separable complete metric space. A family {u;}ic; in P(B) is said to be
uniformly tight , if for any € > 0 there is a compact set K C B such that

wi(K) <e i€l (D.5)

The following well known Prokhorov criterion characterizes the relatively
compact sets in P(B) in terms of the uniform tightness (see, e.g., Theorem
2.1 in [114]).

Theorem D.3 The family P(B) is relatively compact in P(B) if and only
if it is uniformly tight.

To exam uniform tightness, one needs to look for the compact set K C B
such that (D.5) holds. When B = C(T), the following classic Arzeld-Ascoli
theorem provides criterion for relatively compact sets in C(T').

Theorem D.4 A family F in C(T) is relatively compact if and only if for
any (or for some) t € T, {x(t); x € F is bounded and F is equicontinuous:
For each € > 0, there is a § > 0 such that

sup |z(s) — z(t)] < €
reF

as soon as d(s,t) <.

Given a family X" of the stochastic processes on T' such that every X € X
has continuous sample path and that (D.1) and (D.2) holds for every X € X,
Ledoux and Talagrand’s estimate allows the uniformity of (D.4) over X,
which, by continuity of X, states that for each ¢ > 0 there is § > 0 such that

sup E sup |X;— X¢| <e. (D.6)
XeX d(s,t)<é§

By this observation, Ledoux and Talagrand were able to establish the
following theorem.

Theorem D.5 Let X be a family of the continuous stochastic processes on
T which are in L(Q, A, P) and satisfy (D.1) and (D.2). Assume that for some
to € T, the family {X¢,; X € X} of the real random variables is uniformly
tight in R. Then X is uniformly tight in C(T) and is therefore relatively
compact in P(C(T)).
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Proof. Let € > 0 be fixed. By uniform tightness of {X;,; X € X'} there is
a M > 0 such that

P{| X, | > M} < % Xek.

For each k > 1 by (D.6) and Chebyshev inequality there is a §; > 0 such
that

1 €
]P’{ sup | X, —X 2—}§—~
d(s,t)<0k ‘ t| k 2k+1

By Arzeld-Ascoli theorem, the set

~ 1

A= {x € C(T); |a(to)] < M and  sup |a(s) — z(t)] < _}
_ d(s,t)<dk k
k=1

is relative compact in C(T'). By our construction, P{X ¢ A} < e. Taking
the compact set K as the closure of A in C'(T') leads to the uniform tightness
of X. O

To make them more practical to application, we now derive some conse-
quences out of Theorem D.1, Theorem D.2 and Theorem D.5. The elegant
argument we shall present comes from the book by Ledoux and Talagrand
([114]).

First, the condition (D.2) holds if

X,y — Xillg < d(s,t)  s,teT. (D.7)

Indeed, by Jensen’s inequality

/A | Xs — Xi|dP = d(s, 1)P(A) /A v ‘I’(%) %

< s e (e (K)

< d(s, )P(A) T (ﬁ).

Second, if we assume that”

Ul (zy) SCUTH@) 0 Hy) ay>1 (D.8)

"Roughly speaking, this means that the increasing rate of ¥(z) is no less than a linear
function, an assumption that agrees at large with the monotonicity and convexity of .
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then (D.3) leads to

IP’{ sup X = X0 2 u} < (@(&))1 u>0 (D.9)

where

D(T)
E :/ U (N(T,d,€))de.
0
Indeed, by (D.3) and (D.8)

/A X, — X¢|dP < SCEP(A)T~! (ﬁ).

Take A = {sups’teT | Xs — X¢| > u} By Chebyshev inequality,

P(A) < %SCEP(A)\I/*(%)

which proves to (D.9).

For the applications to this book, we take T as a compact domain in RV
with N > 1, and d(s,t) = c|s — t|°, where 0 < § < 1 and |- | is the Euclidean
norm. One can see that in this case

N(T,d,¢) = o(e—Wl) (e — 0%).

Consequently, (D.1) holds if

1
/ \Il_l(e_N‘rl)de < 00. (D.10)
0

As for the Yong function ¥ we only consider two special cases ¥(0) =
exp{6"} — 1 for some r > 0 and ¥(6) = 6™ for some m > N.

In the first case, ¥(6) is not a Yong function when r < 1, as the convexity
fails for small 6. To fix this problem, one can easily construct a Yong function
¥ satisfying (D.8) such that ¥(6) = ¥(0) for large 6 and apply what has been

achieved to W. Notice that in this case (D.10) automatically holds. Here is
what we get.

Theorem D.6 Let X = (X¢)ier be a stochastic process in L(Q, A, P), where
T is a compact domain in RY. Let 0 < § <1 and r > 0 be fized and assume
that

X — Xy|"
sup Eexp {csiﬂ} < 00 (D.11)
s,teT |s —t

s#£t
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for some ¢ > 0. Then X = (X;)ier admits a modification X = ()?t)teT with
all sample path bounded and (uniformly) continuous on (T,d).

In addition, there is ¢’ > 0 such that

Eexp {c’ sup | X, — Xt\r} < . (D.12)
s,teT

Given a family X of stochastic processes on T such that (D.11) holds
uniformly for all X € X,

sup Eexp {c” sup | X5 — Xt|r} <00 (D.13)
Xex s, teT

for some ¢’ > 0.

Proof. All we need to say is that (D.9) leads to (D.12) (and (D.13) in the
later case) for our choice of V. |

As for the second choice ¥(0) = 6™, notice that (D.10) holds if mdé > N.
Therefore, we have the following version of Kolmogorov continuity theorem.

Theorem D.7 Let X = (X;)ier be a stochastic process in L(2, A, P), where
T is a compact domain in RYN. Assume that there are constants 0 < § < 1
and m > N such that mé > N and that

E|X, — X¢™ < M|s —t|™ s,teT (D.14)

for some constant M > 0. Then X = (Xi)ier admits a modification X =
(Xt)ter with all sample path bounded and (uniformly) continuous on (T,d).

Further, a family X of C(T')-valued random wvariables is uniformly tight
in C(T) and is therefore relatively compact in P(C’(T)), if for somet € T,
the family {X;,; X € X} of the real random variables is uniformly tight in
R, and if (D.14) holds uniformly for all X € X.

E Self-adjoint operators

Given a N x N symmetric matrix with real elements, there is a N x N
orthogonal matrix 7" such that A = T'DT*, where D is the diagonal matrix
with the eigenvalues A\ < -+ < A, of A as its diagonal elements (in the
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increasing order), and T™* is the transpose of T'. This representation can be
rewritten as

M=

A=>"N(E(k) — E(k — 1)) (E.1)

k=1

where E(0) is N x N 0-matrix and E(k) == T DyT™*, where Dy, is the diagonal
matrix whose first k£ diagonal elements are 1’s and remaining are 0’s. For
each 0 < k < N, E(k) projects RY into a k-dimensional subspace of RY
and for 1 < j < k < N, E(j)E(k) = E(k)E(j) = E(j). For any x € RV,
pe(k) = (x, E(k) — E(k—1)x) >0 (1 <k < N) and

N
S palh) = [, (E2)
k=1

The representation in (E.1) is the most classic example of spectral de-
composition. For any integer m > 0, A™ is symmetric and the equality
A™ =TD™T™* holds for the same T and D. Therefore,

N
A™ =N CA(E(k) — E(k - 1)). (E.3)

k=1

Given a real polynomial
EN) =D e
i=0
One can define the matrix £(A) in the following natural way:
§(A) =) Al
i=0

By linearty and (E.3)

N

£(A) =D ) (E(k) - E(k - 1)). (E4)

k=1
For a more general function £()\), one can define the matrix £(A4) by (E.4).

This elementary observation can be extended to a class of linear opera-
tors known as self-adjoint operators on a Hilbert space and the topic is called
spectral representation. The case of bounded self-adjoint operators has be-
come standard material for a graduate course on functional analysis. In the
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following we consider the general case in which A is not necessarily bounded.
The most of the material on general theory of self-adjoint operators in this
section is taken from the book by Yosida ([168]).

In the following discussion, H is a separable real Hilbert space. A linear
operator A on H is said to be densely defined if its domain, denoted by D(A),
is dense in H. The adjoint operator is the operator A*: y — y* defined by
the relation

(Az,y) = (0,y") @€ D(A).

A densely defined operator is said to be symmetric, if
(Az,y) = (z,Ay) x,y € D(A).

Clearly, D(A) C D(A*) and Ay = A*y for each y € D(A) when A is sym-
metric. A symmetric operator is said to be self-adjoint , if D(A) = D(A*).
In other words, A and A* are the same operator when A is self-adjoint. In
the special case when A is bounded, there is no difference between being
symmetric and being self-adjoint. This is no longer the case when it comes
to unbounded operator. See Example 4, Section VII in [168] for an example
of non-self-adjoint but symmetric operators. In many aspects, it is the self-
adjoint operators who appear as a natural extension of symmetric matrices.

A projection operator P is a bounded self-adjoint operator on H with
P? = P. Tt is easy to see that ||P|| < 1 (the equality holds when P is not
zero operator) and that P is symmetric. Consequently, a projection operator
is self-adjoint.

A family {E()\); —oo < A < oo} of projection operators on H is called
a resolution of the identity, if

(1) E(A) e E(7) = E(min{},7});

(2). E(—o0) is zero operator, F(co) is identity operator, and E(A 4 0) =
E(X) for every A € R, where E(—o0), E(c0) and E(A + 0) are the linear
operators defined as

E(to00)(z) = lim E\)(z), EMA+0)(z)= lim E(y)(x) VzeH.

A—too oA+

By definition, for any « € H, the function
F(\) =(E\)(z),z) = [|[EQ)(2)]]?

is a distribution function on R. We write u, for the measure generated by
F and call p, spectral measure. Clearly, p, is finite and, correspondent to
(£.2),

Ho(®) = |lel” @€ . (E:5)
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There is an obvious similarity between the definitions of resolution of
the identity and probability distribution function. Recall that a probability
distribution function is defined by four properties: monotonicity, right con-
tinuity, vanishing at —oo, and increasing to 1 at co. If we define the order
P; < P, between two projection operators P; and P, on H by the relation
Py (H) C Py(H), then resolution of the identity is defined in a way same as
how probability distribution function is defined.

Given a suitable function £(A) on R and a distribution function F'(\), the
integral

/ T PN

is extensively studied in every first-year graduate book in probability. Sim-
ilarly, we intend to define the linear (possibly unbounded) operator in the
form

/ T W EN)

and call it spectral integral.

In the special case when £ is a step function supported on a finite interval
[a, b] and is piece-wisely defined with respect to a partition a = Ag < Ay -+ <
An = b, we define

/OO ENE(dN) =) er(E(M) — E(A-1))
> k=1

where ¢, is the value of the function £(-) on the k-the sub-interval (Ag_1, Ag]-

By this definition one can immediately see that for each x € H,

\([ " ewman)@
<</_°; €(>\)E(d)\)>(x), x> = /_0; E(\) iz (dN). (E.7)

By a standard argument of approximation, the definition is extended to
a more general class of £(-). More precisely, for any Borel-measurable £(\)
on R, the linear operator

2

= [ ey (E.6)

— 00

and

< /_ Z g(A)E(dA)) (x) x€De (E.8)
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is defined with the domain D¢ C H is given by

’Dg—{(EGH / |de>\)<oo}

Further, (E.6) and (E.7) hold for every « € D¢. By the fact that p, is a finite
measure, by Cauchy-Schwartz inequality

oo
[ 1@ < oo
whenever « € D¢. Consequently, the right hand side of (E.7) is well defined.

A striking fact is that the linear operator in (E.8) is self-adjoint (Theorem
2, Section XL.5, [168]).

Correspondent to (E.1), the following theorem (Theorem 1, Section XI.6,
[168]) claims that the linear operators in the form of (E.8) are the only kind
of self-adjoint operators.

Theorem E.1 Given a self-adjoint operator A, there is an unique resolution
of identity {E(X); —oo < A < oo}, such that

A= /OO AE(dN), (E.9)

D(A) = {x € H; /O:O IN? 1z (dX) < oo}. (E.10)

The discussion in the rest of the section is based on the representation
(E.9).

The self-adjoint operator A is said to be upper semi-bounded, (or lower
semi-bounded), if

M= sup (r,Az) <oo (or \j= inf (z,Azx) > —00)
z€D(A) w||€1|)|(A1)
[lz]]=1 zi=

It is easy to see that a bounded self-adjoint operator A is upper and lower
semi bounded and
[|A]| = sup ‘ (x, Az ’

[lzll=1

The following theorem is used multiple times in this book.
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Theorem E.2 Let the self-adjoint operator A be given in (E.9) and let x €
H be arbitrary. When A is upper-semi bounded the smallest supporting set of
the spectral measure p, is bounded from above by A\g. When A is lower-semi
bounded the smallest supporting set of p, is bounded from below by Aj.

Proof. Due to similarity we only consider the case when A is upper-semi
bounded. We use argument by contradiction. We show that if there were
xo € H and Ay > Ag such that pg,(A1,00) > 0, there would be * € D(A)
such that ||z*|| = 1 and that (z*, Az*) > Ao.

Indeed, one can find Ay > A1 such that
lffzo()\h)\Z) > 0.

Let 1 = E(A2)xo — E(A1)xo. By the definition of resolution of identity,
[l21]]? = [IEQ2)zo| * + [|E\)zol* — 2{E(A1)zo, E(A2)z0) (E.11)
= [[EQa)zo||* + [|EO)zol* — 2/ E(A\ )aol®
= <1‘0,E(/\2)1‘0> — <$0,E()\1)$0> = ,umo()\l,/\z] > 0.

In particular, z; # 0.

In addition, it is easy to check that (z1, E(A\)z1) = [|z1]|?> when A > Ag,
and (z1, E(A\)z1) = 0 when A < ;. Since ., (R) = ||z1]|?, pz, is supported
by ()\1, /\2} Thus,

| WP @ = /@ PR (@) < e

Consequently, 21 € D(A).
For the same reason,
@A) = [ M @)= [ My (@) 2 Mgy O ] = M
— 00 ()\1,)\2]
where the last step follows from (E.11).

Finally, letting 2* = ||z1|| =21 completes the proof. O

In the light casted by the representation in (E.4), given a self-adjoint
operator A in the form of (E.9) the function of A is defined as the self-adjoint
operator

e = [ T W E(N (E.12)



E SELF-ADJOINT OPERATORS 365

where £(-) is a Borel function on R.

The following are some immediate observations. The domain of £(A) is
determined as

D(¢(A)) = {x € H; / N2 (dX) < oo} (E.13)

By (E.6) and (E.7), for any € D(£(A))

letasel[* = [ le)Paa(an), (©.14)
€A, 0) = [ €N, (B.15)

By the definition given in (E.12), some standard properties enjoined by
integrals, such as the linearty, hold naturally (see Theorem 3, Section XI.12,
[168]). In addition to that, there are some truly remarkable properties in
operational calculus, such as the one given in the following theorem (Part
(iv) of Theorem 3, Section XI.12, [168]).

Theorem E.3 Let A be a self-adjoint operator. For two Borel functions
£(A) and n(X) on R, and for x € D({(A)), &(A)x € D(n(A)) if and only if
z €D((n-€)(A)). In this case

(n(4) 0 §(A)) () = (0 €)(A) ().

In some special cases, Theorem E.3 connects different approaches of cre-
ating the functions of self-adjoint operators. To show our point, we assume
that the self-adjoint operator A is bounded. Given a integer m > 2, on the
one hand, the power A™ can be defined by the spectral integral

/ AT E(dN).
On the other hand, A™ can be defined as the composition

m

—_——~
A" =Ao---0A. (E.16)

A natural question is whether these two approaches agree. Observe that the
domain of a bounded operator is the whole space H, we have the following
direct corollary from Theorem E.3.
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Corollary E.4 Given the bounded self-adjoint operator A in the form (E.9),
A" = /OO ATPE(dAN) m=1,2,---

where A™ s defined in (E.16).

In general, identifying the operator £(A) given in (E.12) with the ones
defined in other ways (such as defining £(A) by Taylor expansion or by poly-
nomial approximation) appears to be highly non-trival. Such problems have
to be treated in case by case basis. By comparing (E.10) and (E.13), for
example, it is not hard to image (see Section 4.1 for example £()\) = e*)
that some function £(A) of an unbounded self-adjoint operator A may have a
domain D(§ (A)) genuinely larger than D(A). On the other hand, the domain
of any polynomial of A of degree at least 1 is subset to D(A). Consequently,
approximation of £(A) by polynomials of A leads to a different operator in
this case. A big advantage of defining £(A) by (E.12) is that it largely reduce
the investigation of the operator £(A) to the ordinary integration problems
through the relations (E.4), (E.13) and (E.14).
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